


Geometry Formulas

Area of rectangle 4 = lw
circle A = ar?
triangle A4 = ibh
Surface Area of sphere A = 4ar?
cylinder A =2arh
Volume of box V = wh
sphere ¥V =4zr°
cylinder V= ar¥h
cone V =1 (area of base} X (height)

Trigonometric Identities

Pythagorean

cos?® + sin%0 = 1, 1 + tan® = sec¥, cot®d + 1 = csc?f
Parity

sin(— @)= —sinf, cos(—§) = cosd, tan(—f) = —tand

cse(— @)= —csch, sec(—8) =sech, cot(—8) = —cotd
Co-relations

cosf = sin(% —0), csch = sec(zzr- —6’), cotf = tan(g —0)
Addition formulas

sin(f + ¢) = sinf cos¢ + cos b sin¢

sin(f — ¢) = sinfcos¢p — cosfsin¢

cos(f + ¢) = cosfcos¢p — sinfsing

cos(f — ¢) = cosfcos¢p + sinfsing

(tan 8 + tan ¢)

tan(f0 +¢) = — -
an(0 +¢) (1 —tanf tan ¢)
(tan @ — tan ¢)
tan(f — ¢) = -
an(9 — ¢) (14 tanf tan ¢)
Double-angle formulas
sin 26 = 2sin § cos

c0s20 = cos — sin?d =2cos®® — 1 = 1 — 2sin%

tan 26 = ,._M__
(1 — tan’f)
Half-angle formulas
.28 _ 1 —cosh .2y _ 1 —cos2f
sin 7= or sin“g —
20 _ 1+cosf 29 . 1+ cos2f
cos T or cosd —
6 _ sinf _ 1-cosf _ 1 ~cos2d
B0y = T o580  sind or tanf="—5y
Product formulas
sin § sin ¢ = % [cos(8 — ¢) — cos(d + ¢)]
cosf cosp = % [cos(f + ¢) + cos(8 — ¢)]
sinf cos ¢ = % [sin(d + ¢) + sin(d — ¢)]
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A Brief Table of Integrals

(An arbitrary constant may.be added to each integral.)

—

n = 1 n+1 —
.fxdx i (n#-1)

.f%dx=ln|x|
.fe"dx=e"
fa"dx=i%%

. fsinxdx = —COSX

A W

. fcosxdx =sinx
. ftanxdx = —In|cos x|

. fcotx dx = In|sin x|

O 0 =3 N Wy

. fsecx dx = In|sec x + tan x|

_ 1 1
= lnltan(ix + Zw)l

10. fcscxdx = In|csc x — cot x|
=ln|tan%xl
11.fsin-‘£ dx=xsin ' X +yaZ=x*  (a>0)

a
~ \/ai - x? (a>0)

- %m(a2 +x%)  (a>0)

12. fcos'1 X dx = xcos™!
a

alxaix ®

13. ftan“% dx = xtan™!

14. fsinzmx dx = ﬁ (mx — sin mx cos mx)

2 =L i
15. Icos mx dx P (mx + sin mx cos mx)
16. fseczx dx =tanx
17. fcsczx dx = —cotx

-1
n— N —
XCOSX | lfsm" 2 dx
n n

._1 .
n—1 _
Xsmnx f cos” " %x dx
n n

n

18. fsin"xdx — _sin

n

19. f cos™x dx = 298

n—1
20. ftan"xdx= tan’ x —ftan"—zxdx (n=1)

n—1
n—1
21. fcot"xd- - %ﬁ ——fcot"‘zxdx (n1)
no . _ tanxsec" % , n—2 w2
22.fsecxdx— 1 +n_1fsec x dx (n=#1)
no g _ _cotxese" % | n—2 w2
23. fcscxdx— 1 +n—1 csc” " x dx (n=1)

24, f sinh x dx = cosh x

25. f cosh x dx = sinh x

26. f tanh x dx = In|cosh x|

27. fcothx dx = In|sinh x|

28. f sech x dx = tan™(sinh x)

This table is continued on the endpapers at the back.
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d(au) du
L & Y
) d(u+u—w)=£1E do _ aw
) dx dx dx dx
d(uv) dv | du
3. ax = u—d—; +D~a;
4 d(u/vy  o(du/dx)— u(dv/dx)
T dx o2
d(u™) et du
5. o 10 P
d(u®) o1 du v dv
6. e~ +u (Inu)E;
7 ___d(e“) =e“51-Z
Todx dx
d(e™) o du
8. — = e T
da* _ 4 du
9. - = (Ina) 7
0. d(lnu) _1du
dx u dx
jq Qogar) 1 au
T dx u(lna) dx
dsiny _ du
12. 3 cosudx
deosu _ _ . . du
13. = smudx
dtanu _ o du
14. T secudx
deotu _ _ 2 du
15. - cscudx
dsecu _ du
16. 7 —tanusecua;
descu _ du
17. = (cot u)(cscu) =
18 dsin”'u _ 1 du
Todx = dx

Derivatives

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

deos" _ -1 du

dx — dx

Y1 P

dtan™u - 1 du

dx 14+ u2 dx
deot™ ' _ -1 du

dx 1+ 2 dx
dsec”u _ I du

dx u m dx
desc™lu . —-1  du

dx u [u2 -1 dx
dsinhu _ du
5 = cosh u Z
dcoshu _ . du
T = Slnhu 'J;
dianhu _ 2, du
— sechu T
dcothu _ 2~ du
B (csch) 7
dsechu _ _ du
~ (sech u)(tanh u) g
deschu _ du
= (csch u)(coth u) I
dsinh™'y _ 1 du

dx m dx
deosh™'u _ 1 du

dx \/;T:T dx
dtanh™'u _ 1 du

dx 1—u? dx
deoth™ _ 1  du

dx 1— 42 dx
dsech™'w _ -1 du

R i
desch™'u _ -1 du

dx U T+ 7
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Preface

The goal of this text is to help students learn to use calculus intelligently for
solving a wide variety of mathematical and physical problems.

This book is an outgrowth of our teaching of calculus at Berkeley, and
the present edition incorporates many improvements based on our use of the
first edition. We list below some of the key features of the book.

Examples and Exercises

The exercise sets have been carefully constructed to be of maximum use to the
students. With few exceptions we adhere to the following policies.

@ The section exercises are graded into three consecutive groups:

(a) The first exercises are routine, modelled almost exactly on the exam-
ples; these are intended to give students confidence.

(b) Next come exercises that are still based directly on the examples and
text but which may have variations of wording or which combine
different ideas; these are intended to train students to think for
themselves.

(c) The last exercises in each set are difficult. These are marked with a
star (x) and some will challenge even the best students. Difficult does
not necessarily mean theoretical; often a starred problem is an
interesting application that requires insight into what calculus is really
about.

® The exercises come in groups of two and often four similar ones.

@ Answers to odd-numbered exercises are available in the back of the
book, and every other odd exercise (that is, Exercise 1, 5, 9, 13,...)
has a complete solution in the student guide. Answers to even-
numbered exercises are not available to the student.

Placement of Topics

Teachers of calculus have their own pet arrangement of topics and teaching
devices. After trying various permutations, we have arrived at the present
arrangement. Some highlights are the following.

® Integration occurs early in Chapter 4; antidifferentiation and the [
notation with motivation already appear in Chapter 2.
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viti Preface

@ Trigonometric functions appear in the first semester in Chapter 5.

® The chain rule occurs early in Chapter 2. We have chosen to use
rate-of-change problems, square roots, and algebraic functions in con-
junction with the chain rule. Some instructors prefer to introduce sin x
and cosx early to use with the chain rule, but this has the penalty of
fragmenting the study of the trigonometric functions. We find the
present arrangement to be smoother and easier for the students.

® Limits are presented in Chapter 1 along with the derivative. However,
while we do not try to hide the difficulties, technicalities involving
epsilonics are deferred until Chapter 11. (Better or curious students can
read this concurrently with Chapter 2.) Our view is that it is very
important to teach students to differentiate, integrate, and solve calcu-
lus problems as quickly as possible, without getting delayed by the
intricacies of limits. After some calculus is learned, the details about
limits are best appreciated in the context of I'Hdpital’s rule and infinite
series.

® Differential equations are presented in Chapter 8 and again in Sections
12.7, 12.8, and 18.3. Blending differential equations with calculus
allows for more interesting applications early and meets the needs of
physics and engineering.

Prerequisites and Preliminaries

A historical introduction to calculus is designed to orient students before the
technical material begins.

Prerequisite material from algebra, trigonometry, and analytic geometry
appears in Chapters R, 5, and 14. These topics are treated completely: in fact,
analytic geometry and trigonometry are treated in enough detail to serve as a
first introduction to the subjects. However, high school algebra is only lightly
reviewed, and knowledge of some plane geometry, such as the study of similar
triangles, is assumed.

Several orientation quizzes with answers and a review section (Chapter R)
contribute to bridging the gap between previous training and this book.
Students are advised to assess themselves and to take a pre-calculus course if
they lack the necessary background.

Chapter and Section Structure

The book is intended for a three-semester sequence with six chapters covered
per semester. (Four semesters are required if pre-calculus material is included.)

The length of chapter sections is guided by the following typical course
plan: If six chapters are covered per semester (this typically means four or five
student contact hours per week) then approximately two sections must be
covered each week. Of course this schedule must be adjusted to students’
background and individual course requirements, but it gives an idea of the
pace of the text.

Proofs and Rigor

Proofs are given for the most important theorems, with the customary omis-
sion of proofs of the intermediate value theorem and other consequences of
the completeness axiom. Our treatment of integration enables us to give
particularly simple proofs of some of the main results in that area, such as the
fundamental theorem of calculus. We de-emphasize the theory of limits,
leaving a detailed study to Chapter 11, after students have mastered the
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Preface ix

fundamentals of calculus—differentiation and integration. Our book Calculus
Unlimited (Benjamin/Cummings) contains all the proofs omitted in this text
and additional ideas suitable for supplementary topics for good students.
Other references for the theory are Spivak’s Calculus (Benjamin/Cummings &
Publish or Perish), Ross’ Elementary Analysis: The Theory of Calculus
(Springer) and Marsden’s Elementary Classical Analysis (Freeman).

Calculators

Calculator applications are used for motivation (such as for functions and
composition on pages 40 and 112) and to illustrate the numerical content of
calculus (see, for instance, p. 405 and Section 11.5). Special calculator discus-
sions tell how to use a calculator and recognize its advantages and shortcom-
ings.

Applications

Calculus students should not be treated as if they are already the engineers,
physicists, biologists, mathematicians, physicians, or business executives they
may be preparing to become. Nevertheless calculus is a subject intimately tied
to the physical world, and we feel that it is misleading to teach it any other
way. Simple examples related to distance and velocity are used throughout the
text. Somewhat more special applications occur in examples and exercises,
some of which may be skipped at the instructor’s discretion. Additional
connections between calculus and applications occur in various section sup-
plements throughout the text. For example, the use of calculus in the determi-
nation of the length of a day occurs at the end of Chapters 5, 9, and 14.

Visualization

The ability to visualize basic graphs and to interpret them mentally is very
important in calculus and in subsequent mathematics courses. We have tried
to help students gain facility in forming and using visual images by including
plenty of carefully chosen artwork. This facility should also be encouraged in
the solving of exercises.

Computer-Generated Graphics

Computer-generated graphics are becoming increasingly important as a tool
for the study of calculus. High-resolution plotters were used to plot the graphs
of curves and surfaces which arose in the study of Taylor polynomial
approximation, maxima and minima for several variables, and three-
dimensional surface geometry. Many of the computer drawn figures were
kindly supplied by Jerry Kazdan.

Supplements

Student Guide Contains

@ Goals and guides for the student
@ Solutions to every other odd-numbered exercise
@ Sample exams

Instructor’s Guide Contains

@ Suggestions for the instructor, section by section
® Sample exams
@ Supplementary answers
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Preface

Misprints

Misprints are a plague to authors (and readers) of mathematical textbooks.
We have made a special effort to weed them out, and we will be grateful to the
readers who help us eliminate any that remain.

Acknowliedgments

We thank our students, readers, numerous reviewers and assistants for their
help with the first and current edition. For this edition we are especially
grateful to Ray Sachs for his aid in matching the text to student needs, to Fred
Soon and Fred Daniels for their unfailing support, and to Connie Calica for
her accurate typing. Several people who helped us with the first edition
deserve our continued thanks. These include Roger Apodaca, Grant Gustaf-
son, Mike Hoffman, Dana Kwong, Teresa Ling, Tudor Ratiu, and Tony
Tromba.

Jerry Marsden
Berkeley, California Alan Weinstein
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How toUse this Book:
A Note to the Student

Begin by orienting yourself. Get a rough feel for what we are trying to
accomplish in calculus by rapidly reading the Introduction and the Preface
and by looking at some of the chapter headings.

Next, make a preliminary assessment of your own preparation for calcu-
lus by taking the quizzes on pages 13 and 14. If you need to, study Chapter R
in detail and begin reviewing trigonometry (Section 5.1) as soon as possible.

You can learn a little bit about calculus by reading this book, but you
can learn to use calculus only by practicing it yourself. You should do many
more exercises than are assigned to you as homework. The answers at the
back of the book and solutions in the student guide will help you monitor
your own progress. There are a lot of examples with complete solutions to help
you with the exercises. The end of each example is marked with the symbol
A.

Remember that even an experienced mathematician often cannot “see”
the entire solution to a problem at once; in many cases it helps to begin
systematically, and then the solution will fall into place.

Instructors vary in their expectations of students as far as the degree to
which answers should be simplified and the extent to which the theory should
be mastered. In the book we have arranged the theory so that only the proofs
of the most important theorems are given in the text; the ends of proofs are
marked with the symbol E. Often, technical points are treated in the starred
exercises.

In order to prepare for examinations, try reworking the examples in the
text and the sample examinations in the Student Guide without looking at the
solutions. Be sure that you can do all of the assigned homework problems.

When writing solutions to homework or exam problems, you should use
the English language liberally and correctly. A page of disconnected formulas
with no explanatory words is incomprehensible.

We have written the book with your needs in mind. Please inform us of
shortcomings you have found so we can correct them for future students. We
wish you luck in the course and hope that you find the study of calculus
stimulating, enjoyable, and useful.

Jerry Marsden
Alan Weinstein
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Chapter 7

Basic Methods of
Integration

Learning the art of integration requires practice.

In this chapter, we first collect in a more systematic way some of the
integration formulas derived in Chapters 4—-6. We then present the two most
important general techniques: integration by substitution and integration by
parts. As the techniques for evaluating integrals are developed, you will see
that integration is a more subtle process than differentiation and that it takes
practice to learn which method should be used in a given problem.

7.1 Calculating integrals

The rules for differentiating the trigonometric and exponential functions lead to
new integration formulas.

In this section, we review the basic integration formulas learned in Chapter 4,
and we summarize the integration rules for trigonometric and exponential
functions developed in Chapters 5 and 6.

Given a function f(x), (f(x)dx denotes the general antiderivative of f,
also called the indefinite integral. Thus

f f(x)dx= F(x)+ C,
where F'(x) = f(x) and C is a constant. Therefore,
L[ fx)dx= f(x).

The definite integral is obtained via the fundamental theorem of calculus by
evaluating the indefinite integral at the two limits and subtracting. Thus:

[ 1) dx= Fx)fe = F(5) ~ F(a.

We recall the following general rules for antiderivatives (see Section 2.5),
which may be deduced from the corresponding differentiation rules. To check
the sum rule, for instance, we must see if

£ [0+ sty s+ 50

But this is true by the sum rule for derivatives.
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338 Chapter 7 Basic Methods of Integration

Sum and Constant Mulitiple Rules for
Antiderivatives

f[f(x) +g(x)] dx=ff(x)dx+fg(x)dx;
fcf(x) dx= cff(x) dx.

The antiderivative rule for powers is given as follows:

Power Rule for Antiderivatives

xn+1 C 1
fxndx= par B
Injx| + C, n=—1L

The power rule for integer n was introduced in Section 2.5, and was extended
in Section 6.3 to cover the case n= —1 and then to all real numbers n,
rational or irrational.

3
Example 1 Calculate () f (3x2/3+§)dx; (b) f ( L"—f-c-x—t—:;)dx; © f (x™ + x%)dx.

Solution (a) By the sum and constant multiple rules,
2/3 4 8\ ap=3[x2/3 1
f(3x + x)dx 3fx dx+ 8fxdx.

By the power rule, this becomes
%5/3

X =9 .53
3 5/3+81n|x[+c T + 81Injx| + C.

3 3
() fx +§CX+_3 dx:f(x2+3+%)dx=%+8x+31n]x]+C.

T+ 1 4
(©) f(x"+x3)dx= X _+E icoa

Applying the fundamental theorem to the power rule, we obtain the rule for
definite integrals of powers:

Definite Integral of a Power

b n+1
fx"dx= X
a n+1

b
_ bn+l _ an+l

n+1

fornreal, n# —1.

a

Ifn=-2,-3,—4,..., aand b must have the same sign. If » is not an
integer, @ and b must be positive (or zero if n > 0).

fb L= In|x|
. X

Again a and b must have the same sign.

b
a

—3 — = é
= In|b| - In|d| ln(a).
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7.1 Calculating Integrals 339

The extra conditions on a and b are imposed because the integrand must
be defined and continuous on the domain of integration; otherwise the
fundamental theorem does not apply. (See Exercise 46.)

Example 2 Evaluate (a) fo "(x* = 3¢ ) dx; (b) fl 2(& + %)dx

1 x4+x6+1)
XA+ 40
(°>f1/2( 2 x

i loa_ (4 X X2
Solution (a) [ (x"—3Vx)dx=[(x 3hr)dx| =% -3 73
=1l _s__9
~1-2--3.
& 2 2
b + =[x 21nx)
®) [ ax=( 375 + 2l )|
— 2432 2 __4‘/5*2
=22/ 42m2 - (3__+0) T +2In2
L x* 4+ x5+ 1 ‘(2 4 1)
dx= +x*+L)a
(c) 1/2( x2 )x fl/zx x x2 x
x>, X 1)1
=} =— + Z- — ~
(3 5 AP
(1 1 _N_(_1 L 1
_(3+5 1) (3 Ry 2)
_13
=430 4

In the following box, we recall some general properties satisfied by the definite
integral. These properties were discussed in Chapter 4.

Properties of the Definite Integral
1. Inequality rule: If f(x) < g(x) for all x in [a,b], then
J;bf(x)dx <ng(x) dx.
2. Sum rule:
[0+ g0 dx= [ fryax+ [g(x)a.
3. Constant multiple rule:
/ Pef(x)dx=c / *f(x)dx,  ca constant.
4. Endpoint additivity rule:
ch(x)dx=j;bf(x)dx+j:f(x)dx, a<b<ec

5. Wrong-way integrals:

J;af(x) dx= — j;bf(x) dx.
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340 Chapter 7 Basic Methods of Integration

Figure 7.1.1. The area of
the entire figure is

[5f(x) dx = [of(xdx +
[5f(x) dx, which is the sum
of the areas of the two
subfigures.

Example 3

Solution

1
1 AL y=r

|
—

il

1
TR !
2

Figure 7.1.2. The integral
of fon [0, 1] is the sum of
its integrals on [0,1] and

[1,1]
Example 4

Solution

If we consider the infegral as the area under the graph, then the endpoint
additivity rule is just the principle of addition of areas (see Fig. 7.1.1).

YA

Let

1

o
n N

t<j3,
t< 1.

=

f(’)={

Draw a graph of f and evaluate [} f(¢)dr.

2
1
t, 7

The graph of f is drawn in Fig. 7.1.2. To evaluate the integral, we apply the
endpoint additivity rule witha =0,b =14, and c = 1:
1 1/2 1 1/2 1 1
Ndt= Hdt+ Ndt= =~ dt+ tdt
[ fwa= [ foyas [ joyde= [ qa [
172 1

0

ool

=1 1o _1,.3_
-—2t| +2tl it 3 A

1/2

Let us recall that the alternative form of the fundamental theorem of calculus
states that if f is continuous, then

&[Ty de=f).

. od e 3
Find < fo V1 + 252 ds.

We write g(f) = [§y1 + 25> ds as f(¢%), where f(u) = [4/1 + 25> ds. By the
fundamental theorem (alternative version), f'(u) =v1 + 2u*; by the chain
rule, g'(¢) = f(A[d(?)/d] =1 + 25 - 2¢. A

As we developed the calculus of the trigonometric and exponential functions,
we obtained formulas for the antiderivatives of certain of these functions. For
convenience, we summarize those formulas. Here are the formulas from
Chapter 5:

Trigonometric Formulas
cosfdf =sinf + C 2. fsin0d0= —cosf + C
sec?9df = tanf + C 4. fcs020 dd= —cotd + C
tanfsecldf = secl + C 6. fcot0csc€d0= —cscd + C

1.

3.
5.
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Inverse Trigonometric Formulas
l.f———d—x——=sin_1x+c, 1< x<1.
1—x2
2.[——1__—diz—=cos"1x+c, —l<x<l.
3. —d—x—=tan"x+C, —e < x < o0.
1+ x?
4.f:—d)c—=cot“x+c, —00 < x < 0.
1+ x?2
S.I—ﬂ———=sec“‘x+C, —o<x< -1 or 1<x<o0.
VX2 = 1)
6. —dx =csc 'x + C, —o<x< -1 or 1<x < oo.
x}(x*—1)

By combining the fundamental theorem of calculus with these formulas and
the ones in the tables on the endpapers of this book, we can compute many
definite integrals.

Example 5 Evaluate (2) f "(x* + 2x + sinx)dx; (b) f /Scos 3x dx; (c) f ‘//2 _&y
0 0 -1/2 2
1=y

Solution (a) We begin by calculating the indefinite integral, using the sum and constant
multiple rules, the power rule, and the fact that the antiderivative of sinx.is
—cosx + C:

f(x“+ 2x + sinx)dx=fx4dx+ 2fxdx+fsinxdx

=x"/5+ x*—cosx + C.
The fundamental theorem then gives

fw(x4 + 2x + sinx) dx
o

7 5
= —7-75—+772—cos'rr~(0+0—cos0)

5
=(5— +x2—cosx)
0

5

5 5
=%+772+1+1=2+772+E5—%73-07-

(b) An antiderivative of cos3x is, by guesswork, 1sin3x. Thus

7/6

/6 =1y =lgnm -1
j(; cos3xdx = 3 sin 3x 3 sin 3

[ STE]

0

(c) From the preceding box, we have

=

dy=sin"'y + C,
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and so by the fundamental theorem,

1/2 1 a1 1/2 _~—1(1)_~—1(_1)
————dy=sin Ve =sinT | = sin =
f - y ol 172 3 )

The following box summarizes the antidifferentiation formulas obtained in
Chapter 6.

Exponential and Logarithm
fe"dx =e*+ C,

S
fb dx =22 +C,

fldx = In|x|+ C.
x

Example 6 Find (2) f 2% dx: (b) f '(3e* + 24% )dx; (¢) f " gy
-1 (V] (]

i lprgem 2| 22 270 3
Solution (2) |2 d"‘lnz‘_]_lnz 2 -3 ~216

(b) fol(3e" + 2\/;)dx= 3folexdx+ 2f01x’/2dx

1

3/2
=3¢y + 2( —~’3C/2 )

0
=3(e' - ) + 3 (172 - 07

—3e—3+3-3.-24
=3e -3+ 3 =3¢~ 3~648.

(c) By a law of exponents, 2% = (22 = 4. Thus,

1
by gy (! X gy =3
foz dy“fod'yd)’ ma|,~wma "D 3m2

Example 7 (a) Differentiate x In x. (b) Find flnx dx. (¢) Find f 5lnxa'x.
2
Solution (a) By the product rule for derivatives,
a = .
e (xInx)=Inx + x p Inx + 1.

(b) From (a), [(Inx + 1)dx = xInx + C. Hence,
flnxdx= xlnx — x + C.

© fzslnxdx= (xInx — ) = (5In5 - 5) — (21n2 — 2)

=5In5-2In2-3. A
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Example 8

Solution

Figure 7.1.3. Find the
shaded area.

Figure 7.1.4. Find the area
of the shaded region.

Example 9

Solution

7.1 Calculating Integrals 343

Finally we recall by means of a few examples how integrals can be used to
solve area and rate problems.

(a) Find the area between the x axis, the curve y =1/x, and the lines
x=—-eand x = —e.

(b) Find the area between the graphs of cosx and sinx on [0, 7 /4].

(a) For —e® < x < —e, we notice that 1/x is negative. Therefore the graph of
1/ x lies below the x axis (the graph of y = 0), and the area is

f_es(o— ;)dx= —In|x| T —(ne—Ine*)=—(1-3)=2.
See Fig. 7.1.3.
»
(LD
—e3=-20.09 ~e=-2718
e -

(b) Since 0 < sinx < cosx for x in [0,7/4] (see Fig. 7.1.4), the formula

y=cosx

for the area between two graphs (see Section 4.6) gives

7/4
+

=L 4 1
o 2 2
Water flows into a tank at the rate of 2¢ + 3 liters per minute, where ¢ is the
time measured in hours after noon. If the tank is empty at noon and has a
capacity of 1000 liters, when will it be full?

f”“(cosx—sinx)dx=(sinx+cosx) -1=2-1. A
)

First we should express everything in terms of the same unit of time. Choosing
hours, we convert the rate of 2¢ + 3 liters per minute to 60(2¢ + 3) = 120¢ +
180 liters per hour. The total amount of water in the tank at time T hours past
noon is the integral

{1201 + 180y dr= 120 (72 — 0?) + 180(T — 0) = 6077 + 180T
0

The tank is full when 6072 + 1807 = 1000. Solving for T by the quadratic
formula, we find T ~2.849 hours past noon, so the tank is full at 2:51 p.M. A
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344 Chapter 7 Basic Methods of Integration

Example 10 Let P(¢) denote the population of bacteria in a certain colony at time &.
Suppose that P(0) = 100 and that P is increasing at a rate of 20e3" bacteria per
day at time . How many bacteria are there after 50 days?

Solution We are given P'(f) = 20> and P(0) = 100. Taking the antiderivative of P’(¢)
gives P(f) = %e” + C. Substituting P(0) = 100 gives C = 100 — 2. Hence
P(#) =100 + 2(e* — 1), and P(50) = 100 + D' - 1)x<9.2 % 10% bacteria.
(This exceeds the number of atoms in the universe, so growth cannot go on at
such a rate and our model for bacterial growth must become invalid.) &

Exercises for Section 7.1

Evaluate the indefinite integrals in Exercises 1-8.

- 2 du
1. f(3x2+2x+x 3ydx 23. f _a
V2 u\/ui -1
2. f(sz +3x %+ x ¥dx
24, fﬁ/2(4 — 457~/ gs
3 j(e" +2x)dx o
4. f (e~ — 8x%)dx 25. f 7/ 4sectx dx
0
5. f(smzx + 3x)dx 26 fﬂ/4(ex B 32 )dx
6. f(cos3x —2x + 1)dx 02 cos’x
_ R 27. f (¥ + x*/?) dx
7. f(e * 4+ 2cosx + 5x?)dx 1
b ax
8. f(e“ — 8sin2x + x4 dx 28. f_le 4 dx
Evaluate the definite integrals in Exercises 9-34. 29. IS% dt
1

2.8 2 _
9. f_z(x +2x2— l)dx W

2
30. fmm

2
10. (x% + x%)dx ) 3
f—z 31. f21+2x+3x +4x dx
1

1. fﬁ(l—y+y2)dy . >
3a ) 32. f2|:x + —:I dx
12. f (6x% + 3x + 2)dx 1 x
0 200
33. 90x2! — 80x* + 5580x°7 + 1)dx
13. fm s ds I—zoo( )
16 243.8
34, 65x7 + 48x%° — 3x"3 + 15x° — 2x)dx.
14. fgls s ds f—243.8(
1
15 f =31 4 35. Check the formula
e TFxde= 2 (3x—2)(1+ x)**+ C
X xax= — X b
16. f3(_1—2+_13_)dx f 15
1 X X 3 4
17. fw cosx dx and evaluate fo xyT F x dx.
" 36. (a) Check the integral
18. f"/zsinSxdx ]
0 f dx=2tan " "Yx — 1 +C.
19. f”(3sin0+4cos0)da xfx — 1
0
4
20. ["/(3sindx + dcos3x)dx (b) Bvaluate [*(1/x/x=T)dx.
(1]
37. (a) Verify that | xe®dx =e™ + C.
21. f‘ 2 ax (a) Verify f :
01 . dj 1 (b) Evaluate fe(2xe“2 + 3Inx)dx (see Exam-
2. [ & 1
fo 1+ s? ple 7).
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38. (a) Verify the formula

I[E}dx=m—sec—‘x+ C.

X

(b) Evaluate f MUKTZT /x)dx.
1
2 5
39. Suppose that j f(Hdt=5, f f(Hdt =6, and

7 ° 5 2 7
J f(i)dt=3. Find (a) f £(t)dt and (b) j f@a.
o 5
(((:)) Show that f(#) < 0 for some ¢ in (5, 7).
40. Find f] *[4f(s) + 3 /35 1 ds, where f] *f(s)ds = 6.

41. Find ?‘11; f:\/ex + sin 5x2 dx.
(5

i o . g cos 1\3/2
42. Compute o L (sin“t + )/ < dt.
43. Let

2 —-1<1<0,
f=1 0<1<2,
-1 2<t<3.
Compute f > f(Har.
—1
44. Let
x 0< x <3,
h(x) = { s s 4
1 ;<x<1.
Compute f‘h(x)dx.
0
45. Let f(x) = sin x,
=/1 —7<x<2,
£(x) {2 2<x<m

and h(x) = 1/x> Find:
@ [ f0g@dx; ®) [(gh(dx;

©) f J;2f(t)g(t)a’t, for x in (0, 7). Draw a graph

of this function of x.
46. We have 1/x* > 0 for all x. On the other hand,

f(dx/x4)=fx“4dx =(x"3/-3)+C, 50

—1 x4 -3 -3 3
How can a positive function have a negative
integral?
Find the area under the graph of each of the functions
in Exercises 4750 on the stated interval.
3
47. 2 *1 4410,2). [Hint: Divide)]
x2+1
1

fl e _17°=(D7 141 2

48.

on {0,2].

o —

x2+
x2+
Vx

50. sinx — cos2x on [

49.

on [1,4].

>

)

e
(SIS ]

7.1 Calculating Integrals 345

51. Find the area under the graph of y = e** be-
tween x =0 and x = 1.

52. A region containing the origin is cut out by the
curvesy=1/yx,y=—1/yx,y=1/y—x, and
y= —1/y— x and the lines x = +4, y = *4;
see Fig. 7.1.5. Find the area of this region.

y

Figure 7.1.5. Find the area
of the shaded region.

53. Find the area of the shaded region in Fig. 7.1.6.
y

y =—jT.\‘2 -1

Figure 7.1.6. Find the area of the “retina.”

54. Find the area of the shaded “flower” in Fig.
7.1.7.

Figure 7.1.7. Find the shaded area.
55. Illustrate in terms of areas the fact that

nu . 2, if nis an odd positive integer;
f sinx dx= e s
0 0, if nis an even positive integer.
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346 Chapter 7 Basic Methods of Integration

56. Find the area of the shaded region in Fig. 7.1.8.

Figure 7.1.8. Find the area of the shaded region.

57. Assuming without proof that

f”/zsinzx dx =f"/2cos2x dx (see Fig. 7.1.9),
o o

find f 7/2sin? x dx. (Hint: sin’x + cos’ = 1)
o

y =sinZx

y=cos?x

N R

Figure 7.1.9. The areas under the graphs of sin’x
and cos®x on [0, 7 /2] are equal.

58. Find:
(a) fcos 2xdx;
(b) f (cos®x — sin’x) dx;
(<) f (cos’x + sin®x) dx;
(@ f cos®x dx (use parts (b) and (c));
(e) f’r/ 2cosx dx and f"/ Zsin>x dx (compare
0 0
with Exercise 57).
59.(a) Show that f sintcostdt = ysin¥ + C.
(b) Using the identity sin2¢ = 2sin¢ cos ¢, show
that fsintcostdt = —tcos2t + C.
(c) Use each of parts (a) and (b) to compute

f 7/4sin t cost dt. Compare your answers.
7/6

60.

61.

62.

63.

64.

65.

66.

67.

Find the area of the shaded region in Fig. 7.1.10.

Figure 7.1.10. Find the
shaded area.

Show that the area under the graph of f(x)

=1/(1 + x?) on [a,b] is less than 7, no matter

what the values of ¢ and b may be.

Show: the area under the graph of 1/(x? + x%)

between x = 2 and x = 3 is smaller than &.

A particle starts at the origin and has velocity

o(t) = 7 + 413 + 6sin (wf) centimeters per second

after ¢ seconds. Find the distance travelled in 200

seconds.

The sales of a clothing company ¢ days after

January 1 are given by S(¢) = 260¢(®D* dollars

per day.

(a) Set up a definite integral which gives the
accumulated sales on 0 < £ < 10.

(b) Find the accumulated sales for the first 10
days.

(¢) How many days must pass before sales ex-
ceed $900 per day?

Each unit in a four-plex rents for $230/month.

The owner will trade the property in five years.

He wants to know the capital value of the prop-

erty over a five-year period for continuous inter-

est of 8.25%, that is, the amount he could borrow

now at 8.25% continuous interest, to be paid back

by the rents over the next five years. This

amount 4 is given by A = [JRe™*dt, where

R = annual rents, k = annual continuous interest

rate, T = period in years.

(a) Verify that 4 = (R/k)(1 — e~ *T).

(b) Find A4 for the four-plex problem.

The strain energy V, for a simply supported uni-

form beam with a load P at its center is

_ 1 iz Px\?

e = ET Jy (T) dx.

The flexural rigidity EI and the bar length ! are

constants, Ef -0 and / > 0. Find V.

A manufacturer determines by curve-fitting

methods that its marginal revenue is given by

R'(f) = 1000e’/? and its marginal cost by C’(¢)

= 1000 — 2¢, ¢ days after January 1. The revenue

and cost are in dollars.

(a) Suppose R(0) = 0, C(0) = 0. Find, by means
of integration, formulas for R(¢) and C(¥).

(b) The total profit is P = R — C. Find the total
profit for the first seven days.
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68. The probability P that a capacitor manufactured
by an electronics company will last between
three and five years with normal use is given

approximately by P = f 5(22.05)!‘3 dr.
3
(a) Find the probability P.
(b) Verify that f 7(22.05)1=3ds = 1, which says
3

that all capacitors have expected life be-
tween three and seven years.

7.2 Integration by Substitution 347

69. Using the identity % D 1

t+ t(t+1)
e dt
fl t+1)°

dt
2+ 1)
1 __4,B c
He+1) t 2 (+])

for suitable constants 4, B, C.

, find

*70. Compute f by writing

7.2

Example 1

Solution

Integration by
Substitution

Integrating the chain rule leads to the method of substitution.

The method of integration by substitution is based on the chain rule for:
differentiation. If F and g are differentiable functions, the chain rule tells. us.
that (Fo g)(x)= F'(g(x))g'(x); that is, F(g(x)) is an antiderivative of
F'(g(x))g'(x). In indefinite integral notation, we have

[F(g(x)g (x)dx= F(g(x) + C.

As in differentiation, it is convenient to introduce an intermediate variable
u = g(x); then the preceding formula becomes

[P ax= Fuy+ c.

If we write f(u) for F'(u), so that [f(u)du = F(u) + C, we obtain, the formula
[ feu) % = [ fewyau. ()

This formula is easy to remember, since one may “cancel the dix’s.”

To apply the method of substitution one must find in a given integrand:
an expression u = g(x) whose derivative dit/dx = g/(x) also occurs: in the
integrand.

Find f 2xyx? + 1 dx and check the answer by differentiation.
None of the rules in Section 7.1 apply to this integral, so we try integration by

substitution. Noticing that 2x, the derivative of x*+ I, oceurs in the inte-
grand, we are led to write # = x? + I; then we have

f2x x2+1dx=f %%+ 1 -2xdx=[x/&_(g—§;)‘dx.

By formula (1), the last integral equals [Vu du = [u'/%du = 2u>/? + C. At this
point we substitute x% + 1 for u, which gives

[l +Tax=3(2+ )+ C.

Checking our answer by differentiating has educational as well as insur-

Copyright 1985 Springer-Verlag. All rights reserved.



348 Chapter 7 Basic Methods of Integration

ance value, since it will show how the chain rule produces the integrand we
started with:

;14; 2+ C] =222+ )L 241y =[P+ T Jox,
as it should be. A

Sometimes the derivative of the intermediate variable is “hidden” in the
integrand. If we are clever, however, we can still use the method of substitu-
tion, as the next example shows.

Example2 Find f cos’x sin x dx.

Solution We are tempted to make the substitution u = cosx, but du/dx is then —sinx
rather than sin x. No matter—we can rewrite the integral as

f( — cos’)(—sinx) dx.
Setting u = cosx, we have

f—uz%dx=f—u2du= - —L-‘;+C,

SO

fcos2x sinxdx= —cos’x + C.

You may check this by differentiating. A

Example 3 Find f 1:" — dx.
e

Solution We cannot just let u = 1+ €?*, because du/dx = 2e** # e*; but we may
recognize that e®* = (e*)* and remember that the derivative of e* is e
Making the substitution u = e* and du/dx = e*, we have

f " _ixezx dx=f ——.—1 " ée")z -e*dx

1 du 1
= s S=dx = du
fl+u2 dx 1+ u?

=tan"'u + C=tan"'(e*) + C.

Again you should check this by differentiation. A

We may summarize the method of substitution as developed so far (see Fig.
7.2.1).

Integration by Substitution

To integrate a function which involves an intermediate variable v and its
derivative du/dx, write the integrand in the form f(u)(du/dx), incorpo-
rating constant factors as required in f(u). Then apply the formula

[ ) B [ f(w)d

Finally, evaluate [f(u)du if you can; then substitute for u its expression
in terms of x.

Copyright 1985 Springer-Verlag. All rights reserved.



Figure 7.2.1. How to spot u
in a substitution problem.

Example 4

Solution

Example 5

Solution

7.2 Integration by Substitution 349

/ (expression in ) » (derivative of ) dy = f (expression in u) du

t appears here the derivative
as a function of u appears
as a tactor

Find (a) fxzsin(x3) dx, (b) fsin 2xdx.

(a) We observe that the factor x? is, apart from a factor of 3, the derivative of
x’. Substitute u = x>, so du/dx = 3x* and x2 = 1 du/dx. Thus

fxzsin(x3) dx= 1 du sinudx= = 3 f(sm u) du dx

3 dx
=1 sinudu= — lcosu + C.
T3 3
Hence [x’sin(x*)dx = — Lcos(x?) + C.

(b) Substitute # = 2x, so du/dx = 2. Then
fsm 2xdx= f (sin2x)2dx= = 5 fsmu == dx

=1 =1
=5 sinu du = 2cosu+C

Thus
fsin2xdx= — %cost +C. A

2
Evaluate: (a X dx, (b _dr Hint: Complete the square in
()fx3+5 ®) [ 5= ! p q
the denominator}, and (c) f sin’2x cos 2x dx.

(a) Set u = x>+ 5; du/dx = 3x% Then
x? 1 2 1 1 du
dx= [ —L _3x2qe= L (Ldu,
jx3+5x fB(x3+5)x x 3fudxx

1 fadu_1 = Linlx3
3fu 3lnjul + €= 3Inlx’ + 5]+ C.

(b) Completing the square (see Section R.1), we find
P—6r+10=(>—6:+9)—9+10
=(t=3Y+1
Weset u=1t—3; du/dt =1. Then

dt dt 1 du
ft2—6t+10 fl+(t—3)2 fl+u2 dt

=f——1—du= tan"'u + C,
1+

SO
di —1
—~—— =tan” (¢t — 3) + C.
f 12— 61+ 10 ( )
(c) We first substitute u = 2x, as in Example 4(b). Since du/dx =2,
in2 = 1 du
fsm 2x costdx—fsm UCOS U > Je dx= 2 sin’u cos u du.
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At this point, we notice that another substitution is appropriate: we set
s = sinu and ds/du = cosu. Then

1 (g2 _ 1 (pds gy 1 (g
2fsmucosual 2fs dudu 2fs ds

1 123 s
=_—-=5+C==+C.
2 3 6
Now we must put our answer in terms of x. Since s = sinu and u = 2x, we
have

fsin22xcos2xdx= 56-3— +C= &rgb—‘ +C= §1_r_122_x +C.
You should check this formula by differentiating.

You may have noticed that we could have done this problem in one step
by substituting u = sin2x in the beginning. We did the problem the long way
to show that you can solve an integration problem even if you do not see
everything at once. A

Two simple substitutions are so useful that they are worth noting explicitly.
We have already used them in the preceding examples. The first is the shifting
rule, obtained by the substitution u = x + a, where a is a constant. Here
dufdx = 1.

Shifting Rule

To evaluate f f(x + a)dx, first evaluate f f(u)du, then substitute x + a

for u:

ff(x + a)dx= F(x+a)+ C,  where F(u) =ff(u)du.

The second rule is the scaling rule, obtained by substituting u = bx, where b is
a constant. Here du/dx = b. The substitution corresponds to a change of scale
on the x axis.

Scaling Rule
To evaluate f f(bx)dx, evaluate f f(w)du, divide by b and substitute bx

for u:

{ f(bxydx= S F(bx)+ C, where F(u) = [ ftydu.

Example 6 Find (a) f sec’(x + 7)dx and (b) f cos 10x dx.

Solution (a) Since {sec’udu = tanu + C, the shifting rule gives
f~sec2(x +7T)dx=tan(x +7) + C.

(b) Since [cosudu =sinu + C, the scaling rule gives

f cos 10x dx= 4sin(10x) + C. A
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You do not need to memorize the shifting and scaling rules as such; however,
the underlying substitutions are so common that you should learn to use them
rapidly and accurately.

To conclude this section, we shall introduce a useful device called
differential notation, which makes the substitution process more mechanical. In
particular, this notation helps keep track of the constant factors which must be
distributed between the f(u) and du/dx parts of the integrand. We illustrate
the device with an example before explaining why it works.

Example 7 Find f x'+2
(x + 10x)

Solution We wish to substitute # = x° + 10x; note that du/dx = 5x* + 10. Pretending
that du/dx is a fraction, we may “solve for dx,” writing dx = du/(5x* + 10).
Now we substitute  for x° + 10x and du/(5x* + 10) for dx in our integral to

obtain
f x*+2 dx=fx4+2 du - x*+2 du_ l@_
(x°+ 10x)5 w  S5x*+4+10 5x*+2) o 50
Notice that the (x* + 2)’s cancelled, leaving us an integral in ¥ which we can
evaluate:
Trauw _1( 1, -4 =1
5]u5 (-3 * ¢ 200 €
Substituting x> + 10x for u gives
4
[t gL e
(x5 + 10x) 20(x5 + 10x)

Although du/dx is not really a fraction, we can still justify “solving for dx”
when we integrate by substitution. Suppose that we are trying to integrate
[h(x)dx by substituting u = g(x). Solving du/dx = g'(x) for dx amounts to
replacing dx by du/g'(x) and hence writing

[h(x)de= (( )) du. )

Now suppose that we can express h(x)/g'(x) in terms of u, i.e., h(x)/g'(x)
= f(u) for some function f. Then we are saying that A(x)= f(u)g'(x) =

f(g(x))g'(x), and equation (2) just says
J H(g0g () dx= [ fwydu

which is the form of integration by substitution we have been using all along.
1/x
Example 8 Find f ( e ) dx.
x

Solution Letu=1/x; du/dx= —1/x* and dx = — x*du, so

f(zli)el/xdx=f(;%)e"(-—x2du)= -fe“du= —e'+ C

and therefore

f(é)el/xdx= -+ C. a
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Integration by Substitution
(Differential Notation)

To integrate fh(x) dx by substitution:

. Choose a new variable u = g(x).

. Differentiate to get du/dx = g’(x) and then solve for dx.

. Replace dx in the integral by the expression found in step 2.

. Try to express the new integrand completely in terms of u, eliminating
x. (If you cannot, try another substitution or another method.)

. Evaluate the new integral [f(u)du (if you can).

. Express the result in terms of x.

. Check by differentiating.

BN -

~ N L

Example 9 (a) Calculate the following integrals: (a) f X +2x gy X,

?/x +3x2+1

(b) fcosx cos(sin x)]dx, and (c) f ( —1——'-—111—)6 ) dx.

Solution (a) Let u = x* + 3x% + 1; du/dx = 3x* + 6x, so dx = du/(3x* + 6x) and

f x2+2x _f x“+2x 242x% du
Y332+ 1 Yu 3x% 4 6x
=1 (_1 1.3
3 3‘/_a'u 3 2u + C.
Thus

2 1
f—-—i—iz"—— dx = ~(x® + 3x2 + 1)?P + C.
P +3x2+1 2

(b) Let u = sinx; du/dx = cosx, dx = du/cosx, so

f cos x| cos(sin x) | dx= f cos x| cos(sin x) | C(‘)lgx
=fcosudu= sinu + C,
and therefore
f cos x[ cos(sin x) | dx = sin(sinx) + C.
(© Letu=1+Inx; du/dx=1/x, dx = xdu, so

f Y1+ Inx a’x=f Y1+ Inx (x du) =fu1/2du= 2524 c,
X X 3
and therefore

f——-——_“J’xlnxdF %(1 +Inx)*+ C. A
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Exercises for Section 7.2

Evaluate each of the integrals in Exercises 1-6 by
making the indicated substitution, and check your an-
swers by differentiating.

L.
2.

b

(93

6.

f2x(x2 + 432 dx; u=x*>+4.
f(x F DO+ 2x —4) " 4dx; u=x>+2x — 4.

297+ 1
f——-—————( sy4 1)2 dy;x=y8+4y—l.
Yy tay -

f—x-—dx;u=x2.
1+ x*

2
f sec’d df; u =tand.
tan’d

ftanx dx;

U =COosXx.

Evaluate each of the integrals in Exercises 7-22 by the
method of substitution, and check your answer by
differentiating.

7 f(x + Deos(x? + 2x)dx

8.

10.

11.

12.

13.
14.

15.

16.

17.

~J

18.

19.
20.

f u sin(u?) du

(x¥2+2)°
f 2rsin(r?)cos®(r?) dr

f " *cos x dx

3
flf—x &

f Y1 — 4x?
fsm(0 +4)df
f —12— sin L dx
X X
f(Sx“ + 1)(x5 + x)1Pgx
f(l + coss)Ys + sins ds

21

22.

t+1
t +2t+

e

x*+4

)a’t

Evaluate the indefinite integrals in Exercises 23-36.

23.
24.
25.
26.
. f dx_

xInx

28.

27

29.
30.

31
32.

33.

34.

35.

36.

37.

38.

*39.

*40.

f NEF1 ar.

f HWiF 1 d.

fcos30 d9. [Hint: Use cos™ + sin’d = 1]
f cot x dx.

dx
In(x*) "
f\/4 — x% dx. [Hint: Let x = 2sinu.]
f sin?x dx. (Use cos2x = 1 — 2sin%x.)

cosf
1 + sinf
secZx(e®* + 1) dx.
f sin(In 7)

t

2
f e’ ds.
1+e*

fmd

d.

X.
x2

[o(-=
x x

Compute [sinxcosxdx by each of the following
three methods: (a) Substitute # = sin x, (b) substi-
tute u =cosx, (c) use the identity sin2x =
2 sin x cos x. Show that the three answers you get
are really the same.

Compute [e“*dx, where a is constant, by each
of the following substitutions: (a) u = ax; (b)
*. Show that you get the same answer either

)’/3dx.

u=e
way.
For which values of m and n can [sin"x cos"x dx
be evaluated by using a substitution # = sinx or
u = cos x and the identity cos®x + sin®x = 1?

For which values of r can [tanx dx be evaluated
by the substitution suggested in Exercise 397
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Chapter 7 Basic Methods of Integration

7.3

Example 1

Solution

Example 2

Solution

Changing Variables
in the Definite Integral

When you change variables in a definite integral, you must keep track of the
endpoints.

We have just learned how to evaluate many indefinite integrals by the method
of substitution. Using the fundamental theorem of calculus, we can use this
knowledge to evaluate definite integrals as well.

Find [ X +3 dx.
0
Substitute u = x + 3, du = dx. Then
fvx+3 dx=fﬁ7du= %u3/2+ C= %(x+3)3/2+ C.

By the fundamental theorem of calculus,

flex+3 abc=2(x+3)3/2
o 3

To check this result we observe that, on the interval [0,2], yx + 3 lies between
V3 (=~ 1.73) and 5 (a2 2.24), so the integral must lie between 2y3 (= 3.46) and
25 (=~ 4.47). (This check actually enabled the authors to spot an error in their
first attempted solution of this problem.) A

P2
=5 (5°% - 3*/%) ~3.99.

Notice that we must express the indefinite integral in terms of x before
plugging in the endpoints 0 and 2, since they refer to values of x. It is possible,
however, to evaluate the definite integral directly in the u variable—provided
that we change the endpoints. We offer an example before stating the general
procedure.

4
Find X dx.
- j; 1+ x* ~

Substitute u = x2, du = 2x dx, that is, xdx = du /2. As x runs from 1 to 4,
u = x? runs from 1 to 16, so we have

4 x 16 x gy _ 1 (6 gdu
dx = rrer—— —— — — oA,
f11+x4 fl T+x*2x 2/ 1442

16
tan " 'u| =

(tan”'16 — tan"'1) ~0.361. A

NS

N |—

1

In general, suppose that we have an integral of the form [2f(g(x))g'(x)dx. If
F'(u) = f(u), then F(g(x)) is an antiderivative of f(g(x))g'(x); by the
fundamental theorem of calculus, we have

[ 18()g (x)dx= F(5(5)) ~ F(g(@))

However, the right-hand side is equal to (52 f()du, so we have the formula

’ ) g'(x)dx= [ ¥? f(u)du.
[, faGg ey dx= [ #0 fwy

Notice that g(a) and g(b) are the values of u = g(x) when x=a and b,
respectively. Thus we can evaluate an integral | bh(x)dx by writing A(x) as

Copyright 1985 Springer-Verlag. All rights reserved.



7.3 Changing Variables in the Definite Integral 355

f(g(x))g'(x) and using the formula
b b
h(x)dx= &(®) du.
[reeyan= [ 50 fu)du

Example 3 Evaluate f /40820 df.
0

Solution Let u =26; df =1 du; u=0 when § =0, u = 7/2 when 0 = 7 /4. Thus

" l(sinl - sin()) = % A

/4 =l w/2 =l .
j(; cos 20 df ZJ(; cosu du sin u 3 3

2

0

Definite Integral by Substitution
Given an integral f bh(x) dx and a new variable u = g(x):

1. Substitute du/g’(x) for dx and then try to express the integrand
h(x)/g'(x) in terms of u.

2. Change the endpoints a and b to g(a) and g(b), the corresponding
values of u.

Then

b
fa h(x)dx= fg iﬁi’) F(u)du,

where f(u) = h(x)/(du/dx). Since h(x) = f( g(x))g'(x), this can be writ-
ten as

[ 18 () dx= [ 5 fu)du
a 8(a)

Examp|e4 Evaluate fsm X
1 x X
2

Solution Seeing that the denominator can be written in terms of x2, we try u = x?%,
dx = du/(2x); u=1when x = 1 and u = 25 when x = 5. Thus

fs x dx= 1 (2 du .

1 x*+10x2+ 25 20 w?+10u+25

Now we notice that the denominator is ( + 5)?, so we set v = u + 5, du = dv;
v =6 when u = 1, v = 30 when u = 25. Therefore

L _de 1 (%do_1( 1)

20 W+ 10u+25 2Js o2 2 v
=14 1 _ 1

60 12 15°

If you see the substitution v = x% + 5 right away, you can do the problem in

one step instead of two. A

30

6

Example 5 Find f "/%(cos% — sin’9) dé.
(1]

Solution It is not obvious what substitution is appropriate here, so a little trial and error
is called for. If we remember the trigonometric identity cos28 = cosd — sin,
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we can proceed easily:

/4 20) _ <inl —_ /4 — /2 é’i =
fo (cosd s1n0)d9—£) cos28 do fo cosu2 (u=20)

1r/2= 1—0

_ sinu 1
2 2

2 o
(See Exercise 32 for another method.) A

Example 6 Evaluate | : e .
0

Solution Let u=1+¢*; du=e*dx, dx=du/e”; u=1+¢e"=2 when x =0 and
#=1+ e when x = 1. Thus

I e* i 1+e_1_ _
j(; 1—+;—;dx—j; udu Inu

Substitution does not always work. We can always make a substitution, but
sometimes it leads nowhere.

I+e

=1n(1+e)~1n2=1n(-1-’25—9).A

2

. 2 . .
Example 7 What does the integral f 1 :I_x 7 become if you substitute u = x??
0 x

Solution If u = x? du/dx = 2x and dx = du/2x, so
f2 dx =J‘4 1 gi_g.
o 14 x* o 1+ u? 2x
We must solve u = x? for x; since x > 0, we get x =\/;, S0

f2 ax__ _ [* du .
o 1+ x* Jo 20 (1 + u?)

Unfortunately, we do not know how to evaluate the integral in u, so all we
have done is to equate two unknown quantities. A

As in Example 7, after a substitution, the integral [f(u)du might still be
something we do not know how to evaluate. In that case it may be necessary
to make another substitution or use a completely different method. There is an
infinite choice of substitutions available in any given situation. It takes
practice to learn to choose one that works.

In general, integration is a trial-and-error process that involves a certain
amount of educated guessing. What is more, the antiderivatives of such
innocent-looking functions as

1 and 1

\/(1 — x?)(1 -2x% V3 — sin’

cannot be expressed in any way as algebraic combinations and compositions
of polynomials, trigonometric functions, or exponential functions. (The proof
of a statement like this is not elementary; it belongs to a subject known as
“differential algebra”.) Despite these difficulties, you can learn to integrate
many functions, but the learning process is slower than for differentiation, and
practice is more important than ever.

Since integration is harder than differentiation, one often uses tables of
integrals. A short table is available on the endpapers of this book, and
extensive books of tables are on the market. (Two of the most popular are
Burington’s and the CRC tables, both of which contain a great deal of
mathematical data in addition to the integrals.) Using these tables requires a
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knowledge of the basic integration techniques, though, and that is why you
still need to learn them.

3
Example 8 Evaluate f _dx using the tables of integrals.

Foxyl+ x
Solution We search the tables for a form similar to this and find number 49 with a = 1,
b =1. Thus
f dx =In I+x -1 +C.
xyl+ x Vl+x +1
Hence
f3 x__ _ V4 -1 - ﬁi:lnl—ln 2 -1
1 oxyl+ x V& +1 2 +1 3 2 +1
=1n——‘/g——t1—-— =ln(1+%\/2—).A
302 1)
Exercises for Section 7.3
Evaluate the definite integrals in Exercises 1-22.
1. f‘ xF72 dx 18. f”/zcotedﬂ.
—1 /4
3 dt 7/2_.
2. fz T 19. fo sin x cos x dx.
2 7 /2 s : x
3. f xyxZ+ 1 dx 20. f [In(sin x) + (x cot x)](sin x)* dx.
0 1
1 3Ix3+x—1 R . .
4. [t/ +1 ar 21. 2. T 27 0 dx (simplify first).
fo f; e (simplify first)
X
5. [fe+ D02+ 20+ 1V 5y (e2GH T
h 1 x?
6. f2 Vi+lnx 23. Using the result f "/ 2in%x dx = 7 /4 (See Exer-
x o
; 13 Ix 4 cise 57, Section 7.1), compute each of the fol-
' fl 2 2 lowing integrals: (a) [ sin®(x/2)dx;
(x*+5) N
2 £2+1 L ) n/4_ 2
8. —_—— dt b sin“(x — 7 /2)dx; (c cos“(2x)dx.
S —— <>L/2 (v = 7/2)dx; @ [ )
i 2 24. (a) By combining the shifting and scaling rules,
9 9 d.
: fo xerax find a formula for [f(ax + b)dx.
1_e” b) Find [——%  [Hins: Factor the
10.[0 o & ®) f24x2+12x+9 [
/6. denominator.}
1. fo sin(36 + ) df 25. What happens in the integral
12. fo "sin(8/2 + = /4) df f‘ (x2 +3x) "
13. fw/z 5 cos®x sin x dx. 0 Yx’+3x2+1
-2 if you make the substitution u = x>+ 3x% + 17
14. (/2 cscy d 2
: L /4 coty +2cot y + 1 - 26. What becomes of the integral f "eostx dx if
o
T 2 you make the substitution u = cos x?
15. dx.
fo x sin(x") dx Evaluate the integrals in Exercises 27-30 using the
1 x? tables.
16. dx. —
fo P41 7 (& fz-__“x U i
17 f"/4tan0d() o 3x2+2x+1 1 x
) Ja /8 )

ooy
29. f‘———@i— 30. f =2
0 V3x2+2x +1 2 x*
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31. Given two functions f and g, define a function A
by
1
h(x) = x—1 t) dt.
() = [ = 0g()
Show that
hx)=[" glx—f(nar.
x—1

32. Give another solution to Example 5 by writing
cos¥ — sin’ = (cos # — sin#)(cos § + siné) and
using the substitution # = cos# + sin§.

33. Find the area under the graph of the function
y=(x+1)/(x*>+2x+2)*? from x=0 to
x=1.

34. The curve x%/a® + y2/b% = 1, where a and b are

positive, describes an ellipse (Fig. 7.3.1). Find the

area of the region inside this ellipse. [ Hint: Write
half the area as an integral and then change
variables in the integral so that it becomes the
integral for the area inside a semicircle.]

The curve y = x'/3, 1 < x < 8, is revolved about
the y axis to generate a surface of revolution of
area s. In Chapter 10 we will prove that the area

is given by s = fl 22wy3W dy. Evaluate this
integral.

Let f(x)=f1x(dt/ ). Show, using substitution,
and without using logarithms, that f(a)+ f(b)
= f(ab) if a,b > 0. [Hint: Transform Labéf by

35.

*36.

a change of variables.]

I,

2
)

5

+
[<
I

0, -b)

(a,0) Ry

7.4

37. (a) Find f ™/2c0s% sin x dx by substituting u =
0

cos x and changing the endpoints.
*(b) Is the formula

[ 1geng o de= [ 2P flay au
a 8@

valid if a < b, yet g(a) > g(b)? Discuss.

Figure 7.3.1. Find the area
inside the ellipse.

integration by Parts

Integrating the product rule leads to the method of integration by parts.

The second of the two important new methods of integration is developed in
this section. The method parallels that of substitution, with the chain rule
replaced by the product rule,

The product rule for derivatives asserts that

(FG)(x) = F'(x)G(x) + F(x)G'(x).

Since F(x)G(x) is an antiderivative for F'(x)G(x) + F(x)G'(x), we can write
[[F(x)G(x) + F(x)G'(x)] dx= F(x)G(x) + C.

Applying the sum rule and transposing one term leads to the formula
f F(x)G'(x)dx= F(x)G(x) — f F'(x)G(x)dx+ C.

If the integral on the right-hand side can be evaluated, it will have its own
constant C, so it need not be repeated. We thus write

[F(x)6'(x)dx= F(x)G(x) - [F(x)G(x)ax, (1)

which is the formula for integration by parts. To apply formula (1) we need to
break up a given integrand as a product F(x)G'(x), write down the right-hand
side of formula (1), and hope that we can integrate F’(x)G(x). Integrands
involving trigonometric, logarithmic, and exponential functions are often good
candidates for integration by parts, but practice is necessary to learn the best
way to break up an integrand as a product.
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Solution

Figure 7.4.1. You may
move “d” from v to u if
you switch the sign and add

7.4 Integration by Parts 359

Evaluate f X cosx dx.

If we remember that cosx is the derivative of sinx, we can write x cosx as
F(x)G'(x), where F(x) = x and G(x) = sinx. Applying formula (1), we have

fx cosxdx= x-sinx —fl-sinxdx = xsinx —fsinxdx

= xsinx + cosx + C.
Checking by differentiation, we have

—g— (xsinx + cosx) = xcosx + sinx — sinx = x cos x,
b

as required. A

It is often convenient to write formula (1) using differential notation. Here we
write u = F(x) and o= G(x). Then du/dx = F'(x) and dv/dx = G'(x).
Treating the derivatives as if they were quotients of “differentials” du, dv, and
dx, we have du = F'(x)dx and dv = G'(x)dx. Substituting these into formula
(1) gives

fudv= uv—fudu 2)
(see Fig. 7.4.1).

N
[ m\d(
TN

fu(dv) _ uv——/(du)v

Integration by Parts
To evaluate fh(x) dx by parts:

1. Write A(x) as a product F(x)G’(x), where the antiderivative G(x) of
G'(x) is known.

2. Take the derivative F'(x) of F(x).

3. Use the formula

f F(x)G'(x)dx= F(x)G(x) = [ F'(x)G(x)dx,
ie., with u = F(x) and v = G(x),

fu do= uv — fv du.

When you use integration by parts, to integrate a function 4 write A(x) as a
product F(x)G’'(x) = udv/dx; the factor G’(x) is a function whose antideriv-
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Example 2

Solution

Example 3

Solution

ative v = G(x) can be found. With a good choice of u = F(x) and v = G(x),
the integral { F'(x)G(x)dx = [vdu becomes simpler than the original problem
[udv. The ability to make good choices of # and v comes with practice. A last
reminder—don’t forget the minus sign.

Find (a) f x sinx dx and (b) f x%sin x dx.
(a) (Using formula (1)) Let F(x) = x and G'(x) = sinx. Integrating G'(x) gives
G(x) = —cosx; also, F'(x) =1, so

fxsinxdx= —xcosx—f—cosxdx

= —xcosx — (—sinx) + C

= —xcosx + sinx + C.
(b) (Using formula (2)) Let u = x* dv=sinxdx. To apply formula (2) for
integration by parts, we need to know v. But v= [dv= [sinxdx =
—cos x. (We leave out the arbitrary constant here and will put it in at the end
of the problem.)
Now

fxzsinxdx= uv —fvdu

—xzcosx—f-—cosx-2xdx
= —x%cosx + 2fxcosxdx.

Using the result of Example 1, we obtain
— x%cosx + 2(xsinx +cosx)+ C= — x2cosx + 2xsinx + 2cosx + C.
Check this result by differentiating—it is nice to see all the cancellation. A

Integration by parts is also commonly used in integrals involving e¢* and Inx.
(a) Find f In x dx using integration by parts. (b) Find f xe~ dx.

(a) Here, let u =Inx, dv = ldx. Then du = dx/x and v = [1dx = x. Apply-
ing the formula for integration by parts, we have

flnxdx= uv—fudu= (th)x—fxd?x
=xlnx—f1dx=xlnx—x+ C.

(Compare Example 7, Section 7.1.)
(b) Let u = x and v = e, so do = e* dx. Thus, using integration by parts,

fxe"dx=fudv= uv —fvdu

= xe* —fexdx= xe*—e*+ C. A

Next we consider an example involving both e* and sin x.

Example 4 Apply integration by parts twice to find fe"sinx dx.

Solution Letu =sinx and v = e*, so dv = e*dx and

fexsinxdx= e*sinx ~fe"cosxdx. 3)
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Repeating the integration by parts,
fe"cosxdx= e*cosx + fe"sinxdx, 4)
where, this time, u = cosx and v = e*, Substituting formula (4) into (3), we get
fe"sinxdx= e“sinx — e*cosx —fe"sinxdx.

The unknown integral [e*sin x dx appears twice in this equation. Writing “/”
for this integral, we have

I =e*sinx — e*cosx — I,
and solving for I gives
I=1e™(sinx — cosx),
ie.,
fe"sinxdx= 1e*(sinx — cosx) + C.
Some students like to remember this as “the I method.” A

Some special purely algebraic expressions can also be handled by a clever
use of integration by parts, as in the next example.

Example 5 Find f xT(x* + 1) dx.
Solution By taking x> out of x” and grouping it with (x* + 1)/3, we get an expression
which we can integrate. Specifically, we set dv = 4x3(x* + 1)*/3dx, leaving
u = x*/4. Using integration by substitution, we get v =3(x*+ 1)*/, and
differentiating, we get du = x>dx. Hence
4 2/3 3x* /3 3 3,4 5/3
(x4 1y de= S5 (1) - 2 [+ ax
Substituting w = (x* + 1) gives
[eEt+ ) d= 3"+ 1)+ ¢
hence
[¥1et 4 ) dv= x4 1) - (4 ) €

=5+ 1) 5x -3)+ C. A

Using integration by parts and then the fundamental theorem of calculus, we
can calculate definite integrals.

Example 6 Find f "/ j x sin x dx.
—7/2

Solution From Example 2 (a) we have [xsinxdx = —xcosx + sinx + C, so
/2 7/2
j” xsinxdx = (—xcosx + sinx)
—m/2 —m/2

=(— %cos% +sin—%) -—[ %cos(— %) +sin(— %)]

=O+D-[0+(-D]=24
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Example 7

Solution

Example 8

Solution

Region under
second bend

Region under
first bend

y=xsinx

Figure 7.4.2. What is the
area under the nth bend?

Find (a) f 2 o *In(e* + 1)dx and (b) f “sin(In x) dx.
0 1

(a) Notice that e* is the derivative of (e* + 1), so we first make the substitu-
tion ¢ = e* + 1. Then

In2 3
*In(e* + )dx= | Intdt,

J; e*In(e )dx L n

and, from Example 3, [Intdt = tIn¢ — ¢t + C. Therefore
3
[™erIn(ex + 1)dx = (1nt — 1)) = (3In3~3) ~ 2In2 - 2)
0 2
=3In3—-2In2 — 1 ~0.9095.

(b) Again we begin with a substitution. Let ¥ = Inx, so that x = ¢* and du =

(1/x)dx. Then [sin(lnx)dx = [(sinu)e"”du, which was evaluated in Example
4. Hence

1
e, 1 . 1 .
lnx)dx = u du= L -
flsm(nx) ' J;e sinudu = 5e (sinu — cosu)

0
1 . 1 .
= [ Ee'(sml — cos 1)] - [ Eeo(smO - cosO)}

=-e—(sinl—cosl+—1—).A
2 e

Find the area under the nth bend of y = xsinx in the first quadrant (see Fig.
7.4.2).

The nth bend occurs between x = (2n — 2)7 and (2n — I)o. (Check n =1 and
n =2 with the figure.) The area under this bend can be evaluated using
integration by parts [Example 2(a)]:

@n—Dax_ . . _|@n=Dbr
xsinxdx = —xcosx + sinx

@n—2)r @n—2)m

—(2n — lymcos[ (2n — 1)7 ] + sin[ (2n — )7

+ (2n — 2)w cos(2n — 2)7 — sin(2n — 2)7
=—-2n—-Dr(-1)+0+2n—2)7(1)—-0
=2n— 17+ (2n—2)7 = (4n — 3)7.
Thus the areas under successive bends are 7, 57, 97, 137, and so forth. A

We shall now use integration by parts to obtain a formula for the integral of
the inverse of a function.
If f is a differentiable function, we write f(x) = 1 - f(x); then

[ fxyax= 1 f(xydx = xf(x) = [ xf'(x) dx. )
Introducing y = f(x) as a new variable, with dx = dy /f'(x), we get
ff(x) dx= xy —fx dy. 6)

Assuming that f has an inverse function g, we have x = g(y), and equation (6)
becomes

[1)ax=xf(x) - [ (). ()
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Solution

Example 10

Solution

]
e

X

Figure 7.4.3.

sin(cos ™ x) =1 — x?2

Vi -1
Figure 7.4.4. 6 = csc™!Yx .

Example 11

7.4 Integration by Parts 363

Thus we can integrate f if we know how to integrate its inverse. In the
notation y = f(x), equation (7) becomes

fydx= xy—fxdy. (8)

Notice that equation (8) looks just like the formula for integration by parts,
but we are now considering x and y as functions of one another rather than as
two functions of a third variable.

Use equation (8) to compute f Inxdx.

Viewing y = Inx as the inverse function of x = e”, equation (8) reads
flnxdx= Xy —feydy= xInx —e’+ C=xlnx—x+ C,
which is the same result (and essentially the same method) as in Example 3. A

We can also state our result in terms of antiderivatives. If G(y) is an
antiderivative for g(y), then

F(x) = xf(x) = G(f(x)) ®)

is an antiderivative for f. (This can be checked by differentiation.)
(2) Find an antiderivative for cos™'x. (b) Find f cse™Wx dx.

(a) If f(x) = cos™ 'x, then g(p) = cos y and G(p) = sin y. By formula (9),

F(x) = xcos™'x — sin(cos ™ 'x);

But sin(cos~'x) =1 — x? (Fig. 7.4.3), so
F(x)=xcos™'x —y1 — x?

is an antiderivative for cos™'x. This may be checked by differentiation.
(b) If y = csc™Yx , we have csc y =vx and x = csc’y. Then

fcsc“l\/;dx=fydx= xy——fxdy
= xcsc“\/;—fcs&ydy

xese Wx +coty+ C
xcsc™Wx + cot(csc“\/;) +C

=xcsc Wx +yx—1+4+C  (see Fig. 7.4.4). A

(a) Find f\/\/;+ 1 dx. (b) Find fx cosIxdx, 0 < x < 1.

Solution (a) If y =1Yx + 1, then 2 =yx + 1, yx =y>— 1, and x = (y* — 1)> Thus

we have

f\/\/;+1 dx=xy—fxdy= xyVx + 1 -f(y4—2y2+ 1)dy
= xyyx + 1 —%y5+%y3—y+c
1 5/2 2 3/2
= x\yyx + 1 “5(‘/;””) +§(&+1)

—(k+1)"+c
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364 Chapter 7 Basic Methods of Integration

(b) Integrating by parts,

2
fxcos"xdx—-x— x+f —— dx.
1 - x?
The last integral may be evaluated by letting x = cosu:
2
f—x———dx fcosusmudu— —fcoszudu
1= 52 sin u
But cos’u = @%”—'f—l, $0
fcoszudu= %sin2u + % +C= %sinucosu + % +C.
Thus,
2 -1
fx cos xdx= 52— cos™lx — %sin(cos“lx)x - EQSZ—X +C
2
= %—cos_lx — %w/l —x? - %cos"x +C. A
Exercises for Section 7.4
Evaluate the indefinite integrals in Exercises 1-26 using 30. What would have happened in Example 5, if in
integration by parts. the integral fe*cos x dx obtained in the first inte-
1. f (x + Dcos x dx 2. f (x — 2)sin x dx gral by parts, you had taken u = e* and v = sin x
. and integrated by parts a second time?
3. f X cos(3.x) dx 4. f x sin(10x) dx Evaluate the definite integrals in Exercises 31-46.
5. fxzcosxdx 6. fxzsinxdx 31 f”/5(8 +50)(sin 50) db
7. [ (x +2)e” 8. 2 - 1e**d
[+ Derdx J @ = eax 32. fxlnxdx
9, f In(10x) dx 10. f xIn x dx
11. flenxdx 12. fln(9 + x2)dx 33. f lnx® dx
13, {s%% ds 14. [ (s + e ds. 34, fo "xe* dx
15. I_L dx 16. f__L dx 35. f"/“(x2 + x — 1)cosx dx
3 2/3 2 2 0
(x° —4) (x*+1 )
X 36. f'”/ sin 3x cos 2x dx
17. f2t3costzdt 18. f dx 0
V2 + 1 37. f‘/“cos-*(a;x)dx

19. f %cos%dx 20. f x sin(ln x) dx 1/8

1 ~1
21. ftanxln(cosx)dx 22. feb‘e(ex) dx 38. foxtan x dx

23. f cos™1(2x) dx 24, f sin™'x dx 39. f] “(In x) dx

40. {™/%sin2x cos x dx.
25. fw/%—l dy 26. fw; e fo

41. f e¥sin(2x) dx.

27. Find f sinx cosxdx by using integration by

‘772 . . .
i . 42. f sinyx dx. [Hint: Change variables first.]
parts with u = sinx and dv = cos x dx. Compare 0

the result with substituting u = sin x. 43 f 2x' 13(x2/3 4 1)°/2 dx.
1

28. Compute f yx dx by the rule for inverse func- s
1
tions. Compare with the result given by the 44. f +— dx.
power rule. 0 (x*+1)
29. What happens in Example 2(a) if you choose /22 .~}
45. .
F'(x) = x and G(x) = sin x? 5 fo Sin” 2x dx
46. f‘cos~'(fy)dy.
0
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47.

48.

49.

50.

(d)

51.

Show that
f‘,/z - dx—fﬁ,/z— xZ dx=(1-7/2)/2.
0 0

Find f 34f()c) dx, where f is the inverse function
2

of g(=y>+y.
Find f 7 sinaxdx as a function of a. What
(1]

happens to this integral as a becomes larger and

larger? Can you explain why?

(a) Integrating by parts twice (see Example 4),
find [sinax cos bx dx, where a? == b2,

(b) Using the formula sin 2x = 2 sin x cos x, find
[sinax cosbx dx when a = =+ b.

(©) Let g(a)= (4/w)f6’/zsinx'sin axdx. Find a

formula for g(a). (The formula will have to

distinguish the cases a5« 1 and a? = 1.)

Evaluate g(a) for a=0.9, 0.99, 0.999,

0.9999, and so on. Compare the results with

g(1). Also try a = 1.1, 1.01, 1.001, and so on.

What do you guess is true about the func-

tiongata =1?

(a) Integrating by parts twice, show that

fe""cosbxdx= e“x( bsinbx + acosbx ) +C.
a*+ b?

(b) Evaluate f /1035005 5 dx.
o

52. (a) Prove the following reduction formula:

fx"e"dx = x"e* — nfx""e"dx.

(b) Evaluate f 3 xle* dx
0

53. (a) Prove the following reduction formula:

fcos4xdx= 1 (cos3x sinx + 3 cos x sinx + 37)6) + C.

54.. The mass density of a beam is p=x

55.

56.

"~ Ix sinx

n

f cos™x dx = €98
(b) Use part (a) to show that
fcoszxdx= %(cosx sinx + x) + C

and

4 2

2,~
kilograms per centimeter. The beam is 200 centi-
meters long, so its mass is M = [3%%dx kilo-
grams. Find the value of M.

The volume of the solid formed by rotation of
the plane region enclosed by y =0, y =sinx,
x =0, x = o, around the y axis, will be shown in

Chapter 9 to be given by V= f "2arx sin x dx.
0
Find V.

The Fourier series analysis of the sawtooth wave
requires the computation of the integral

X

2
b, = wd (n/o ¢t sin(met) dt,
20? J—nje
where m is an integer and w and A are nonzero

constants. Compute it.

+ n; 1 fcos"‘zxdx.

57.

58.

*59.

*60.

*61.

*62.

7.4 Integration by Parts 365

The current i in an underdamped RLC circuit is
given by
2
i= EC( % + w)e"""sin(wt).

The constants are E = constant emf, switched on

at t =0, C = capacitance in farads, R =re-

sistance in ohms, L = inductance in henrys, a =

R/2L, w=(1/2L)4L/C — R%'/2,

(a) The charge Q in coulombs is given by
dQ/dt =i, and Q(0)= 0. Find an integral
formula for Q, using the fundamental theo-
rem of calculus.

(b) Determine Q by integration.

A critically damped RLC circuit with a steady

emf of E volts has current i = ECa’te ™%, where

a = R/2L. The constants R, L, C are in ohms,

henrys, and farads, respectively. The charge Q in

coulombs is given by Q(T)= f Tide. Find it
0

explicitly, using integration by parts.
Draw a figure to illustrate the formula for inte-
gration of inverse functions:

[y ax= b (1) = af(@) - [ "D g(1)ay,
a fla)

where 0 < a < b, 0 < f(a) < f(b), f is increasing

on [a, b}, and g is the inverse function of f.

(a) Suppose that ¢'(x) >0 for all x in [0, o0)
and ¢(0) = 0. Show thatif a > 0, » > 0, and
b is in the domain of ¢!, then Young’s
inequality holds:

ab <f0"¢(x)dx+f0”¢—‘(y)dy,

where ¢! is the inverse function to ¢.
[Hint: Express fgqb_'( y)dy in terms of an
integral of ¢ by using the formula for inte-
grating an inverse function. Consider sepa-
rately the cases ¢(a) < b and ¢(a) > b. For
the latter, prove the inequality [§-1.,¢(x) dx
> [4-ymbdx = bla — ¢~ '(B)]]

(b) Prove (a) by a geometric argument based on
Exercise 59.

(c) Using the result of part (a), show that if
a,b>0 and p,g > 1, with 1/p+1/g=1,
then Minkowski’s inequality holds:

If fis a function on [0, 2#], the numbers

a, = (I/W)szf(x)cos nx dx,
b, = (I/W)J(;Mf(x)sinnx dx

are called the Fourier coefficients of f (n=0,
+1,+2,...). Find the Fourier coefficients of:
@) f()=1; (b) f(x)=x; () f(x)=x%
(d) f(x) =sin2x + sin3x + cos4x.

Following Example 5, find a general formula for
f x2 Y x4 1)" dx, where n and m are rational
numbers with n 50, m %= —1, —2.
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366 Chapter 7 Basic 'Methods of integration

Review Exercises for Chapter 7

Evaluate the integrals in Exercises 1-46. 32. f x*x + 1 dx
1. f(x+sinx)dx 33. fxcos3xdx
2. f(x+ 1 )dx 34. [rcos2edi
V1 - x 3s. f3xcos2xdx
3. f(x3 + cos x)dx
36. fsin 2x cos x dx
4. f(&“ — 5cosf)dt s o
| 37. f x%e*) dx
x _ 42 1
5. f(e X + cosx) dx 33, fxse("j) dx
x_ 3
6. f(?» -3 + cosx) dx 39. fx(lnx)zdx
7. f (e® + 02 dp 40. f (Inx)? dx
8 f ? = x3/2 dx 41. fe‘f;dx
‘ & 2 dx___ (Compl
| = ete the square.)
9. fxzsinx3'dx f x24+2x+3 ¢ P
43. In(si d
10. ftanx sec?x dx f [co‘s[f] n(sinx) dx
Inyx
11. f x%0) dx 44, f = dx
x
12. fxe(XZ) dx 45. ftan“‘x dx
s
3. f(x;rz) & 46. fcos"(12x)dx
X
14. 3x+4 Evaluate the definite integrals in Exercises 47-58.
15. foe(4"3) dx 47. fo xe * dx
-1
16. f (1 + 3xHexp(x + x%)dx 4. [“xIn(sx)ds
1
17. f 2 cos?2x sin 2x dx

49. f"/sx sin 5x dx
18. f3 sin 3x cos 3x dx 0

w/4
19. fxtan“xdx 50. fo x cos 2x dx

2 _

20. fx\/S — X% dx 51. j; x ~2cos(1/x)dx
21. f [ L +r2|ar 52. L"/ 2x2cos(x?)sin(x>) dx

Va—7

o> 53. f”“x tan~'x dx
2. f s o

re In(7/4) ,x x
73. f xe? dx 54. fl e*tane”* dx
24, f xeS% dx 55. f a*2_!__ 4t (substitute x =\ —a)

a+1 ‘/t—_a
25. fxzcosxdx
s6. (1P ax
26. fx2e2"dx ) j(; x+1
27. fe“"cosxdx 57. f]xm dx
o
28. fez"tan e dx s fﬁ 3
: 2
29. fx21n3xdx 0. 3+u .
In Exercises 59-66, sketch the region under the graph

30. f *’Inx dx the given function on the given interval and find its

T3 area.
31 [l 3 dx 59. 40 — x* on [0, 3]

60. sinx + 2x on[0, 47}
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61.
62.
63.
64.
65.
66.

67.

68.

69.

70.

71

72.

73.

74.

75.

76.

77.

3x/\,/x7 +9 on [0,4]
xsin”'x +2 on [0,1]
sinx on [0,7/4]
sin2x on [0, 7 /2]
1/x on [2,4]

xe~% on [0, 1]

Let R, be the region bounded by the x axis, the
line x = 1, and the curve y = x”. The area of R,
is what fraction of the area of the triangle R,?
Find the area under the graph of f(x)=
x/Yx*+2 from x =0 to x = 2.

Find the area between the graphs of y = — x° —
2x—6 and y=¢e*+cosx from x=0 to x=
/2.

Find the area above the n™ bend of y = xsinx
which liesbelow the x axis. (See Fig. 7.4.2).
Water is flowing into a tank with a rate of
10(22 + sin?) liters per minute after time ¢. Calcu-
late: (a) the number of liters stored after 30
minutes, starting at ¢ =0; (b) the average flow
rate in liters per minute over this 30-minute
interval.

The velocity of a train fluctuates according to the
formula v = (100 + e ~*sin2x¢) kilometers per
hour. How far does the train travel: (a) between
t=0 and r=17; (b) between ?= 100 and ¢
= 1017

Evaluate f sin(wx /2)cos(wx)dx by integrating
by parts two different ways and comparing the
results.

Do Exercise 73 using the product formulas for
sine and cosine.

1+ x)/(1 — x) dx. [Hint: Multi-
ply numerator and denominator by VI + x .]
Substitute x = sinu to evaluate

xdx
=

Evaluate

and
f —1’5‘/__2_—‘—1_%— ; O<x<l
Evaluate:
(@ [BXa,
(b) 3 dx , (use x = 3 tanu).

B TS

Review Exercises for Chapter 7 367

78. (a) Prove the following reduction formula:

xcosx , n—1 s e
- + ~ fsm" 2y dx

san—1

fsin"xd =

if n>2, by integration by parts, with
=sin""'x, v = ~cosx. -

(b) Evaluate fsinzx dx by using this formula.
(c) Evaluate f sinx dx.

79. Find fx"lnxdx using Inx = (1/(n + 1)lnx"*!

and the substitution u = x"+1.

80. (a) Show that:
f x™(Inx)" dx

_ x™*(Inx)"

m+1

m:l- g fx'"(lnx)"_ldx.

(b) Evaluate f 2x%(n x)2 dx.
1

81. The charge Q in coulombs for an RC circuit with
sinusoidal switching satisfies the equation

d .
T?.;.ﬁ Q=100s1n(2_7_75t), 2(0)=0.

The solution is
o) = 100e‘25’fte25"cos 5x dx.
0

(a) Find Q explicitly by means of integration by
parts.

@ (b) Verify that Q(1.01) = 0.548 coulomb. [Hint:
Be sure to use radians throughout the calcu-
lation.]

82. What happens if [f(x)dx is integrated by parts

with 4 = f(x), v = x?

Arthur Perverse believes that the product rule for

integrals ought to be that [f(x)g(x)dx equals

f(x)[g(x)dx + g(x)ff(x)dx. We wish to show
him that this is not a good rule.

(a) Show that if the functions f(x)= x" and
g(x)= x" satisfy Perverse’s rule, then for
fixed n the number m must satisfy a certain
quadratic equation (assume n,m > 0).

(b) Show that the quadratic equation of part (a)
does not have any real roots for any n > 0.

(c) Are there any pairs of functions, f and g,
which satisfy Perverse’s rule? (Don’t count
the case where one function is zero.)

%84. Derive an integration formula obtained by read-

ing the quotient rule for derivatives backwards.

%85. Find f xe®cos(bx) dx.

*83.
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Chapter 8

Differential
Eguations

A function may be determined by a differential equation together with initial
conditions.

In the first two sections of this chapter, we study two of the simplest and most
important differential equations, which .describe oscillations, growth, and
decay. A variation of these equations leads to the hyperbolic functions, which
are important for integration and other applications. To end the chapter, we
study two general classes of differential equations whose solutions can be
expressed in terms of integrals. These equations, called separable and linear
equations, occur in a number of interesting geometrical and physical exam-
ples. We shall continue our study of differential equations in Chapter 12 after
we have learned more calculus.

8.1 Oscillations

The solution of the equation for simple harmonic oscillations may be expressed in
terms of trigonometric functions.

A common problem in physics is to determine the motion of a particle in a
given force field. For a particle moving on a line, the force field is given by
specifying the force F as a function of the position x and time ¢. The problem
is to write x as a function of the time ¢ so that the equation

F=m % (Force = Mass X Acceleration) ()
is satisfied, where m is the mass of the particle. Equation (1) is called Newton’s
second law of motion.!

If the dependence of F on x and ¢ is given, equation (1) becomes a
differential equation in x—that is, an equation involving x and its derivatives
with respect to ¢. It is called second-order since the second derivative of x
appears. (If the second derivative of x were replaced by the first derivative, we
would obtain a first-order differential equation—these are studied in the
following sections). A solution of equation (1) is a function x = f(#) which
satisfies equation (1) for all 1 when f(¢) is suibstituted for x.

! Newton always expressed his laws of motion in words. The first one to formulate Newton’s laws
carefully as differential equations was L. Euler around 1750. (See C. Truesdell, Essays on the
History of Mechanics, Springer-Verlag, 1968.) In what follows we shall not be concerned with
specific units of measure for force—often it is measured in newtons (1 newton = 1 kilogram-meter
per second?). Later, in Section 9.5, we shall pay a little more attention to units.
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370 Chapter 8 Differential Equations

Figure 8.1.1. The forceon a
weight on a spring is
proportional to the
displacement from
equilibrium.

For example, if the force is a constant F, and we rewrite equation (1) as
et m’

we can use our knowledge of antiderivatives to conclude that

dx _ o
7 t+ C
and
F
x=%;0t2+ Cit+ C,,

where C, and C, are constants. We see that the position of a particle moving
in a constant force field is a quadratic function of time (or a linear function, if
the force is zero). Such a situation occurs for vertical motion under the force
of gravity near the earth’s surface. More generally, if the force is a given
function of ¢, independent of x, we can find the position as a function of time
by integrating twice and using the initial position and velocity to determine
the constants of integration.

In many problems of physical interest, though, the force is given as a
function of position rather than time. One says that there is a (time-
independent) force field, and that the particle feels the force given by the value
of the field at the point where the particle happens to be.? For instance, if x is
the downward displacement from equilibrium of a weight on a spring, then
Hooke’s law asserts that

F=—kx, (2)

where k is a positive constant called the spring constant. (See Fig. 8.1.1.) This
law, discovered experimentally, is quite accurate if x is not too large. There is

Compression Equilibrium Extension
x <0 (x=0) (x>0)

Downward

force
(F>0 No force T
(F=0)
Upward
Gravity force
stronger Gravity (F< 0)
than v balances w
spring spring Gravity weaker than spring.
X x

a minus sign in the formula for F because the force, being directed toward the
equilibrium, has the opposite sign to x. Substituting formula (2) into Newton’s
law (1) gives
—kx = m—‘ﬁj—c— or dx _ —(—lg)x.
ar dar? m
It is convenient to write the ratio k/m as w?, where w =vyk/m is a new
constant. This substitution gives us the spring equation:

2 An example of a physical problem in which F depends on both x and ¢t is the motion of a
charged particle in a time-varying electric or magnetic field—see Exercise 13, Section 14.7.
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8.1 Oscillations 371

d*x
) = —wx. 3)
Since x is an unknown function of ¢, we cannot find dx/dt by integrating the
right-hand side. (In particular, dx/dt is not — 1w’x* + C, since it is ¢ rather
than x which is the independent variable.) Instead, we shall begin by using
trial and error.

A good first guess, guided by the observation that weights on springs bob
up and down, is

x =sint.
Differentiating twice with respect to ¢, we get
2
ax )26 = —sint = — x.
dr
The factor w? is missing, so we may be tempted to try x = w?sin¢. In this case,
we get
2
_4_326 = —wkint,
dt

which is again — x. To bring out a new factor when we differentiate, we must
take advantage of the chain rule. If we set x = sin wt, then

dx d(wr)
—= = COS w! = () COS wi
dt dt
and
2
% = —wisinot = —w?,
t

which is just what we wanted. Looking back at our wrong guesses suggests
that it would not hurt to put a constant factor in front, so that

X = Bsinwt

is also a solution for any B. Finally, we note that cos w¢ is another solution. In
fact, if 4 and B are any two constants, then

x = Acosw! + Bsinwt 4

is a solution of the spring equation (3), as you may verify by differentiating (4)
twice. We say that the solution (4) is a superposition of the two solutions
A sinwt and B cos wt.

Example 1 Let x = f(f) = A coswt + Bsinwt. Show that x is periodic with period 27 /w;
that is, f(t + 27 /w) = f(2).

Solution Substitute 7 + 27 /w for
f(t + Z_"Z) =4 cos{w(l + ,2_2)] + Bsin[w(t + 2—'”)]
w ) I
= Acos[wt + 27 ] + Bsin[wt + 27]

= A coswt + Bsinwt = f(1).

Here we used the fact that the sine and cosine functions are themselves
periodic with period 27. A

The constants 4 and B are similar to the constants which arise when
antiderivatives are taken. For any value of 4 and B, we have a solution. If we
assign particular values to 4 and B, we get a particular solution. The choice of
particular values of 4 and B is often determined by specifying initial condi-
tions.
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372 Chapter 8 Differential Equations

Example 2 Find a solution of the spring equation dx/dt*> = —w?x for which x =1 and
dx/dt =1 when t =0.

Solution In the solution x = 4 cos wt + Bsinwt, we have to find 4 and B. Now x = 4
when ¢ =0, so 4 = 1. Also dx/dt = wBcoswt — wA sinwt = wB when ¢=0.
To make dx/dt =1, we choose B=1/w, and so the required solution is
x =coswt + (1 /w) sinwt. A

In general, if we are given the initial conditions that x = x, and dx/dt = v,
when ¢ = 0, then

Uy .
X = xqCoswf + EO sin w! ®)
is the unique function of the form (4) which satisfies these conditions.

Example 3 Solve for x: d*/dt*= —x, x =0 and dx/dt = 1 when ¢ =0.
Solution Here x, =0, v,= 1, and w = 1, 50 x = xcosw! + (vy/w)sinwt = sint. A

Physicists expect that the motion of a particle in a force field is completely
determined once the initial values of position and velocity are specified. Our
solution of the spring equation will meet the physicists’ requirements if we can
show that every solution of the spring equation (3) is of the form (4). We turn
to this task next.

In deriving formula (5) we saw that there are enough solutions of the
form (4) so that x and dx/dt can be specified arbitrarily at ¢ = 0. Thus if
x = f(¥) is any solution of equation (3), then the function g(¢) = f(O)cos wt +
[f(0)/wlsinwt is a solution of the special form (4) with the same initial
conditions as f: g(0) = f(0) and g'(0) = f'(0). We will now show that f(r)
= g(¢) for all 7 by using the following fact: if A(¢) is any solution of equation
(3), then the quantity E =1 {[#' (O] + [«R(5)I’} is constant over time. This
expression is called the energy of the solution k. To see that E is constant over
time, we differentiate using the chain rule:

E — (e (1) + R (1) (1) = K ([ B"(1) + Ph(2)). (6)

This equals zero since 4” + w* = 0; thus E is constant over time. Now if f
and g are solutions of equation (3) with f(0) = g(0) and f'(0) = g’(0), then
h(®) = f(t) — g(®) is also a solution with #(0)=0 and #’(0) =0. Thus the
energy E = L{[W'(OF + [wh()I*} is constant; but it vanishes at £ =0, so it is
identically zero. Thus, since two non-negative numbers which add to zero
must both be zero: A'(¢f) =0 and wh(¢) = 0. In particular, A(#) =0, and so

f(H) = g(¥) as required.
The solution (4) of the spring equation can also be expressed in the form
x = acos(wt — @),

where « and # are constants. In fact, the addition formula for cosine gives

acos(wt — 0) = acoswtcosf + asinwtsinf. Q)

This will be equal to 4 coswt + Bsinwt if

acos@=A4 and asind = B.
Thus a and # must be the polar coordinates of the point whose cartesian
coordinates are (4, B), and so we can always find such an « and § with « > 0.
The form (7) is convenient for plotting, as shown in Fig. 8.1.2.

In Fig. 8.1.2 notice that the solution is a cosine curve with amplitude o
which is shifted by the phase shift 8§ /w. The number w is called the angular
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Figure 8.1.2. The graph of
x = o cos(wt — 8).

Example 4

Solution

8.1 Oscillations 373

4

-

i phase shift

frequency, since it is the time rate of change of the “angle” wt — 6 at which the

cosine is evaluated. The number of oscillations per unit time is the frequency
w/27 (= 1/period).

The motion described by the solutions of the spring equation is called
simple harmonic motion. It arises whenever a system is subject to a restoring
force proportional to its displacement from equilibrium. Such oscillatory
systems occur in physics, biology, electronics, and chemistry.

Simple Harmonic Motion

Every solution of the spring equation

X _ 4%  hasthef = 4 Bsi

;t?—- — WX as the form x = A coswi + Bsinwi,
where A4 and B are constants.

The solution can also be written

X = acos(wl — 0),
where (a,#) are the polar coordinates of (A, B). [This function is
graphed in Fig. 8.1.2.]

If the values of x and dx/dt are specified to be x, and vy at t =0,
then the unique solution is

X = xoc08 wt + (vy/w)sin wr.

Sketch the graph of the solution of d*x/dt* + 9x =0 satisfying x = 1 and
dx/dt = 6 when t = 0.

Using (5) with w = 3, x, = 1, and v, = 6, we have
x = cos(31) + 2sin(3f) = acos(3t — 0).

Since (4, B) = (1,2), and (a,#) are its polar coordinates,
a=y12+22 =5 ~22

and
§ = tan™'2 ~ 1.1 radians (or 63°),

s0 #/w~:0.37. The period is 7 = 27 /w=2.1. Thus we can plot the graph as
shown in Fig. 8.1.3. A
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Figure 8.1.3. The graph of
x =22cos(3t — 1.1).

Example 5

Solution

Figure 8.1.4. The graph of
y = (1.05)cos(3x + 0.32).

Example 6

X
|~—2.1 —
22+
| I
! |
! I
! |
{ 1 ! |
T U T T T
0.37 §1 2 3 ¢
+=2.2

As usual, the independent variable need not always be called ¢, nor does
the dependent variable need to be called x.

(a) Solve for y: d%/dx*+9y =0,y =1and dy/dx = —1 when x = 0.
(b) Sketch the graph of y as a function of x.

(a) Here yy =1, vp= —1, and w =9 =3 (using x in place of ¢ and y in place
of x), so

Vo . .
Y = ypcoswx + — sinwx = cos3x — +sin3x.
w

(b) The polar coordinates of (1, —3) are given by a = /1 + 1/9 = \/E/3 ~
1.05 and @ =tan™'(— 1)~ —0.32 (or —18°). Hence y = acos(wx — @) be-
comes y = 1.05cos(3x + 0.32), which is sketched in Fig. 8.1.4. Here 8/w =
—01and 27/w=2.1. A

Vv

b—21 ——{

-1.05

-1.05+
A Remark on Notation. Up until now we have distinguished variables, which
are mathematical objects that represent “quantities,” and functions, which
represent relations between quantities. Thus, when y = f(x), we have written
f'(x) and dy/dx but not y’, df/dx, or y(x). It is common in mathematical
writing to use the same symbol to denote a function and its dependent
variable; thus one sometimes writes y = y(x) to indicate that y is a function of
x and then writes “y’ = dy/dx,” “y(3) is the value of y when x = 3,” and so

on. Beginning with the next example, we will occasionally drop our scruples in
distinguishing functions from variables and will use this abbreviated notation.

™

Let M be a weight with mass 1 gram on a spring with spring constant 3. Let

the weight be initially extended by a distance of 1 centimeter moving at a
velocity of 2 centimeters per second.

(a) How fast is M moving at ¢ = 3?

(b) What is M’s acceleration at ¢ = 4?

(c) What is M’s maximum displacement from the rest position? When does it
occur?

(d) Sketch a graph of the solution.
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Solution Let x = x(#) denote the position of M at time . We use the spring equation
(3) with w =+vk/m, where k is the spring constant and m is the mass of M.
Since k=3 and m =1, wis y3/2 . At t = 0, M is extended by a distance of 1
centimeter and moving at a velocity of 2 centimeters per second, so x, = 1 and
vy = 2.
’ Now we have all the information we need to solve the spring equation.
Applying formula (5) gives

2 .
x(f)=cosy3/2t+ siny3/2 ¢.
v3/2

(a) x'(1)= —v3/2siny3/2 t + 2cosy3/2 ¢. Substituting ¢ = 3 gives
x'(3) = —v3/25in3y3/2 + 2cos3y3/2 ~ — 1.1 centimeters per second.

(Negative velocity represents upward motion.)

ty=2[-1/3 sinq/3 A3 ) = = Bcose/2 1= Gsiny/ 2
(b) x"(?) dt( 5 sin 2t+2cos 2t) Scosy/5 1 V6 sin 5 !

and thus the acceleration at t =4 is
x” (4) = —3cos 2\/5 - ‘/E sin 2\/5 ~ 2.13 centimeters per second?

(c) The simplest way to find the maximum displacement is to use the
“phase-amplitude” form (7). The maximum displacement is the amplitude
o =VA?>+ B?, where A and B are the coefficients of sin and cos in the
solution. Here, 4 =1 and B = 2/\[372—, so a’=1+4/(3/2)=1+8/3
=11/3, s0 a =y11/3 ~ 1.91 centimeters, which is a little less than twice
the initial displacement.

(d) To sketch a graph we also need the phase shift. Now § = tan™'(B/A),
which is in the first quadrant since 4 and B are positive. Thus 8
=tan"'(2/ \/3/_2 )~ 1.02, and so the maximum point on the graph (see
Fig. 8.1.2) occurs at 8/ = 1.02//3/2 ~0.83. The period is 27 /w == 5.13.
The graph is shown in Fig. 8.1.5. A

x(t) 4
2L |<———5.13——’-i
19172
|
1
|
|1 2
1 ) i3 1 14 ] I3 ] 1 o
1 T 1 T T LR 1 T T T
.83 3 4 5 6 t
———a-1.91
_7_/

Figure 8.1.5. The graph of

x(t)= cos\/%_t +@sin¢%—t

~1.91 cos(y3 £ — 1.02).

Supplement to Section 8.1:
Linearized Osciliations

The spring equation can be applied to determine the approximate motion of
any system subject to a restoring force, even if the force is not linear in the
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Figure 8.1.6. The forces
acting on a pendulum.

displacement. Such forces occur in more realistic models for springs and in
equations for electric circuits. Suppose that we wish to solve the equation of
motion

2

m ‘2—:; = f(x), (8)
where the force function f(x) satisfies the conditions: (i) f(x,) = 0; and (i)
f(x0) <0, for some position x,. The point x, is an equilibrium position since
the constant function x(r) = x, satisfies the equation of motion, by condition
(). By condition (ii), the force is positive when x is near xg and x < x;, while
the force is negative when x is near x, and x > x,. Thus the particle is being
pushed back toward x, whenever it is near that point, just as with the spring in
Figure 8.1.1.

Rather than trying to solve equation (8) directly, we shall replace f(x) by
its linear approximation f(xg) + f'(xo)(x — xp) at xy. Since f(xg) =0, the
equation (8) becomes

2
m L% = f(xo)(x = %), ®)
t
which is called the linearization of equation (8) at x,. If we write k for the
positive number — f'(xy) and y = x — x, for the displacement from equilib-
rium, then we get

dy _

m— = —ky,
dr? 7
which is precisely the spring equation.
We thus conclude that, to the degree that the linear approximation of the
force is valid, the particle oscillates around the equilibrium point x, with

period 27 /v — f'(x,)/m . It can be shown that the particle subject to the

exact force law (8) also oscillates around x,, but with a period which depends
upon the amplitude of the oscillations. As the amplitude approaches zero, the

period approaches 27/ — f'(x,)/m , which is the period for the linearized

equation.

Here is an application of these ideas:

By decomposing the gravitational force on a pendulum of mass m and
length / into components parallel and perpendicular to the pendulum’s axis, it
can be shown that the displacement angle # of the pendulum from its
equilibrium (vertical) position satisfies the differential equation m(d?/dt?) =
— m(g/1)sinf, where g = 9.8 meters per second? is the gravitational constant.
(See Fig. 8.1.6). The force function is f(#) = —(mg/[)sinf. Since f(0)= 0,
6 =0 is an equilibrium point. Since f'(0) = —(mg//)sin'(0) = —mg/[, the
linearized equation is md®d/dt* = —(mg/1)8. The period of oscillations for

the linearized equation is thus 27 /y/(mg/l)ym =2myl/g . (See Review Exer-

cise 83 for information on the solution of the nonlinear equation.)

A point x, satisfying the conditions above is called a stable equilibrium
point. The word stable refers to the fact that motions which start near x, with.
small initial velocity stay near x,.> If f(xg) =0 but f'(x,) > 0, we have an
unstable equilibrium point (see Section 8.3).

3 We have only proved stability for the linearized equations. Using conservation of energy, one
can show that the motion for the exact equations stays near x; as well. (See Exercise 33.)
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Exercises for Section 8.1

1.

2.

3.

4.

Show that f(#) = cos(3¢) is periodic with period
27 /3.

Show that f() = 8 sin(wt) is periodic with period
2.

Show that f(¢) = cos(6¢) + sin(3¢) is periodic with
period 27 /3.

Show that f(¢) = 3sin(wt/2) + 8 cos(mt) is pe-
riodic with period 4.

In Exercises 5-8, find the solution of the given equation
with the prescribed values of x and x’" = dx /dt at t = 0.
5. x"+9x=0,x(0)=1, x(0)= -2
6. x” +16x=0,x(0)= -1, x(0)= —1.
7. x" +12x =0, x(0) = 0, x’'(0) = — 1.
8. x"+25x=0,x(0)=1, x(0)=0.
In Exercises 9-12, sketch the graph of the given func-
tion and find the period, amplitude, and phase shift.
9. x =3cos(3¢—1).
10. x =2cos(5t — 2).
11. x =4cos(z + 1).
12. x = 6¢cos(3t + 4).
In Exercises 13—16, solve the given equation for x and
sketch the graph.

13.

14.

15.

16.

17.

18.

19.

20.

2L

22.

2
ax +4x=0;x=—1and dx = (0 when ¢ = 0.
dl‘2 dt

2
d’x +16x =0, x =1 and ax =0 when 1 =0.
dt? dt

2
4 4 95x=0,x=5and & =5 when1=0.
dr? dt

2
d’x +25x=0, x=5 at t=0, and dx =5
ar? dt
when ¢ = 7 /4.

. oy .
Find the solution of F = -4y for which y = 1

t
dy

and = =3 when t=0.
Find y = f(x) if f” +4f=0 and f(0)=0, f'(0)
=-1

Suppose that f(x) satisfies f” + 16f =0 and f(0)
=2, f’(0) = 0. Sketch the graph y = f(x).
Suppose that z = g(r) satisfies 92" + z =0 and
z(0) = —1, 2’(0) = 0. Sketch the graph z = g(r).
A mass of 1 kilogram is hanging from a spring. If
x =0 is the equilibrium position, it is given that
x =1 and dx/dt =1 when t = 0. The weight is
observed to oscillate with a frequency of twice a
second.

(a) What is the spring constant?

(b) Sketch the graph of x as a function of 7,
indicating the amplitude of the motion on
your drawing.

An observer sees a weight of 5 grams on a spring

undergoing the motion x(¢) = 6.1 cos(2t — = /6).

(a) What is the spring constant?

23.

24.

*25.

*26.

*27.

*28.

*29.

(b) What is the force acting on the weight at
t=07Atr=27

What happens to the frequency of oscillations if

three equal masses are hung from a spring where

there was one mass before?

Find a differential equation of the “spring” type

satisfied by the function y(#)=3cos(t/4)—

sin(z/4).

A “flabby” spring exerts a force f(x)= —3x +

2x> when it is displaced a distance x from its

equilibrium state, x = 0.

(a) Write the equation of motion for an object
of mass 27, vibrating on this spring.

(b) Write the linearized equation of motion at
xg=0.

(¢) Find the period of linearized oscillations.

(a) Find the equilibrium position of an object

which satisfies the equation of motion

2

4d_2‘_

dr?

(b) What is the frequency of linearized oscilla-
tions?

An atom of mass m in a linear molecule is

subjected to forces of attraction by its neighbors
given by

F0) = ky(x — %)+ ky(x — x,)°,
kiky>0 0<x;<x<x;.

=—-x +x2-x+1

(a) Compute the equilibrium position.
(b) Show that motion near this equilibrium is

unstable.
The equation for a spring with friction is
d*x dx
AX — _px— 8%
m o x— 0 7

(spring equation with damping).
(a) If 6% < 4km, check that a solution is

x(2) = e~ ¥/2"(4 coswt + Bsinwt),

where w? = k/m — 82/4m> > 0.

(b) Sketch the general appearance of the graph
of the solution in (a) and define the “pe-
riod” of oscillation.

(c) If the force — kx is replaced by a function
f(x) satisfying f(0) =0, f'(0) < 0, find a for-
mula for the frequency of damped linearized
oscillations.

Suppose that x = f(r) satisfies the spring equa-

tion. Let g(¢) = at + b, where a and b are con-

stants. Show that if the composite function fo g

satisfies the spring equation (with the same w),

" then g = *+ 1. What about 5?7

*30.

(a) Suppose that f(¢) is given and that y = g(?)
satisfies d%/di* + w? = f(¢). Show that
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x=y+ Asinwt + Bcosw! represents the
general solution of d%x/di* + w’x = f; that
is, x is a solution and any solution has this
form. One calls y a particular solution and x
the general solution.
(b) Solve d*x/df? + w’x = kif x =1 and dx/dt
= —1 when ¢t = 0; k is a nonzero constant.
(c) Solve d*/dt*+ w’x =w¥% if x=—1 and
dx/dt =3 when t = 0.
Exercises 31 and 32 outline the complete proof of the
following theorem using the “method of variation of
constants”: Let x = f(t) be a twice-differentiable func-
tion of t such that (d*x/dt*) + 0*x =0. Then x
= A coswt + Bsinwt for constants A and B.
*31. Some preliminary calculations are done first.
Write

x = A(t)cos wt + B(#)sin wt. 9

It is possible to choose A4 (f) and B(f) in many
ways, since for each ¢ either sinw! or coswt is
nonzero. To determine A (f) and B(f) we add a
second equation:

% = —wA(Dsinwt + wB(f)coswr. (10)

This equation is obtained by differentiating (9)
pretending that A(f) and B(¢) are constants.
Since this is what we are trying to prove, we
should be very suspicious here of circular rea-
soning. But push on and see what happens.
Show that

dx/dt

B(¢) = xsinwt + ——)Ew—coswt. (11

8.2 Growth and Decay

*32.

*33.

Similarly, show that

A(f) = xcoswt — dxidt sin wf. (12)

Use the calculations in Exercise 31 to give the
proof of the theorem, making sure to avoid
circular reasoning. We are given x = f(#) and w
such that (d%/dt?) + w’ = 0. Define A(f)
and B(t) by equations (11) and (12). Show that
A(r) and B(¢) are in fact constants by differen-
tiating (11) and (12) to show that A’(¢) and
B'(¢) are identically zero. Then rewrite formu-
las (11) and (12) as

B = x(t)sinwt + ﬁc{-fiicoswt, (13)
and
A = x(t)cos wt — iz'%/)_dt sin wr. (14)

Use these formulas to show A coswt + B sin wt

= x, which proves the theorem.

Suppose that m(d*c/dt?) = f(x), where f(xg)

=0 and f'(xp) < 0. Let ¥V(x) be an antideriv-

ative of —f.

(a) Show that x; is a local minimum of V.
(b) Show that dE/dt = 0, where the energy E
is given by E = Lm(dx/dt}* + V(x).

(¢} Use conservation of energy from (b) to
show that if dx/dt and x — x, are suffi-
ciently small at ¢ =0, then they both re-
main small.

The solution of the equation for population growth may be expressed in terms of

exponential functions.

Many quantities, such as bank balances, populations, the radioactivity of ores,
and the temperatures of hot objects change at a rate which is proportional to
the current value of the quantity. In other words, if f(¢) is the quantity at time
t, then f satisfies the differential equation

()=,

M

where vy is a constant. For example, in the specific case of temperature, it is an
experimental fact that the temperature of a hot object decreases at a rate
proportional to the difference between the temperature of the object and that
of its surroundings. This is called Newton’s law of cooling.

Example 1 The temperature of a hot bowl of porridge decreases at a rate 0.0837 times the
difference between its present temperature and room temperature (fixed at
20°C). Write down a differential equation for the temperature of the porridge.
(Time is measured in minutes and temperature in °C.)
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Solution Let T be the temperature (°C) of the porridge and let f(#) = T — 20 be its
temperature above 20°C. Then f'(¢) = dT/dt and so
F(t) = —(0.0837) (1)
ie.,
d_T' =
dt

The minus sign is used because the temperature is decreasing when T is greater
than 20; y = —0.0837. A

— (0.0837)(T — 20).

We solve equation (1) by guesswork, just as we did the spring equation. The
answer must be a function which produces itself times a constant when
differentiated once. It is reasonable that such a function should be related to
the exponential since e’ has the reproductive property (d/dr)e’ = e’. To get a
factor v, we replace ¢ by yz. Then (d/df)e™ = ve™, by the chain rule. We can
also insert a constant factor 4 to get

d
L (ae™) = y(Ae™).
Thus f(r) = Ae™ solves equation (1). If we pick 7 =0, we see that 4 = f(0).

This gives us a solution of equation (1); we shall show below that it is the only
solution,

The Solution of /' = vf

Given f(0), there is one and only one solution to the differential equation
F(9) = vf(9), namely

£(1) = (0" @

To show that formula (2) gives the only solution, let us suppose that g(¢) also
satisfies g'(¢) = yg(¥) and g(0) = f(0). We will show that g(¢) = f(0)e. To do
this, consider the quotient

= £ = ey

and differentiate:
H(t)y= —ve Yg(t) + e Vg () = —ve Yg(t) + ye Yg(t) = 0.

Since A’(f) = 0, we may conclude that 4 is constant; but 4(0) = e‘og(O) = f(0),
so e Yg(¢) = h(¢¥) = f(0), and thus

(1) = f(0)e™ = f(2),

as required.

Example 2 If dx/dt =3x,and x =2 at ¢ =0, find x for all ¢.
Solution If x = f(¢), then f(0)=2 and f’ = 3f, so v =3 in the box above. Hence, by
formula (2), x = f() =2¢*. A

Example 3 Find a formula for the temperature of the bowl of porridge in Example 1 if it
starts at 80°C. Jane Cool refuses to eat the porridge when it is too cold—
namely, if it falls below 50°C. How long does she have to come to the table?
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Solution Let f(r) = T — 20 as in Example 1. Then f'(f) = —0.0837f(¢) and the initial
condition is f(0) = 80 — 20 = 60. Therefore

f(t) — 606_0'0837’.
Hence T = f(£) + 20 = 60e~%%37" 4+ 20. When T = 50, we have

50 = 60e ~%987" 4 20
1=2e¢ —0.0837¢

200837t _ 9

0.0837¢t =1n2 = 0.693.
Thus ¢ = 8.28 minutes. Jane has a little more than 8 minutes before the
temperature drops to 50°C. A

Note how the behavior of solution (2) depends on the sign of y. If y > 0, then
e > o as t— oo (growth); if y <0, then e” —>0 as 1> co (decay). See Fig.

8.2.1.
e’ 4 Large
¥y>0
¥y>0

f0) v=0
Figure 8.2.1. Growth f 7<0
occurs if y > 0, decay if T 7
v <O. Largey <0

A quantity which depends on time according to equation (1) (or, equiva-
lently, (2)) is said to undergo natural growth or decay.

Natural Growth or Decay

The solution of f' = yf is f(#) = f(0)e” which grows as ¢ increases if
v > 0 and which decays as ¢ increases if y < 0.

Example 4 Suppose that y = f(x) satisfies dy/dx + 3y = 0 and y = 2 at x = 0. Sketch the
graph y = f(x).
Solution The equation may be written dy/dx = —3y which has the form of equation

(1) with y = —3 and the independent variable ¢ replaced by x. By formula (2)
the solution is y = 2e ~**, The graph is sketched in Fig. 8.2.2. A

Figure 8.2.2. The graph of } ' ' T
y=2e 3% -2 -l | 1 2

If a quantity f(7) is undergoing natural growth or decay, i.e., f(¢) = f(0)e”, we
notice that

ft+s) _ f@e L fs)

f() f(0)e™ O
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SO

ft+s) ) .
(ORI OR ©

Thus the percentage increase or decrease in f over a time interval of length s is
fixed, independent of when we start. This property, characteristic of natural
growth or decay is called uniform growth or decay. It states, for example, that
if you leave money in a bank with a fixed interest rate, then the percentage
increase in your balance over each period of a given length (say 3 years) is the
same.

We can show that if f undergoes uniform growth (or decay), then f
undergoes natural growth (or decay). Indeed, write equation (3) as

nr(s
f(t+5)= —__f(fz](;g )

and differentiate with respect to s:

Hf'(s
f’(t+s)=—-——f(f)(f0)( ).

Now set s = 0 and let y = f'(0)/£(0):
f' (@) =+f(®),

which is the law of natural growth. Thus natural growth and uniform growth
are equivalent notions.

We shall now discuss half-life problems. 1t is a physical law that radioac-
tive substances decay at a rate proportional to the amount of the substance
present. If f(f) denotes the amount of the substance at time 7, then the
physical law states that f'(r) = — «f(¢) for a positive constant x. (The minus
sign is inserted since the substance is decaying.) Thus, formula (2) with
y = —« gives f(¢) = f(0)e™*". The half-life t, ,, is the time required for half the
substance to remain. Therefore f(z, /2 = 31(0), so f(O)e <72 =1£(0). Hence
2 =e"i2 50

tip=(1/6)n2. “

Half-Life

If a quantity decays according to the law f'(¥) = — f(?), it will be half
gone after the elapse of time ¢, ,, = (1/x)In2; ¢, , is called the half-life.

Example 5 Radium decreases at a rate of 0.0428% per year. What is its half-life?

Solution Method 1. We use the preceding box. Here k = —0.000428, so the half-life is
t, /2 = (In2)/0.000428 ~ 1620 years.
Method 2. It is efficient in many cases to rederive the formula for half-life
rather than memorizing it. With this approach, the solution looks like this: Let
f(2) denote the amount of radium at time ¢. We have f'(r) = —0.0004281(r),
s0 f(£) = f(0)e ~O02 If f(f)=1f(0), then | = ¢~ 0000428, (hat j5, 0000428
=2, or 0.000428¢ = In2. Hence, ¢ = (In2)/0.000428 ~~ 1620 years. A

Example 6 A certain radioactive substance has a half-life of 5085 years. What percentage
will remain after an elapse of 10,000 years?
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Solution

Example 7

Solution

Example 8

Solution

If f(¥) is the amount of the substance after an elapse of time ¢, then f(¥) =
f(0)e™* for a constant k. Since the half-life is 5085, 1 =¢°%%* je, k=

(1/5085)In2. The amount after time ¢ = 10,000 is
f(t) = f(o)e—I0,000n = f(o)e—I0,000 In2/5085 _ 0256f(0)
Thus 25.6% remains. A

Another quantity which often changes at a rate proportional to the amount
present is a population.

The population of the planet doop is increasing at an instantaneous rate of 5%
per year. How long will it take for the population to double?

Let P(r) denote the population. Since the rate of increase is 5%, P'(¢) =
0.05P(t), so P(t) = P(0)e®®’. In order for P(¢) to be 2P(0), we should have
2 = %% that is, 0.05/=In2 or f=20In2. Using In2 = 0.6931, we get
t ~ 13.862 years. A

In this and similar examples, there is the possibility of confusion over the
meaning of phrases like “increases at a rate of 5% per year.” When the word
“instantaneous” is used, it means that the rate is 5%, i.e., P’ = 0.05P. This
does not mean that after one year the population has increased by 5%—it will
in fact be greater than that.

In Section 6.4 we saw the distinction between annual rates and instanta-
neous rates in connection with problems of finance. If an initial principal Py is
left in an account earning r% compounded continuiously, this means that the
amount of money P in the account at time ¢ changes according to

ar _ r_
dt 100
Thus, by formula (2),
P(t) = e"/1%p. )

The annual percentage rate is the percentage increase after one year,
namely

100( ﬂl—)},——P") = 100(e"/1%° — 1, (6)

This agrees with formula (8) derived in Section 6.4 by a different method.

How long does it take for a quantity of money to triple if it is left in an
account earning 8.32% interest compounded continuously?

Let P, be the amount deposited. By formula (5),
P(t) — 60.0832tP0 .
If P(t) =3P, then
3 = 00832

0.0832¢ =1In3,

In3

t= 0.0832 ~ 13.2 years. A
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Exercises for Section 8.2

1.

The temperature T of a hot iron decreases at a
rate 0.11 times the difference between its present
temperature and room temperature (20°C). If
time is measured in minutes, write a differential
equation for the temperature of the iron.

. A population P of monkeys increases at a rate

0.051 per year times the current population.
Write down a differential equation for P.

. The amount @ in grams of a radioactive sub-

stance decays at a rate 0.00028 per year times the
current amount present. Write a differential
equation for Q.

. The amount M of money in a bank increases at

an instantaneous rate of 13.51% per year times
the present amount. Write a differential equation
for M.

Solve the differential equations in Exercises 5-12 using
the given data.

5.
6.

1.
8.

9.

10.
11

12,

13.

14

15.

16.

f==3f, f(0)=2.
d—x=x,x=3whent=0.

dt

dx —3x=0,x=1whenr=0.
dt

du —13u=0,u=1when r=0.
dr

dy - _

7 =8y,y=2whent=1

dy - -
e 10y, y =1 when x = 1.
v +2v=0,v=2 when s =3.
ds

dw _ _ _
= 4+aw=0, w=b when x=c¢ (a,b,c con-

dx

stants).

If the iron in Exercise 1 starts out at 210°C, how
long (in minutes) will it take for it to cool to
100°C?

If the population P in Exercise 2 starts out at
P(0) = 800, how long will it take to reach 15007
If Q(0)=1 gram in Exercise 3, how long will it
take until Q@ = gram?

How long does it take the money in Exercise 4 to
double?

Solve each equation in Exercises 17-20 for f(¢) and
sketch its graph.

17.
18.
19.
20.

S =3=0f0=1
f'+3f=0,f0) =1
=38 f0)=e
f=8ff)=e

Without solving, tell whether or not the solutions of the
equations in Exercises 21-24 are increasing or decreas-

ing.

21

22.

& =3x,x=1whent=0.
dt

ax =3x,x= —1when t=0.
dt

23 f'= =3, f(0) = L.

24

f =3 fO = -1

25. A certain radioactive substance decreases at a

26.

27.

28.

29.

30.

31.

32.

33.

34.

3s5.

36.

37.

38.

rate of 0.0021% per year. What is its half-life?
Carbon-14 decreases at a rate of 0.01238% per
year. What is its half-life?

It takes 300,000 years for a certain radioactive
substance to decay to 30% of its original amount.
What is its half-life?

It takes 80,000 years for a certain radioactive
substance to decrease to 75% of its original
amount. Find the half-life.

The half-life of uranium is about 0.45 billion
years. If 1 gram of uranium is left undisturbed,
how long will it take for 90% of it to have
decayed?

The half-life of substance X is 3,050 years. What
percentage of substance X remains after 12,200
years?

Carbon-14 is known to satisfy the decay law
O = Qe ~ 00901238 for the amount O present af-
ter ¢ years. Find the age of a bone sample in
which the carbon-14 present is 70% of the origi-
nal amount Q.

Consider two decay laws for radioactive car-
bon-14: Q= Qpe™%, Q= Qpe~ ¥, where a=
0.0001238 and B8 =0.0001236. Find the percent-
age error between the two exponential laws for
predicting the age of a skull sample with 50% of
the carbon-14 decayed. (See Exercise 31.)

A certain bacterial culture undergoing natural
growth doubles in size after 10 minutes. If the
culture contains 100 specimens at time ¢ =0,
when will the number have increased to 3000
specimens?

A rabbit population doubles in size every 18
months. If there are 10,000 rabbits at ¢ = 0, when
will the population reach 100,000?

A bathtub is full of hot water at 110°F. After 10
minutes it will be 90°F. The bathroom is at
65°F. George College refuses to enter water be-
low 100°F. How long can he wait to get in the
tub?

A blacksmith’s hot iron is at 830°C in a room at
32°C. After 1 minute it is 600°C. The blacksmith
has to wait until it reaches 450°C. How long
does it take after the 600°C temperature is
reached?

How long does it take for money left in an
account earning 71% interest compounded con-
tinuously to quadruple?

In a certain bank account, money doubles in 10
years. What is the annual interest rate com-
pounded continuously?
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39. A credit card company advertises: “Your interest is being shut off. Examining the insides of the
rate on the unpaid balance is 17% compounded tank and contemplating for a moment, he thinks
continuously, but federal law requires us to state that maybe during shutoff the rate of flow of
that your annual interest rate is 18.53%.” Ex- water into the tank is proportional to the height
plain. left to go; that is, dx/dt = c¢(h — x), where x

40. If a credit card charges an interest rate of 21% = height of water, & = desired height of water,
compounded continuously, what is the actual and ¢ =a constant (depending on the mecha-
annual percentage rate? nism). Show that x = A — Ke ™. What is K?

41. A certain calculus textbook sells according to Looking at this formula for x, he says “That
this formula: S(£) = 2000 — 1000e =¥, where ¢ explains why my tank is always filling!” and goes
is the time in years and S(¢) is the number of to bed.
books sold. 44. (2) Verify that the solution of dy/dt = p(¥)y is
(a) Find S'(2). y = ygexp P(£), where P(¢) is the antiderivative of
(b) Find lim S(¢) and discuss. p(t) with P(0)=0.

{0 (b) Solve dy/dt = ty; y =1 when t =0.
(c) Graph S. . #45. (a) Show that a solution of t(da/dt) = a+ h is

42. A foolish king, on losing a famous bet, agrees to
pay a wizard 1 cent on the first day of the a(t) =1t f ! _h_(_sl ds+ tC.
month, 2 cents on the second day, 4 cents on the 1 5%
third, and so on, each day doubling the sum. (b) Solve t(da/dty=a+e V', a(l)=1.

How much is paid on the thirtieth day? *46. Develop a general formula for the doubling time

43. The author of a certain calculus textbook is of a population in terms of its growth rate.
awake writing in the stillness of 2 AM. A sound #47. Develop a general formula for the half-life of the

disturbs him. He discovers that the toilet tank
fills up fast at first, then slows down as the water

8.3 The Hyperbolic

Functions

amplitude of a damped spring (Exercise 28, Sec-
tion 8.1).

The points (cost, sint) lie on a circle, and (cosht, sinht) lie on a hyperbola.

The hyperbolic functions are certain combinations of exponential functions
which satisfy identities very similar to those for the trigonometric functions.
We shall see in the next section that the inverse hyperbolic functions are
important in integration.

A good way to introduce the hyperbolic functions is through a differen-
tial equation which they solve. Recall that sinz and cost are solutions of
the equation d%x/dt’+ x =0. Now we switch the sign and consider
d*x/dt* — x = 0. (This corresponds to a negative spring constant!)

We already know one solution to this equation: x = e’. Another is e,
because when we differentiate e ™" twice we bring down, via the chain rule,
two minus signs and so recover e’ again. The combination

x=Ae'+ Be™'
is also a solution, as is readily verified.

If we wish to find a solution analogous to the sine function, with x =0
and dx/dt = 1 when ¢ = 0, we must pick 4 and B so that

0=4+ B,

l=A4—B,
so A =4%and B= —1%, giving x = (¢! — e7%)/2.

Similarly, if we wish to find a solution analogous to the cosine function,
we should pick 4 and B such that x = 1 and dx/dt =0 when ¢ = 0; that is,

=4+ B,
0=4 - B,
sod=B=1, givingx = (e’ + e )/2.
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Figure 8.3.2. The points
(cost,sin ¢) lie on a circle,
while (cosh #,sinh ¢) lieon a
hyperbola.

8.3 The Hyperbolic Functions 385
This reasoning leads to the following definitions.
Hyperbolic Sine and Cosine
The hyperbolic sine function, written sinh ¢, is defined by
el — et
inh¢ =
sin 5 M
The hyperbolic cosine function, written cosh ¢, is defined by
n e'+e’ )
coshz = > )
(See Fig. 8.3.1.)
A y
y =sinhx " y=coshx
X X
Figure 8.3.1. The graphs of-
y =sinhx and y = cosh x. (a) (b)

The usual trigonometric functions sin¢ and cost are called the circular
functions because (x, y) = (cost,sinf) parametrizes the circle x> + y* = 1. The
functions sinht and cosht are called hyperbolic functions because (x, y)
= (cosh ¢,sinh f) parametrizes one branch of the hyperbola x> — y? = 1; that

is, for any ¢, we have the identity
cosh’ — sinh% = 1.

(See Fig. 8.3.2)

(cos t,sin t)

(cosh ¢, sinh t)

To prove formula (3), we square formulas (1) and (2):
cosh’ = J(e' + e™*)’=J(e¥ +2 + e7%)

and
sinh’ = 4 (¢! — e ™) = }(e* = 2+ €7¥),

Subtracting gives formula (3).
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Example 1

Solution

Example 2

Solution

Chapter & Differential Equations

Show that e* = cosh x + sinh x.

By definition,

eft+e " : e — 7%
=———=  and sinhx=-"——r"
2 2

Adding, coshx +sinhx =e*/2 + e */24+e*/2—e " /2=¢*. A

coshx =

Similarly, e~ = cosh x — sinh x.

The other hyperbolic functions can be introduced by analogy with the
trigonometric functions:

_ sinhx _ coshx

tanh x = coshx ’ coth x sinhx ’ Q)
— 1 1

sechx = coshx csch x pr

Various general identities can be proved exactly as we proved formula

(3); for instance, the addition formulas are:
sinh(x + y) = sinhx cosh y + cosh x sinh y, (53)
cosh(x + y) = cosh x cosh y + sinh x sinh y. (5b)

Prove identity (5a).

By definition,
sinh(x + y) = € —26‘” = e —26"‘8

Now we plug in e¢* = coshx + sinhx and e~
sinh(x + y) = 1 [(coshx + sinh x)(cosh y + sinh y)

4

X

= coshx — sinh x to get

— (coshx — sinh x)(cosh y — sinh y)].
Expanding,
sinh(x + y) = % (cosh x cosh y + coshxsinh y + sinh x cosh y + sinh x sinh y
—cosh x cosh y + coshx sinh y + sinh x cosh y — sinh x sinh y)
= coshxsinh y + sinhxcosh y. A
Notice that in formula (5b) for cosh(x + y) there is no minus sign. This is one

of several differences in signs between rules for the hyperbolic and circular
functions. Another is in the following:

d ..

Ix sinh x = cosh x, (6a)
d .

I cosh x = sinh x. (6b)

Example 3 Prove formula (6a).

Solution By definition, sinhx = (¢* — ¢7™%)/2, so

e*—(—1Ne™* x -x
4 Sinhx = ) —ete

I 3 2 =coshx. A

Copyright 1985 Springer-Verlag. All rights reserved.



8.3 The Hyperbolic Functions 387

We also note that
sinh(—x) = —sinhx (sinh is odd)

and (N
cosh(— x) = coshx (cosh is even).

From formulas (5a) and (5b) we get the half-angle formulas:

cosh2x —1 . 4 cosh?x = Cosh2x+1 (8)

. 2 =
sinh 5 )

Example 4 Prove that % tanh x = sech’x.

Solution Since tanh x = sinh x /cosh x, the quotient rule gives
(d/dx)tanhx = (coshx - coshx — sinhx - sinh x)/cosh’s = 1 — tanh’.

From cosh?x — sinh® = 1 we get 1 — sinh?x/cosh’x = 1/cosh’; that is, 1 —
tanh%x = sech’. A

Hyperbolic Functions and
Their Derivatives
L _ef—e " 4 Ginhx =
sinh x = > , g sinh x = cosh x,
—ete” d =si
cosh x o) R e cosh x = sinh x,
tanhx = &= e:i — Sinhx , 4 tanhx = sech?x,
e*+e cosh x dx
_e*+e ™ 1 d - _ 2
cothx = =" b’ p cothx csch’x,
=2 __1 d = -
sechx = 1 o=~ coshx e sech x sech x tanh x,
ceschx = —; 2 — = — 1 , 4_¢schx = —cschx coth x.
e —e sinh x dx

Example 5 Differentiate: (a) sinh(3x + x°); (b) cos™ '(tanh x); (c) 3x /(coshx + sinh 3x).

Solution (a)

i 5 3 —4 -—i 1 - Q

o sinh(3x + x7) y sinh u o
where u = 3x + x>. We compute

4 Gnhu=coshu and 9% —=3+3x2

du dx

Expressing everything in terms of x, we have

dix sinh(3x + x%) = cosh(3x + x%) - 3(1 + x?).

d - d -
(b) - cos '(tanhx) = = €08 w-(du/dx),  where u=tanhx.
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We find
d

4 ocos ly=——1 = —1 = =1
du V1—u?  y1—tanh® sechx

(from the identity 1 — tanh?x = sech®x proved in Example 4), and

du
dx

= sech®x

(also from Example 4). Hence

d —-
7 08 '(tanh x) = —sechx.

© i( 3x ) _ 3(cosh x + sinh 3x) — 3x(sinh x + 3cosh 3x)
dx \ coshx + sinh3x (coshx + sinh 3x)2

(by the quotient rule). 4

Let us return now to the equation d’x/df* — w’x = 0. Its solution can be
summarized as follows.

The Equation d*x/di* — w*>x =0

The solution of

d*x 2
== —wx=0 9
ar ©)
is
vy .
x = xgcoshwt + " sinh wt, (10)

where x = x, and dx/df = vy when t = 0.

That formula (10) gives a solution of equation (9) is easy to see:

id)tg = wx,sinh wt + pgcosh wi,
using formula (6) and the chain rule. Differentiating again, we get
2
—‘j}—f = wxgcosh wt + wogsinh o = wx,
4

so equation (9) is verified.
One may prove that (10) gives the only solution of equation (9) just as in
the case of the spring equation (Exercise 54).

Example 7 Solve for f(f): f" —3f=0, f(O)=1, f(0)= —2.

Solution We use formula (10) with w? =3 (so @ =13), x, =fl0)=1, vo=f(0)= -2,
and with f(#) in place of x. Thus our solution is

f(#) = coshy3 ¢ — _‘/gf sinhy3 7. A
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Example 8 Prove that cosh x has a minimum value of 1 at x = 0.

Solution (d/dx)coshx = sinhx vanishes only if x =0 since e* = ¢~ * exactly when
e** = 1; that is, x = 0. Also, (d%/dx?)coshx = cosh x, which is 1 at x =0, so
cosh x has a minimum at x = 0, by the second derivative test. A

The kind of reasoning in the preceding example, together with the techniques
of graphing, enable us to graph all the hyperbolic functions. These are shown

in Fig. 8.3.3.
y x / Y
=
Y
\/
L 7/
T/ N | B
e
_’///
/’/’( e-x
reET
AR -
/ -1
/
4
y =sinhx y =cosh x y = tanh x
y y v
1 \
/‘\ ~
x
X X
-1 \
Figure 8.3.3. Graphs of the ) = csch x » = sechx J = coth x

hyperbolic functions.

Finally, the differentiation formulas for the hyperbolic functions lead to
integration formulas.

Antidifferentiation Formulas for
Hyperbolic Functions

fcoshxdx =sinhx + C, fcschzx dx = —cothx + C,

fsinhx dx =coshx + C, fsechxtanhxdx = —sechx + C,

fsechzx dx =tanhx + C, fcschxcothx dx = —cschx + C.
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Example 9 Compute the integrals (a) f(smh 3x + x%)dx, (b) f tanh x dx, (c) fcosh x dx,

Solution

d sinh x
@ f1+coshx

4
(a) f(sinh3x + x?) dx=fsinh 3x dx+fx3dx= %cosh 3x + xT +C.

(b) ftanhxdx=f gg;h—hx; dx=In|cosh x| + C = In(coshx) + C

(since cosh x > 1, |cosh x| = cosh x).

(c) Here we use the half-angle formula (8):

fcosh X dx = fwx—tidx=lsinh2x+£+c.

2 4 2
sinh x _ du _
@ f 1+coshx  J 1+u? (= cosh-x)

=tan”'u + ¢ = tan"!(coshx) + C. A

Supplement to Section 8.3:
Unstable Equilibrium Points

In Section 8.1, we studied approximations to the differential equation of
motion m(d> / dr?) = f(x), where the force function f(x) satisfied the equilib-
rium condition f(x;) = 0 at some position x,. The linearized equation was

= f'(xo)(x — Xo)
or, setting y = x — x,, the displacement from equilibrium,

m% = f'(xp) y-

If f'(xo) <O, this is the spring equation which has oscillating solutions given
by trigonometric functions.
Now we can use the hyperbolic functions to study the case f'(xy) > 0.

The general solution is y = A cosh(y f'(x,) ¢) + Bsinh(y f(x,) #), with 4 and
B depending on the initial values of y and dy/dt, as in formula (10). We can

also write this solution as y = (4 + B)e v/ & 4 (4 — B)e™ v/ ™! No matter
how small the initial values, unless they are chosen so carefully that 4 + B
= 0, the solution will approach +co or —co as t—=> co. We say that the point
Xg is an unstable equilibrium position. In contrast to the stable case treated in
Section 8.1, the linearization is not useful for all 7, since most solutions
eventually leave the region where the linear approximation is valid. Still, we
can correctly conclude that solutions starting arbitrarily close to x, do not
usua11y4 stay close, and that there are special solutions which approach x, as
t—> 0.

4 This analysis is useful in more advanced studies of differential equations. See, for instance,
Elementary Differential Equations and Boundary Value Problems, by W. Boyce and R. DiPrima,
Chapter 9, Third Edition, Wiley (1977) and Differential Equations and Their Applications, by
M. Braun, Chapter 4, Third Edition, Springer-Verlag (1983).
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For instance, let us find the unstable equilibrium point for the pendulum
equation
ﬁ e —g.
" "
First note that f(#) =0 at # = 0 and =, corresponding to the bottom and top
of pendulum swing (see Fig. 8.1.6). At 8=m, f(6)= —(mg/l)cosf =
—(mg/1)-(—1)=mg/l >0, so the top position is an unstable equilibrium
point. At that point, the linearized equation is given by (d?/dt>)(8 — 8,) =

(mg/1)(6 — 6,), with solutions 8 — §, = Cev™/" + De~~™ilt For most ini-
tial conditions, C will not equal zero, and so the pendulum will move away
from the equilibrium point. If the initial conditions are chosen just right, we
will have C = 0, and the pendulum will gradually approach the top position as
t—> oo, but it will never arrive.

A very different application of hyperbolic functions, to the shape of a
hanging cable, is given in Example 6, Section 8.5.

sind = f(0).

Exercises for Section 8.3

Prove the identities in Exercises 1-8.

W AW =

7.
8.

Differentiate the functions in Exercises 9-24.

. tanh?c + sech? = 1.
. coth®x = 1 + csch’x.

. cosh(x + y) = cosh x cosh y + sinh x sinh y. 28 B — 9h =0 ROy =2 (O =4
. sinh? = (cosh2x — 1)/2. . , h(0) =2, h'(0)=4.

Solve the differential equations in Exercises 25-28.
25. " =9 =0, =0, y'(0)=1.
26. f" —81f=0, f(0O)=1, f(0)= —1.
27. 8" —3g=0,g(0)=2, g'(0)=0.

d o 29. Find the solution of the equation d*x/dt?> — 9x
+ g COshx = sinhx. =0, for which x = 1 and dx/df =1 at ¢ = 0.
4 othx = —csch’x. 30. Solve d%/dt* — 25y = 0, where y = 1 and dy/dt
dx = —1 when ¢ =0.
4 sechx = —sechx tanh . 31. Find (1) if f* = 36, and f(0) = 2, f'(0) = 0.
b 32. Find g(7) if g”(1) = 25g(1), and g(0) = 0,
r cschx = —cschx coth x. gy =1.

9. sinh(x3 + x*+2)
. tan~ !(cosh x)

10

11
12.
13.
14.
15.
16.
17.
18.
19
20.

21.
22.
23.

24.

sinh x

coth3x

cosh x

(sinh x)(

1+ coshx
sinh(cos(8x))
cos(sinh(x2))
sinh®x + cosh?x
sinh*x + cosh*x

1+ tanh x
(csch2x)(1 + tan x)

dx
(cosh x)(f 1 + tanh%x )

sinh x sinh 5x

(tanh x)(sech x)
exp(tanh 2x)
sin~ !(tanh x)

dx

1 + sech®

)

Sketch the graphs of the functions in Exercises 33-36.
33. y=3+sinhx
34. y = (coshx) — 1
35. y=tanh3x
36. y =3cosh2x
Compute the integrals in Exercises 37-46.
37. f cosh 3x dx

38. f [esch’(2x) + (3/ x)} dx

39. fcoth xdx

40. f x tanh(x?) dx
41. f sinh®x dx

42. f cosh?9y dy

43. f e*sinh x dx

44, f e*'cosh 2t dt
45, f cosh?x sinh x dx

g6, [ Sivhx g
f cosh®x
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Compute dy/dx in Exercises 47-50. where k, > k; >0, 0 < x; < x < x,. Show that

a4 sinh(x + y) 1

xy
48. x + cosh(xy) =3

49. tanh(3xy) + sinh y =1

50. coth(x —y)—3y=6

*51. (a) Find the unstable equilibrium point for the
equation of motion d2x/df? = x* — 1.
(b) Write down the linearized equation of motion

at this point.

%52. An atom of mass m in a linear molecule is
subjected to forces of attraction by its neighbors

given by
ky

Xo=(x; + ax,)/(1 + a), where a=vk,/k,, is
an unstable equilibrium. Write the linearized
equations at this point.

#53. Prove the identity (cosh x + sinh x)" = cosh nx +
sinh nx.

%54. Prove that the equation d*x / dr* — w?x = 0, with
x = xo and dx /dt = vy when t = 0, has a unique
solution given by x = xycosh wt + (vy/w)sinh wi.
[Hint: Study Exercises 31 and 32 of Section 8.1.]
Why doesn’t the energy method of p. 372 work
in this case?

ks

fo = -

8.4

Example 1

Solution

(x— x1)2

(x = x)*’

The Inverse
Hyperbolic Functions

The inverse hyperbolic functions occur in several basic integration formulas.

We now study the inverses of the hyperbolic functions using the methods of
Section 5.3. As with the inverse trigonometric functions, this yields some
interesting integration formulas for algebraic functions.

We turn first to the inverse sinh function. Since (d/dx)sinhx = coshx is
positive (Example 8, Section 8.3), sinh x is increasing. The range of sinh x is in
fact (— 00, 0) since sinhx —> * 00 as x—> *o0. Thus, from the inverse func-
tion test in Section 5.3, we know that y =sinhx has an inverse function
defined on the whole real line, denoted sinh ™'y by analogy with the notation
for the inverse trigonometric functions. From the general formula

d —1 1 -
;i;f (y)—?-(;; (where y = f(x))

for the derivative of an inverse function, we get

d 1 1

> s =1, = =
dy sinh™ (d/dx)(sinhx)  coshx

From cosh?x — sinh®x = 1, we get
d . 1.-1 1 1 1
——sinh™y = = = .
dy cosh x \/ 1 + sinh?c \/ 1+ y2

The positive square root is taken because cosh x is always positive.

M

Calculate (a) d% sinh~'(3x) and (b) 7‘;’; [sinh~ (3 tanh 3x)].

(a) Let u = 3x, so sinh™!'3x = sinh ™ 'u. By the chain rule,

4 sinh='(3x) = (isinh-‘u) du

dx du dx

By formula (1) with y replaced by u, we get
d 11 1 3
——sinh™'(3x) = 3= .
dx i+ T+92
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(b) By the formula (d/dx)sinh~'x = 1/y1 + x?, and the chain rule,

d sinh'1(3 tanh 3x) = 1  3d tanh 3x

dx Jl+9@nh3x %

= -—-——1———————-3-3-sech23x
V1 + 9tanh?3x

9sech?3x

y1+9 tanh?3x

There is an explicit formula for sinh ™'y obtained by solving the equation

A

ef—e™”

2
for x. Multiplying through by 2e* and gathering terms on the left-hand side of

y =sinhx =

the equation gives 2e®y — e** + 1 = 0. Hence
(e")z— 2ey —1=0,
and so, by the quadratic formula,
2y £/4y*+ 4
e"=———————y 2y =yp+yy*+1.
Since e” is positive, we must select the positive square root. Thus, e* =

y + [y2+ 1 , and so x = Sinh_ly 18 giVen by

The basic properties of sinh ™! are summarized in the following display.

Inverse Hyperbolic Sine Function

1. sinh™'x is the inverse function of sinhx; sinh™'x is defined and is
increasing for all x (Fig. 8.4.1); by definition: sinh™'x =y is that
number such that sinh y = x.
X 9 d

. Lsinh x = 1

3. f__d&__ = sinh ™ 'x + C=1n(x+\/1+x2)+ C.
1+ x?

Figure 8.4.1. The graph of
the y = sinh ™ 'x.

Example 2 Find sinh™'5 numerically by using logarithms.
Solution By (2), sinh™'5 = In(5 +y5* + 1) = In(5 +v26 ) = In(10.100) ~ 2.31. A

Example 3 Verify the formula f A _In(x+y{1+x2)+ C.
1+ x?

Solution -(;i—x 1n(x +y1 4+ x2 )

= 1 ) (1 1 ) (by the chain rule)

(x+\/1+x2 m
=( 1 ) V1+ x2 +x _ 1
x+y1+ x? VI + x? \/l+x2

Thus the antiderivative for 1/y1 + x? is In(x +y1+ x*)+ C. A
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y

-

[ 7 2 3 ¥
Figure 8.4.2. The graph of
y = cosh™ 'x.

Example 4

Solution

Figure 8.4.3. The graphs of
y = tanhx and y = tanh ™ 'x.

Example 5

Solution

In a similar fashion we can investigate cosh™!x. Since cosh x is increasing on
[0, 0) and has range [I, 00), cosh™'x will be increasing, will be defined on
[1,o0), and will have range [0, o0). Its graph can be obtained from that of
cosh x by the usual method of looking through the page from the other side
(Fig. 8.4.2).

By the same method that we obtained formula (1), we find

4 cosh~x =

dx

(x> 1). 3)

x2—1

Find d;‘i cosh™'(yx2 + 1), x #0.

Let u =yx?+ 1. Then, by the chain rule,

%cosh"(\/m) - (di;cosh"u) . (%)

Therefore,
—L_ i x>0,
)
-—d——cosh"l(\/x2 +1 ) _ v
dx —1 .
if x<0. A

1

Similarly, we can consider tanh ™ !x (see Fig. 8.4.3) and get, for —1 < x < 1,

da T |
dxtanh b 2 “

(a) y =tanhx (b) y= tanh™!x

Prove that tanh~'x = 1In[(1 + x)/(1 — x)], —1<x < 1.
Let y = tanh ™ 'x, so

sinhy _ (¢7—e™)
coshy (e/+e™”)’

x=tanh y =
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Thus x(e’ + e™7) = ¢ — ¢, Multiplying through by e’ and gathering terms
on the left:

(x—-De”+x+1=0

e2y — 1+ x
1—-x’

_ 14+ x

2y = ln( T ),
=1 1+ x

=2 ln( 1—x )

as required. A
Example 8 Show directly that the antiderivative of - for x| < 1is %ln % + fc +C
— x -

by noticing that

1_..1x2=%(1-1x+1-|1-x)'

Solution Since

1 _1 1 1
1_x2_2(1—x+ 5 )
an antiderivative is

1+x
1—x

1 1 1
—ilnll—x[+§1n{1+x[=§1n’ l, |x| # 1.

If |x| <1, (1+ x)/(1 — x) > 0, so the absolute value signs can be removed. A

The remaining inverse functions are investigated in a similar way; the
results are summarized in Fig. 8.4.4 and the box on the next page.

y
y y =sinh~!x y y=cosh~!x
y=sech~!x
(1,0)
[4] x e} x 0] X
(a) (b) (c)
Y ! Y T Y4 Ay =coth-x
= “ly
y=csch~!x y=tanh™x
7] x -1 o 1 x 1) ol 1 x
Figure 8.4.4. Graphs of the
inverse hyperbolic |
functions. (d) (e) (f)
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sinh™'x = ln(x +yx*+1 ); 4 ginh~!
dx
cosh™ 'x = ln(x +yx2—1 ); di cosh™
~1 =_1_ 1+x _d_ h—
tanh™ 'x 2ln(1_x), dxtan
1,1 (x+1 d _
coth™'x = 21n(x—1)’ I coth
I
sech 1x—ln(1+ 1-x ); 4 gech™
X d
3
1(1+____ V1+x) > 0;
* d
csch™ 'x = Ecsch
p
1(1+\/1+x )’ <o0:
—x
f———d—x——=sinh”1x+C=ln(x+\/x2+1)+C;
x2+1
f-i1)i——=cosh“x+C=1n(x+\/x2——1)+C,
x2—1
de  _ 1 1+ x
1_xz—zlrl‘———l_x'+c, (x| # 1),
tanh“'x+C—-%ln(% )+C
- 1o fx+1
coth™ x+C—21n( 1)+c

x = ;
x2 + 1
Iy = 1
x2—1
. _ 1
x=—7,
1. _ 1
x=-—=,
Iy = 1 ,
xy1 — x?
=1
L = xy1+ x?2
1
xy1+ x2
x >1;
[x| <1,
|x[ > 1;

The Inverse Hyperbolic Functions

1 _ 2
j-———‘i’—c—————=—sech_‘x+C=—ln(u)+C, 0<x <
xy1 — x? *
f_dx—_—csch_1x+C= 1(1—+————-— “1+x)+c, x> 0.
xy1+ x? x '
Example 7 Find f ————dx—.
V3x2—1

Solution Going through the list of integration formulas for hyperbolic functions, we

ing the technique of integration by substitution with u =43 x and du =3 dx,

3xi—1 =/(Bx) = 1. Us-
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we have
dx 1 du 1
== | ———=——cosh™lu+ C
f~/3x2—1 \/gf«/uz—l \/5

iCOS X
5 h™'(Bx)+ C. A

Example 8 Find f _dx
4 + x?

Soluti de _ _ 1 dx _ 1 2du y
olution fx2+4 2[[\/1__;()(:—/2)_2'] me (

— cinh—1 = crh—1f X
=sinh™ ' + C = sinh (2)+C.A

]
(SIS
p——_

Exercises for Section 8.4

Calculate the derivatives of the functions in Exercises d 1, _ —1
12 23. Ec-sech x-—-————-z—.
The xy1l -
1. cosh™!(x%+2) d 1 x
. sinh~!(x% - 2) 24. Zcoth~!x =

dx 1-x%
In Exercises 25-28 verify the given integration formulas
by dlfferentlatlon

2
3. sinh~'(3x + cosx)
4. cosh™'(x? — tan x)
5. xtanh~!'(x2— 1)

6

7

" Peoth=1(x + 1) 25. f — =ln(x +{x2— 1)+ C, |x| > L.
x + cosh™!x
. — dx 1 x4+ 1
sinh-Tx + x 26. 1—x2=§ln(x— )+C|x|>1
1+ sinh™'x =
8. l—cosh_lx 27. f——éx——=—ln(—l+——x—x—)+c
9. exp(l + sinh ™ 'x) xyl—x
10. exp(3 + cosh~lx) 0<x<l
11. sinh™'[cos(3x)] 28, f X - —n 1+1+ x2 L C x>0,
12. cosh™'[2 + sin(x?)] 1+ %2 x ’
In ]'Exermses' 13-16 (-:alculate the indicated values nu- Calculate the integrals in Exercises 29-36.
merically using logarithms. 29 f
13. tanh~1(0.5) ") 1—-4x2
B 14. coth™1(1.3) 30. dx
B15. sech~'(0.3) 4x? + 1
B16. csch™'(12) 3L f
Derive the identities in Exercises 17-20. Jax2 +
17. cosh™x =In(x +yx> = 1),  |x|>1 32. f
18. coth"x=%ln(;ct} ), Ix] >1 fx”co_sfcx
33.
19. sech“x=1n—1i————— .lx—x, 0O<x<l f Vs1nx+
34, | ———— dx
20. csch“x=ln1—t—1—_—|——f—, x>0. XV
x 35. -~ dx
Derive the identities in Exercises 21-24. f
2. L tanh—le= 1 36. f tanxdx
aZc 1 —lxz V1 + cos’
22. Ix cosh™lx = *37. Is the function cosh™'(yxZ + 1) differentiable at
xt =1 all x?
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8.5 Separable
Differential Equations

Separable equations can be solved by separating the variables and integrating.

The previous sections dealt with detailed methods for solving particular types
of differential equations, such as the spring equation and the equation of
growth or decay. In this section and the next, we treat a few other classes of
differential equations that can be solved explicitly, and we discuss a few
general properties of differential equations.

A differential equation of the form

D — g(on(y)

in which the right-hand side factors into a product of a function of x and a
function of y is called separable. Note that we use the term separable only for
first-order equations; that is, equations involving only the first derivative of y
with respect to x.

We may solve the above separable equation by rewriting it in differential
notation® as

v _ g(x)dx  (assuming h(y) # 0)
and integrating:

b _
m—)- —fg(x)dx.

If the integrations can be carried out, we obtain an expression relating x and
y. If this expression can be solved for y, the problem is solved; otherwise, one
has an equation that implicitly defines y in terms of x. The constant of
integration may be determined by giving a value y, to y for a given value x, of
x; that is, by specifying initial conditions.

Example 1 Solve dy/dx = —3xy, y =1 when x =0.
Solution We have

d_y = —3xdx.

Integrating both sides gives

2 2
In[y|= - ’3—;— +C, andso y= iexpCexp(— 3—%- )
Since y = 1 when x =0, we choose the positive solution and C =0, to
give
2
-

The reader may check by using the chain rule that this function satisfies the
given differential equation. A

3For those worried about manipulations with differentials, answers obtained this way can always
be checked by implicit differentiation.
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Example 2
Solution
y
3__
2/;
A
H 1 T T L) T 1 bl
_3 .7 _ ) X
3-2-1 1 T/}/
-2+ |
i/

Figure 8.5.1. The solution
ofy'=yLy()=1.

Example 3

8.5 Separable Differential Equations 399

The equation of growth (or decay) y’' = yy studied in Section 8.2 is clearly
separable, and the technique outlined above reproduces our solution y = Ce™.
The spring equation is rot separable since it is of second-order; that is, it
involves the second derivative of y with respect to x.

Separable Differential Equations
To solve the equation y’ = g(x)h(y):
1. Write

@y
k()

2. Integrate both sides:

= g(x)dx.

d

—— = dx+ C.

Ay ) s

3. Solve for y if possible.

4. The constant of integration C is determined by a given value of y at a
given value of x, that is, by given initial conditions.

Solve dy/dx = y*, with y = 1 when x = 1, and sketch the solution.

Separating variables and integrating, we get

and so the general solution is

_ 1
YT Te=x"
Substituting the initial conditions y = 1 and x = 1, we find that C must be
—2, so the specific solution we seek in this case is

_ 1
YEyTx

This function is sketched in Fig. 8.5.1. Notice that the graph has a vertical
asymptote, and the function is undefined at x = 2. From the point of view of
the differential equation, there is really nothing to justify using the portion of
the function for x > 2, since the equation is not satisfied at x = 2. (One could
imagine changing the value of C for x > 2 and obtaining a new function that
still satisfies the differential equation and initial conditions.)

Thus we state that our solution is given by y=1/(2 — x) for x in
(— 0,2), and that the solution “blows up” at x =2. A

Solve

(a) yy’ = cos2x, y(0) = 1;

®) dy/dx=x/(y + yxH, y0)= —1;
© ) =xy*+ x> -y =1, y(0)=0.
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Solution

Example 4
R
Ya%'%
!
l L
EF=
T

Figure 8.5.2. A simple
electric circuit.

Solution

74

IO ‘;—_

E/R

Figure 8.5.3. The current
tends to the value E/R as
t—> 0.

Example 5

(a) ydy = cos2xdx, so y?/2 =1sin2x + C. Since y =1 when x =0, C = 1.
Thus y*>=sin2x + 1 or y =ysin2x + 1. (We take the + square root since

y=+1when x=0)

(b) ydy = xdx /(1 + x?) so0 y*/2 =1In(1 + x?) + C, where the integration was
done by substitution. Thus y* = In(1 + x?) + 2C. Since y = —1 when x =0,
C=1. Since y is negative near x =0, we choose the negative root:

y=—1+In(1+x%.
(c) The trick is to notice that the right-hand side factors: y' = (x* — 1)(y* + 1).
Thus dy/(1 + y?) = (x® — 1)dx; integrating gives tan"'y = (x*/3) — x + C.

Since y(0) =0, C = 0. Hence y = tan[(x3/3) —x]. A

Many interesting physical problems involve separable equations.
(Electric circuits) We are told that the equation governing the electric circuit
shown in Fig. 8.5.2 is

Lé L Rri-E
di

and that, in this case,

E (voltage) is a constant;

R (resistance) is a constant > 0;

L (inductance) is a constant > 0; and
I (current) is a function of time.

Solve this equation for I with a given value I at t = 0.

We separate variables:

dl _ o
L4 _ g,
L
E—r1 =4

and then integrate:
- %lnlE— RI|=1+C.
Thus
|E— RI| = exp[ —(t+ C)% }

and so
E—Rl= =+ exp(— R t)exp(-— ——ILI C)
= _ Rt = + _R
A exp( ), where A _exp( C).

At t=0, I =1, so E— Rl,= A. Substituting this in the previous equation
and simplifying gives
.y —E\-r/L
I=2+ (10 = )e .
As t— o0, I approaches the steady state part E/ R, while (I, — E/R)e™ ®/*,

which approaches zero as t— oo, is called the transient part of I. (See Fig.
8.5.3) A

(Predator-prey equations) Consider x predators that feed on y prey. The
numbers x and y change as ¢ changes. Imagine the following model (called the
Lotka—Volterra model).
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Solution

—t L

b/r

Figure 8.5.4. Solutions of
the predator-prey equation.

Ty = tension

\

Example 6

]

St

Figure 8.5.5. A cable
hanging under its own

weight.

8.5 Separable Differential Equations 401

(i) The prey increase by normal population growth (studied in Section 8.2), at
a rate by (b is a positive birth rate constant), but decrease at a rate
proportional to the number of predators and the number of prey, that is,
— rxy (r is a positive death rate constant). Thus

a
v by — rxy.

(ii) The predators’ population decreases at a rate proportional to their number
due to natural decay (starvation) and increases at a rate proportional to
the number of predators and the number of prey, that is,

ax _ —sx + cxy

dt
for constants of starvation and consumption s and c.
If we eliminate ¢ by writing

b _ d/d b _ yory
dx  dx/dt’ we get dx  —sx+cxy’

Solve this equation.

The variables separate:

‘_1)1 B (b —rx)y
dx ~ x(—s+cy)’

(Cy;s)dy=(é—7”5)dx‘

Integrating, we get

cy—slny=blnx—rx+C

for a constant C. This is an implicit form for the parametric curves followed
by the predator—prey population. One can show that these curves are closed
curves which surround the equilibrium point (b/r,s/c) (the point at which
dx/dt =0 and dy/dt = 0), as shown in Fig. 8.5.4.5

Variants of this model are important in ecology for predicting and
studying cyclic variations in populations. For example, this simple model
already shows that if an insect prey and its predator are in equilibrium, killing
both predators and prey with an insecticide can lead to a dramatic increase in
the population of the prey, followed by an increase in the predators and so on,
in cyclic fashion. Similar remarks hold for foxes and rabbits, etc. A

(The hanging cable) Consider a freely hanging cable which weighs m kilograms
per meter and is subject to a tension Ty,. (See Fig. 8.5.5.) It can be shown’ that
the shape of the cable satisfies

dxt —T; dx

Introduce the new variable w = dy/dx and show that w satisfies a
separable equation. Solve for w and then y. You may assume the graph to be
symmetric about the y axis.

-5 (2]

6 For a proof due to Volterra, see G. F. Simmons, Differential Equations, McGraw-Hill (1972) p.
286. There is also a good deal of information, including many references, in Chapter 9 of
Elementary Differential Equations and Boundary Value Problems by W. Boyce and R. DiPrima,
Third Edition, Wiley (1977), and in Section 1.5 of Differential Equations and their Applications, by
M. Braun, Third Edition, Springer, (1983).

7 See, for instance, T. M. Creese and R. M Waralick, Differential Equations for Engineers,
McGraw-Hill (1978) pp. 71-7¢
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Solution

Example 7

Solution

In terms of w, the equation for the cable is

a’w= 1+ w?

Separating variables and integrating gives

_dw 8 dx
f [1+w2 Tof ’
o m
sinh ’w=T§(x+C).

Since the cable is symmetric about the y axis, the slope w = dy/dx is zero
when x = 0, so the integration constant is zero.
Now w = sinh[(mg/ T)x], and so

T, m
d h( 28 x)dx= —° cosh( 28 ) .
y= fd X = fwdx fsm( x)x mgcos(Tox + C,
The integration constant C, is found by setting x = 0. Since cosh(0) = 1 and
y = h when x = 0 (Fig. 8.5.5), we get

h=Ty/mg+ C,, so C,=h~—T,/mg=(mgh— T,)/mg.
Thus the equation for the shape of the cable is

T,
=2 {cosh(gx) — 1} + h.
mg

The graph of coshx takes its name catenary from this example and the
Latin word catena, meaning “chain.” A

We remark that cables which bear weight, such as the ones on suspension
bridges, hang in a parabolic form (see Exercise 22).

(Orthogonal trajectories) Consider the family of parabolas y = kx? for various
constants k. (a) Find a differential equation satisfied by this family that does
not involve k& by differentiating and eliminating k. (b) Write a differential
equation for a family of curves orthogonal (= perpendicular) to each of the
parabolas y = kx? and solve it. Sketch.

(a) If we differentiate, we have y' = 2kx; but y = kx?so k= v/ x2, and thus
y’=2kx=2(l)x= v,

x? x
Thus any parabola y = kx? satisfies the equation y’ = 2y/x.

(b) The slope of a line orthogonal to a line of slope m is —1/m, so the
equation satisfied by the orthogonal trajectories is y’ = — x /2y. This equation
is separable:

2ydy = —xdx,

2
y2=—x7+C,

2

yz + x? = C.

If we write this as y>+ (x/y2)*= C, we see that these curves are
obtained from the family of concentric circles with radii YC centered at the
origin by stretching the x axis by a factor of 2. (See Fig. 8.5.6.) They are
ellipses. (See Section 14.1 for a further discussion of ellipses.) A
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Figure 8.5.6. The orthogo-
nal trajectories of the
family of parabolas are
ellipses.
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8.5 Separable Differential Equations 403

Separable differential equations are a special case of the equation

d
yﬁ- = F(x, y),
where F is a function depending on both x and y.® For example,
dy _ 3 .
-~ = xy +y*+3siny +1

is a differential equation that is not separable. There is little hope of solving
such equations explicitly, except in rather special cases, such as the separable
case. In general, one has to resort to numerical or other approximate methods.
To do so, it is useful to have a geometric picture of what is going on.

The given data dy/dx = F(x, y) tell us the slope at each point of the
solution y = f(x) that we seek. We can therefore imagine drawing small lines
in the xy plane, with slope F(x, y) at the point (x, y), as in Fig. 8.5.7.

The problem of finding a solution to the differential equation is precisely
the problem of threading our way through this direction field with a curve
which is tangent to the given direction at each point. (See Fig. 8.5.8. In this
figure, some of the line segments are vertical, reflecting the fact that the
formula for F(x, y) may be a fraction whose denominator is sometimes zero.)

—_—————— e~ S S X
i e NN S i
——— I\

I
Il
VP
Figure 8.5.7. A plotofa
direction field.

il
I

Figure 8.5.8. A solution
threads its way through the
direction field.

8 We study such functions in detail beginning with Chapter 14. The material of those later
chapters is not needed here.
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Example 8

Solution

Figure 8.5.9. The direction
field for y’ = —x/y.

Chapter 8 Differential Equations

We saw in Example 5 that differential equations may be given in
parametric form

d d)
7); =g(x,y), and 7); = h(x, y).

(so dy/dx = h(x, y)/g(x, y).) Here we seek a parametric curve (x(?), y(?)
solving these two equations. From our discussion of parametric curves in
Section 2.4, we see that the pair (g(x, y),h(x, y)) gives the velocity of the
solution curve passing through (x, y). In this formulation, we can interpret
Fig. 8.5.7 as a velocity field. If one thinks of the motion of a fluid, one can
phrase the problem of finding solutions to the above pair of differential
equations as follows: given the velocity field of a fluid, find the paths that
fluid particles follow. For this reason, a solution curve is often called a flow
line.

Sketch the direction field for the equation dy/dx = —x/y and solve the
equation.

Here the slope at (x, y) is —x/y. We draw small line segments with these
slopes at a number of selected locations to produce Fig. 8.5.9.

y

27T~

VAR RN
/7 1 N\
[l 7T N
1 ] ] ] i 1
VNNl /T
AN s/

N T s

\\__//

The equation is separable:

ydy = —xdx,

2

yo__x

3 3 +C,
y2+x2=2C.

Thus any solution is a circle and the solutions taken together form a family of
circles. This is consistent with the direction field. A

When a numerical technique is called for, the direction field idea suggests a
simple method. This procedure, called the Euler method, replaces the actual
solution curve by a polygonal line and follows the direction field by moving a
short distance along a straight line. For dy/dx = F(x, y) we start at (xq, yo)
and break up the interval [x,,x,+ a] into n steps xq,x, = X4+ a/n, x,
=xy+2a/n,..., x,=x,+ a. Now we recursively define

= F(xm)’o)% +Yo

Y= F(xl’yl)% )

yn = F(xn—l’.yn—l)% +.yn——l ;
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i=12,...,n

d
1= Eii (Xi—1s Yic1) [(% — Xi21)s

to produce the desired approximate solution (the polygonal curve shown in

that is,
Vi~ Vi-
Fig. 8.5.10).
v

e s i

(X, Vp)

Exact solution

o et G S T

'/ .. — . _. Approximate
o~ solution

— e e —.
g
T o i et e e P e

Figure 8.5.10. The Euler
method for numerically
solving differential

RS —

N RN N TR T e T — —
T L NN N T e e, o e
NN NN NS RONNU NS TR T e s e e
i e e e

equations.
Example 9 Solve the equation dy/dx = x + cos y, y(0) = 0 from x =0 to x = 7 /4 using
a ten-step Euler method; that is, find y(# /4) approximately.
Solution The recursive procedure is summarized below. It is helpful to record the data
in a table as you proceed.” Here x,=0, y,=0, a=7/4, n=10; thus
h=a/n=x/40 = 0.0785398.
Read in (xg, g), ] - Gnyi)
step size & = a/n,
and number of steps 1.
v
Calculate slope at (x;, y): F(x;, ¥).
Multiply by step size: & =a/n.
Yiv1= Add to y; to produce new y .-
X; Vi X=X +h ¥+ [x; + (cos .yi)]h Add h to x; to produce new x;,;.
i=0 0 START 0 0.0785398 0.0785398
i=1 0.0785398 | 0.0785398 0.157080 0.163006 o Stop when
i=2 0.157080 0.163006 0.235619 0.252841 Zfrjj n
i=3 | 0235619 | 0.252841 0.314159 0.347390 o
i=4 0.314159 0.347390 0.392699 0.445912
i= 0.392699 0.445912 0.471239 0.547614
=6 0.471239 0.547614 0.549779 0.651680
i=17 0.549779 0.651680 0.628318 0.757304
i= 0.628319 0.757304 0.706858 0.863726
j = 0.706858 0.863726 0.785398 0.970263
i=10| 0.785398 0.970263 STOP
Thus y(7/4)~0.970263. A

° The Euler or related methods are particularly easy to use with a programmable calculator. In

practice, the Eu

ler method is not the most accurate or efficient. Usually the Runge-Kutta or

predictor—corrector method is more accurate. (For details and comparative error analyses, a book

such as C. W,

Gear, Numerical Initial Value Problems in Ordinary Differential Equations,

Prentice-Hall Englewood Cliffs, N.J. (1971) should be consulted.)
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406 Chapter 8 Differential Equations

Direction fields can also be used to derive some qualitative information
without solving the differential equation.

Example 10  Sketch the direction field for the equation dy/dx = y* — 3y + 2 and use it to
find lim__, , y(x) geometrically for a solution satisfying 1 < y(0) < 2.

Solution  First we factor y? — 3y + 2 = (p — 1)(p — 2). Thus y?> — 3y + 2 is negative on
the interval (1,2) and positive on the intervals (2,00) and (—c0,1). The
direction field in the xy plane, which is independent of x, can now be plotted,
as in Fig. 8.5.11.

y
Positive
slope for
y>12 2
y(0)§
Negative slope
Figure 8.5.11. Direction for1<y<2
field for the equation 14 I
dy/dx = y2 —3y+2. Positive slope
fory <1
X

fi< y(O) < 2, then y(x) must thread its way through the direction field,
always remaining tangent to it. From Fig. 8.5.11, it is clear that a solution with
initial condition y(0) lying in the interval (1,2) is pushed downward, flattens
out and becomes asymptotic to the line y = 1. Thus lim,_, y(x)=1. A

Supplementary Remark. Figure 8.5.11 enables us to see that the equilibrium
solution y =1 is stable; in other words, any ‘initial condition y(0) close to 1
gives a solution which remains close to 1 for all x. Compare this with the
discussion of stable oscillations in the Supplement to Section 8.1. Likewise, the
solution y = 2 is unstable. Again, consult the discussion of unstable equilibria
in the Supplement to Section 8.3.

Exercises for Section 8.5

In Exercises 1-12 find the solution of the given differ- 10. ZIZ =3xy — x.
ential equation satisfying the stated conditions (express dy
your answer implicitly if necessary). 11. — = cosx = ycosx, y(0)y=2.
v\ _ 2 2 =
L % — cosx, y(0) = 1. 12. ey(a) =1+ eY —xe? — x, y(0)= 1.
dy 13. The current [ in an electric circuit is described
2. de YOS EY O="r by the equation 3(dI/dt) + 81 = 10, and the ini-
d tial current is fy = 2.1 at r = 0. Sketch the graph
3 dy =2xy—2y+2x—2,y()=0. of I as a function of time.
14. Repeat Exercise 13 for I, = 0.3.
4. y _Z x, y(0) = 1. 15. Capacitor equation. The equation R(dQ/df)+
dx Q/ C = E describes the charge Q on a capacitor,
5 1 & _ ()= — where R, C, and E are constants. (See Fig.
T yde  x’ 8.5.12.) (a) Find @ as a function of time if 0 =0
at t = 0. (b) How long does it take for Q to attain
6. d—y y1=y7, (=0 99% of its limiting charge?
d)’ xe ™
7. =X ,0=1
dx  (x2+ 1)y 7 R
dy 4 sinx i (resistance)
ol > 1+8y4’y(0)—1‘ (volt E)_?— 1l
voltage
o ¥ _ 1+ y O=1 Figure 8.5.12. A circuit ¢
Cdx 04 with a charging capacitor. (capacitance)
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16.

17.

18.

19,

20.

21

22.

23.

24.

Repeat Exercise 15 for 9 =3.1 at t+=0 and
R=2,E=10,and C=2.

Verify directly that x =b/r, y=s/c is a solu-
tion of the predator—prey equations (see Exam-
ple 5).

(a) Verify graphically that the equation y —In y
= ¢ has exactly two positive solutions if ¢ > 1.
(b) What does this have to do with Fig. 8.5.47
Logistic law of population growth. If a population
can support only Py members, the rate of growth
of the population may be given by dP/dt
= kP(P, — P). This modification of the law of
growth dP/dt = aP discussed in Section 8.2 is
called the logistic law, or the Verhulst law. Solve
this equation and show that P tends to P, as
t—>co0. Hint: In solving the equation you may
wish to use the identity

L ek (Le )
P(P,—P) Py\P Py—P}J
Chemical reaction rates. Chemical reactions often
proceed at a rate proportional to the concentra-
tions of each reagent. For example, consider a
reaction of the type 24 + B— C in which two
molecules of 4 and one of B combine to produce
one molecule of C. Concentrations are measured
in moles per liter, where a mole is a definite
number (6 X 10%) of molecules. Let the concen-
trations of 4, B, and C at time ¢ be a,b,¢, and
suppose that ¢ =0 at ¢ = 0. Since no molecules
are destroyed, by — b = (ag — a)/2, where a, and
by are the values of a and b at ¢ = 0. The rate of
change of a is given by da/dt = ka® for a
constant k. Solve this equation. [Hint: You will
need to make up an identity like the one used in
Exercise 19.]
In Example 6, verify that the solution becomes
straight as T}, increases to co.
Suspension bridge. The function y(x) describing a
suspended cable which weighs m kilograms per
meter and which is subject to a tension T satis-
fies dy/dx = (m/Tp)x. Verify that the cable
hangs in a parabolic shape.
(a) Find a differential equation satisfied by the
family of hyperbolas xy = k for various con-
stants k.
(b) Find a differential equation satisfied by the
orthogonal trajectories to the hyperbolas xy = k,
solve it, and sketch the resulting family of curves.
(a) Find a differential equation satisfied by the
family of ellipses, x> + 4y = k, k a constant.

Copyright 1985 Springer-Verlag

25.

26.
27.

28.

§29.
f30.

B31.

#32.

8.5 Separable Differential Equations 407

(b) Find a differential equation satisfied by the
orthogonal trajectories to this family of ellipses,
solve it and sketch.

(a) Sketch the family of cubics y = ex?, when c is
constant.

(b) Find a differential equation satisfied by this
family.

(c) Find a differential equation for the orthogo-
nal family and solve it.

Repeat Exercise 25 for the family of cubics y
= x? — dx, where d is constant.

(a) Sketch the direction field for the equation
dy/dx = 2y /x. (b) Solve this equation.

Sketch the direction field for the equation y’ =
— y/x. Solve the equation and show that the
solutions are consistent with your direction field.
Use a ten-step Euler method to find y approxi-
mately at x = 1 if dy/dx = y — x> and y(0) = 1.
If y=x+tany, y(0)=0, find y(l) approxi-
mately using a ten-step Euler procedure.

Find an approximate solution for y(1) if y' =

xy1+ y* and y(0) = 0 using a fifteen-step Euler
method.

Redo Example 9 using a twenty-step Euler
method, compare the answers and discuss.

In Exercises 33-36, sketch the direction field of the
given equation and use it to find lim,_,,, y(x) geometri-
cally for the given y(0).

33.

34.

35.

36.
37.

38.

*39.

*40.

% =y~ Ty +12, y(0) = 35.

% =24y =20 = —2.

% =3~ 6y + 11y — 6, y(0) = 1.5.
% =3 —4y? + 3y, y(0) = 2.

Suppose that y = f(x) solves the equation
dy/dx = e*y* + 4xp°, f(0) = 1. Calculate f"'(0).
Suppose y” + 3()')° + 8e*y? = 5cosx, y'(0) =1,
and y”(0) = 2. Calculate y"(0).

Consider a family of curves defined by a separa-
ble equation dy/dx = g(x)h(y). Express the
family of orthogonal trajectories implicitly in
terms of integrals.

Show by a graphical argument that any straight
line through (b/r,s/c¢) meets the curve cy —
slny=>blnx—rx+ C (for C >0) at exactly
two points. (See Example 5).

. All rights reserved.



408 Chapter 8 Differential Equations

8.6 Linear First-Order
Equations

First-order equations which are linear in the unknown function can be solved
explicitly.

We have seen that separable equations can be solved directly by integration.
There are a few other classes of differential equations that can be solved by
reducing them to integration after a suitable transformation. We shall treat
one such class now. (Other classes are discussed in Sections 12.7 and 18.3.)

We consider equations that are linear in the unknown function y:

dy
== P(x)y + 0(x) (1)
for given functions P and Q of x. If Q is absent, equation (1) becomes

D = p(x)y @

which is separable:

1
— dy = P(x)dx,
Sy =P

In| y| =fP(x) dx + C,
Iyl = exp(C)exp(fP(x) dx).
Choosing C = 0 and y > 0 gives the particular solution
y= exp(fP(x) dx). 3)

Now we use the solution (3) of equation (2) to help us simplify equation
(1). If y solves equation (1), we divide it by the function (3), obtaining a new

function

w=y exp( - fP(x) dx) Q)
which turns out to satisfy a simpler equation. By the product and chain rules,
we get

—2% = %exp(——fP(x)dx) —yP(x)exp(f—P(x)dx)

= [P(x)y + Q(x)]exp( - fP(x) dx) = P(x)y exp(f = P(x) dx).
The terms involving y cancel, leaving
aw _ _
2 = 0 (x)exp( f P(x)dx).
The right-hand side is a function of x alone, so we may integrate:
w=fQ(x)[exp(—fP(x)dx)]dx+ C. (5)

Combining formulas (4) and (5) gives the general solution y of equation (1),
written out explicitly in the following box.
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Linear First-Order Equations
The general solution of
=Py + ()
is
y= exp(fP(x) dx){f Q(x)[exp(—fP(x)dx)}dx +C }, )

where C is an arbitrary constant.

One may verify by direct substitution that the expression (6) for y in this
display solves equation (1). Instead of memorizing formula (6) for the solution,
it may be easier to remember the method, as summarized in the following box.

Method for Solving dy /dx = P(x)y + Q(x)

1. Calculate f P(x)dx, dropping the integration constant.

2. Transpose P(x)y to the left side: % —P(x)y = Q(x).
3. Multiply the equation by exp(— f P(x)dx).

4. The left-side of the equation should now be a derivative:

d%[yexp(—fp(x)dx)].

Check to make sure.

Integrate both sides, keeping the constant of integration.

. Solve the resulting equation for y.

7. Use the initial condition, if given, to solve for the integration con-
stant.

o »n

The expression exp(— [P(x)dx) is called an integrating factor, since multipli-
cation by this term enables us to solve the equation by integration.

Example 1 Solve dy/dx = xy + x.
Solution We follow the procedure in the preceding box.

1. P(x)=x, SO fP(x)dx= 523 .

dy
—é,;—xy—x

(transposing xy to the left-hand side).

2 2
3. exp(—%—){%——xy}=exp(-—%)x

(multiplying by exp(— x?/2)).

d B N (N A _x
4. dx{yexp( 2)}—dxexp( 2) yxexp( 7)
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410 Chapter 8 Differential Equations

Exampie 2

Solution

Example 3

Solution

which equals the left-hand side in step 3. Thus the equation is now

2 yoro(~ 5 )] = xexe(~ )

5. Integration, using the substitution u = — x?/2, yields

2 2 2
yexp(— %) =fxexp(—- x?)dx= —exp(-— —&2-) + C.

6. Solving for y,

2
y=Cexp(9-‘i—)— 1. A

Solve the following equations with the stated initial conditions.

@y =e"=y,y0=1
(b) ¥’ = cos’ — (tanx)y, y(0) = 1.

(a) The integrating factor is exp(— [P(x)dx) = exp(— [ — dx) = exp(x). Thus

e*(Yy+y)=1,

d ;ox.\_

dx(e)’)—l,
ey=x+C.

Since y(0)=1,C=1,50y=(x + 1)e™ ™

(b) The integrating factor is exp(ftanx dx) = exp(—Incosx) = 1/cosx: (This
is valid only if cosx >0, but since our initial condition is x =0 where
cosx = 1, this is justified.) Thus

1

[y + (tanx)y] = cosx,

cosx
A2 ] eos,
dx | cosx
24 =sinx + C.
cos x

Since y = 1 when x =0, C = 1. Thus y = cosxsinx + cosx. It may be verified
that this solution is valid for all x. A

(Electric circuits) In Example 4, Section 8.5, replace E by the sinusoidal
voltage

E = Egsinwt
with L, R, and E, constants, and solve the resulting equation.

The equation is

We follow the procedure in the preceding box with x replaced by ¢ and y by I:

L. P()= — %, a constant, so [P(f)dt = —tR/L.

dl , RI _ Eo
2. ar + . =T sin wt.
tR\)(dl , RI\_ Eo IR\
3. [exp( T )]( 7 + 2 ) 7 exp( T )smwt.
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Figure 8.6.1. The graph of
the solution of a
sinusoidally forced electric
circuit containing a resistor
and an inductor.

Example 4

Solution

8.6 Linear First-Order Equations 411

d tR _E R\

4. T {exp( T )I} T exp( 2 )smwt.
iR\, _ Eo IR \;

5. exp( T )I— T fexp( T )sm wtdt.

This integral may be evaluated by the method of Example 4, Section 7.4,
namely integration by parts twice. One gets

tR EO etR/L R .
exp(——)1=— ——————(—-31nwt—-wcoswt) + C.
L7 i { (R/Ly + e\ L

6. Solving for I,

E
I=-2 —————12—————(£sinwt — wcoscot) + Ce™'R/L,
L (R/LY+w*\ L

The constant C is determined by the value of I at ¢ = 0. This expression for /
contains an oscillatory part, oscillating with the same frequency w as the
driving voltage (but with a phase shift; see Exercise 10) and a transient part
Ce ™ "R/ which decays to zero as t —> 0. (See Fig. 8.6.1.) A

]

T
v AVATATATATAN

(Pollution) A small lake contains 4 X 107 liters of pure water at t=0. A
polluted stream carries 0.67 liter of pollutant and 10 liters of water into the
lake per second. (Assume that this mixes instantly with the lake water.)
Meanwhile, 10.67 liters per second of the lake flow out in a drainage stream.
Find the amount of pollutant in the lake as a function of time. What is the
limiting value?

Let y(f) denote the amount of pollutant in liters in the lake at time ¢. The
amount of pollutant in one liter of lake water is thus

» ()
4%x10"
The rate of change of y(7) is the rate at which pollutant flows out, which is
— 10.67y(£)/4 X 107 = —2.67 X 10~ p(¢) liters per second, plus the rate at
which it flows in, which is 0.67 liter per second. Thus
y' = =267x107"y + 0.67.

The solution of dy/dt = ay + b, y(0) = 0, is found using the integrating factor

e—-at:

e—al(y/ _ ay) — be-—at,
4 (em) = be™,

—at =__é —at
e % ae + C.
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412 Chapter 8 Differential Equations

Example 5
Solution
Y-
Terminal Slope =¢
speed —/7//———- -
/
t =0 = moment 7
of release

Figure 8.6.2. The speed of
an object moving in a
resisting medium.

Example 6

Figure 8.6.3. A rocket
blasting off at 1 = 0.

Since y=0at =0, C=b/a. Thus
—aty, _ bo_ ~a
e y=_(-e"")

_ b a_
y-—-a(e .

Here a= —2.67x 1077 and b= 0.7, so y=(1 — e~ 25%107")2.51 x 10%)
liters. For 7 small, y is relatively small; but for larger ¢, y approaches the
(steady-state) catastrophic value of 2.51 X 10° liters, that is, the lake is well
over half pollutant. (See Exercise 13 to find out how long this takes.) A

(Falling object in a resisting medium) The downward force acting on a body of
mass m falling in air is mg, where g is the gravitational constant. The force of
air resistance is yv, where vy is constant of proportionality and o is the
downward speed. If a body is released from rest, find its speed as a function of
time ¢. (Assume it is released from a great enough height so that it has not hit
the ground by time ¢.)

Since mass times acceleration is force, and acceleration is the time derivative
of velocity, we have the equation m(dv/dt) = mg — yv or, equivalently, dv/ dt
= —(y/m)v + g which is a linear first-order equation. Its general solution is

0= e‘V’/”‘f geY/mdt= e"’/’"( g gvi/m C).
Y

If b=0 when =0, C must be —mg/y, so v =(mg/y)Xl — e /™). Note
that as t—> o0, e /™ —>0 and so v—>mg/y the terminal speed. (See Fig.
8.6.2.) For small ¢ the velocity is approximately g¢, which is what it would be if
there were no air resistance. As ¢ increases, the air resistance slows the velocity
and a terminal velocity is approached. A

(Rocket propulsion) A rocket with an initial mass M, (kilograms) blasts off at
time ¢ = 0 (Fig. 8.6.3). The mass decreases with time because the fuel is being

I Velocity = v

Mass=M

2 NN
Thrust = F
urn rate =r

~ N /;\\\ IIN‘*B

spent at a constant burn rate r (kilograms per second). Thus, the mass at time
tis M = M,— rt. If the thrust is a constant force F, and the velocity is v,
Newton’s second law gives

d =

7 (Mv) = F— Mg, Q)
where g =9.8 is the gravitational constant. (We neglect air resistance and
assume the motion to be vertical.)

(a) Solve equation (7).
(b) If the mass of the rocket at burnout is M,, compute the velocity at
burnout.
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Solution (a) Substituting M = M, — rt into equation (7) gives

L] (Mo~ rtyo] = F = (Mo = rt)g.

Although this is a linear equation in v, it is already in a form which we can

directly integrate:

(Mo~ riyo = [(F = g(My— ri))di+ C

2

2
=Ft~g(M0t—~i)+C.

Solving for v,

Ft g

v= -
My—rt My—rt

) on

Since v =0 at r =0, C =0, so the solution is

Fi 5

0= -
My—rt  My—rt

_r
(Mot ! )

(b) At burnout, My — rt = M, s0

S FMo-M) g

rM, E

{MO( M, - M, ) (Mo Ml)z}

r 2r

_ F(My— M) B g(Mg—Mf) _ My- M,

rM,

is the velocity at burnout. A

2rM, M, g( 2 )

Exercises for Section 8.6

In Exercises 1-4, solve the given differential equation
by the method of this section.

dy _ =y 2
Lo =2 4 oo 43,

11. The equation R(dI/df)+ (I/C) = E describes
the current I in a circuit containing a resistor
with resistance R (a constant) and a capacitor
with capacitance C (a constant) as shown in Fig.

2 d_)’ = vsinx — 2 sin x 8.64. If E= E,, a constant, and /=0 at 1 =0,
Cax ) ' find I as a function of time. Discuss your solu-
& _ 3 tion.
3. 2 Xy x
N _ R
4. x(a>—y+xlnx. AA -
In Exercises 5-8, solve the given equation with the . .
stated conditions. Figure 8..6.4.. A re51stor.and EXE S
5.y = ycosx + 2cosx, p(0) = 0. a capacitor in an electric
- )3; ’ circuit.

Ly == = 1.
y o +x, y(1)

6
7. xy=e"~y,y(1)=0.
8. y' =y + cos5x, y(0)=0.
9

. Rework Example 3 assuming that the voltage is
E = Egsinwt + E|, ie., a sinusoidal plus a con-
stant voltage.

10. In Example 3, use the method on p. 373 of
Section 8.1 to determine the amplitude and
phase of the oscillatory part:

Eq 1

Lo )
—_— e ! o SINW — WCOSWE .
L (R/L)2+w2{L

Copyright 1985 Springer-Verlag.

12. Repeat Exercise 11 for the case I = Iy at t = 0.

13. In Example 4, show that the lake will reach 90%
of its limiting pollution value within 3.33 months.

14. Mixing problem. A lake contains 5 X 10® liters of
water, into which is dissolved 10* kilograms of
salt at r = 0. Water flows into the lake at a rate
of 100 liters per second and contains 1% salt;
water flows out of the lake at the same rate. Find
the amount of salt in the lake as a function of
time. When is 90% of the limiting amount of salt
reached?

All rights reserved.



414 Chapter 8 Differential Equations
15. Two-stage mixing. Suppose the pollutants from 23. Sketch the direction field for the equation dy/dx
the lake in Example 4 empty into a second = y + 2x and solve the equation.
smaller lake rather than the stream. At ¢ = 0, the 24. Sketch the direction field for the equation dy/dx
smaller lake contains 107 liters of pure water. = —3y + x and solve the equation.
The second lake has an exit stream carrying the *25. Assuming that P(x) and Q(x) are continuous
same volume of fluid as entered. Find the functions of x, prove that the problem y’ =
amount of pollution in the second lake as a P(x)y + Q(x), y(0) =y, has exactly one solu-
function of time. tion.
16. Repeat Exercise 15 with the size and flow rates 26. Express the solution of the equation y’ = xy + 1,
of the lake in Example 4 replaced by those in y(0) = 1 in terms of an integral.
Exercise 14. *27. Bernoulli’s equation. This equation has the form
17. The terminal speed of a person in free fall in air dy/dx = P(x)y + Q(x)y", n=2,3,4,....
is about 64 meters per second (see Example 5). (a) Show that the equation satisfied by w
How long does it take to reach 90% of terminal = »'~" is linear in w.
speed? How far has the person fallen in this (b) Use (a) to solve the equation x(dy/dx)
time? (g = 9.8 meters per second?). =x%%—y.
18. The terminal speed of a person falling with a *28. Riccati equation. This equation is dy/dx =
parachute is about 6.3 meters per second (see P(x)+ Q(x)y + R(x)y™
Example 5). How long does it take to reach 90% (a) Let yi(x) be a known solution (found by
of terminal speed? How far has the person fallen inspection). Show that the general solution is
in this time? (g = 9.8 meters per second?). y(x) = p(x)+ w(x), where w satisfies the
19. Falling object with drag resistance. Redo Example Bernoulli equation (see Exercise 27) dw/dx
5 assuming that the resistance is proportional to =[Q(x) + 2R(x)y (x)]w + R(x)w?.
the square of the velocity. (by Use (a) to solve the Riccati equation p’
20. An object of mass 10 kilograms is dropped from =y/x + x*? — x°, taking y,(x) = x.
a balloon. The force of air resistance is 0.070, *29. Redo the rocket propulsion Example 6 adding
where v is the velocity. What is the object’s air resistance proportional to velocity.
velocity as a function of time? How far has the #*30. Solve the equation dy/dt = —Ay + r, where A
object traveled before it is within 10% of its and r are constants. Write a two page report on
terminal velocity? how this equation was used to study the Van
21. What is the acceleration of the rocket in Exam- Meegeren art forgeries which were done during
ple 6 just before burnout? World War II. (See M. Braun, Differential Equa-
22. How high is the rocket in Example 6 at burnout? tions and their Applications, Third Edition,
Springer-Verlag, New York (1983), Section 1.3).
Review Exercises for Chapter 8
Solve the differential equations with the given condi- 10. f' = —4f, f(0) = 1.
tions in Exercises 1-22. 11. f” =4f; f0) =1, f(0) = 1.
d " '/
1. % =3y, y(0)=1. 12. f" = —4f; f(0)=1, f(0)= 1.
d*x P _ _
5 %=y,y(0)=1. 13. —‘-174')6—0, x=1 when r=0, x=0 when
3. 9% 4320,y =0, y(O) = 1 o
2L 43y =0, =0, y(0) = 1. 2
dar? 4 r© y O 14. ‘—:,1—;+6x=0;x=1when t=0, x=6 when
t
4. ‘;—62)+9y=0,y(0)=2;y’(0)=0. t=1.
T 2
@ 15. 4% _9x =0, x(0) =0, x'(0) = 1.
5. - = 3y+1Ly@0)=1. dr?
d*x _ _ oy
6. % = (cos?)y + cost, y(0) =0. 16. ar? +16x =0, x(0) =1, ¥(©0) = —1.
d
7Y s y0=1 17. 2 =¥, 0 = 1.
ay _q.3 =
8. % +10y =0, p(0) = 1. 18. & =8e¥, yO)=1.
9. f' = 4f; fO) = 1. 19. L — —4x; x =1 when 1 = 0.
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52. A weight hanging on a spring oscillates with a

frequency of two cycles per second. Find the

21. 53_; == —t—XT + ?l—l’ y(©0)=0. displacement x(t) of the mass if x(0)=1 and
- - x'(0) = 0.
22. fl_x = x4 3 x(0)=1. . An observer sees a weight of 10 grams on a
() 8—1¢ 8—1¢ . . R .
spring undergoing the motion x(¢) = 10sin(81).
23. Solve for g(1): 3(d*/dtP)g(t) = —Tg(1), g@) = 1, (a) What is the spring constant?
g'(0)= —2. Find the amplitude and phase of (b) What force acts on the weight at t = 7/16?
g(1). Sketch. . A 3-foot metal rod is suspended horizontally
24. Solve for z=f(r): d’z/d’> +52=0, f(0)= from a spring, as shown in Fig. 8.R.1. The rod
=3, f(0) = 4. Find the amplitude and phase of bobs up and down around the equilibrium point,
f(®. Sketch. 5 feet from the ground, and an amplitude of 1
25. Sketch the graph of y as a function of x if foot and a frequency of two bobs per second.
~d%/dx*=2p; y=1%, and dy/dx =} when What is the maximum length of its shadow? How
x = 0. fast is its shadow changing length when the rod
26. Sketch the solution of dx/dr* + 9x = 0, where passes the middle of its bob?

x(0) =1, x’(0) = 0.
27. Sketch the graph of the solution of y’ = —8y,
y=1when x=0.
28. Sketch the graph of y = f(x) if f' =2f+ 3, and ¥ L
J)=0.
29. Sketch the -graph of the solution to dx/dt =
— x + 3, x(0) = 0 and compute lim,_,  x(¢).
30. Sketch the graph of the solution to dx/di = P
. —2x + 2, x(0) =0 and compute lim,_,  x(2). N
31. Solve d%/di?=dx/dt, x(0)=1, x'(0)=1 by /
letting y = dx /dt. ///////
32. Solve d2x/di2=[1/(1 + O)ldx/dt, x(0)=1, Shadow
x'(0) = 1 by letting y = dx/dt. Figure 8.R.1. Study the
33. Solve d%/dx*+ dy/dx = x, p(0) =0, y'(0) = 1. movement of the shadow of
{Hint: Let w = dy/dx]. the bobbing rod.
34. Solve y” + 3yy’ = 0 for y(x) if p(0) = 1, y'(0) = 2.
[Hint: yy' =(y*/2)"]
35. Solve dﬁz/a’x2 =25y,y(0)=0, y(1)= 1L
36. Solve d/dx? = 36y, y(0) = 1, y(1) = 0.
Differentiate the functions in Exercises 37-44.

ft

Floor

55. Simple Harmonic Motion with Damping. Consider
the equation x” + 28x" + w’x =0, where 0 <
< w. (2) Show that y = e#x satisfies a harmonic

37.
38.
39.

sinh(3x?)
tanh(x> + x)
cosh™{(x2+ 1)

oscillator equation. (b) Show that the solution is
of the form x=e #(4dcoswt+ Bsinwr)

where w; =vyw?>— 8%, and 4 and B are con-

40. tanh~Y(x*— 1)
41. (sinh~ x)(cosh 3x)
42. (cosh™'3x)(tanh x?)
43. exp(1 — cosh™'(3x))
44. 3(cosh~!3xH + 1)
Calculate the integrals in Exercise 45-50.

stants. (¢) Solve x”" +2x'+4x=0; x(0)=1,
x'(0) =0, and sketch.
56. Forced oscillations.
(a) Show that a solution of the differential
equation x” + 28x’ + «w’x = focos wyt is

4. | _coshx 4, ()
L+ sinb’x = fzo [20)0 Bsin wot + (w? — wf)cos wot].
46. f sech?x tanh xy2 + tanh®c dx (wZ - w%) + 402 B2
d.
47. f 5 —xx 5 (b) Show that the general solution is x(¢)

= x;(#) + xo(#) where x, is the solution
found in Exercise 55.

(c) Resonance. Show that the “amplitude”
fo/l(w? — w3)® + 4w B?] of the solution is
largest when o, is near w (the natural fre-
quency) for B (the friction constant) small,
by maximizing the amplitude for fixed fy, o,

48_f__‘_1."__
VxZ+4

49. f x sinh x dx
50. fx cosh x dx
51. A weight of 5 grams hangs on a spring with

spring constant & =2.1. Find the displacement
x(¢) of the mass if x(0) =1 and x'(0) =0.
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57.

58.

59.

60.

61.

62.

63.

64.

Chapter 8 Differential Equations

B and variable wy. (This is the phenomenon
responsible for the Tacoma bridge disas-
ter . . . somewhat simplified of course; see
Section 12.7 for further information.)

If a population doubles every 10 years and is

now 100,000, how long will it take to reach 10

million?

The half-life of a certain radioactive substance is

15,500 years. What percentage will have decayed

after 50,000 years?

A certain radioactive substance decreases at a

rate of 0.00128% per year. What is its half-life?

(a) The population of the United States in 1900

was about 76 million; in 1910, about 92 million.

Assume that the population growth is uniform,

so f(¥) = e”f(0), ¢ in years after 1900. (i) Show

that y =~ 0.0191. (ii)) What would have been a

reasonable prediction for the population in 19607

In 19707 (iii) At this rate, how long does it take for

the population to double?

(b) The actual U.S. population in 1960 was about

179 million and in 1970 about 203 million. (i) By

what fraction did the “growth rate factor” (“y™)

change between 1900-1910 and 1960-19707 (ii)

Compare the percentage increase in population

from 1900 to 1910 with the percentage increase

from 1960 to 1970.

If an object cools from 100°C to 80°C in an

environment of 18°C in 8 minutes, how long will

it take to cool from 100° to 50°C?

“Suppose the pharaohs had built nuclear energy

plants. They might have elected to store the

resulting radioactive wastes inside the pyramids
they built. Not a bad solution, considering how
well the pyramids have lasted. But pluto-
nium-239 stored in the oldest of them—some

4600 years ago—would today still exhibit 88

percent of its initial radioactivity.” (see G. Har-

din, “The Fallibility Factor,” Skeptic 14 (1976):

12.)

(a) What is the half-life of plutonium?

(b) How long will it take for plutonium stored
today to have only 1% of its present radioac-
tivity? How long for 7x5?

(a) The oil consumption rate satisfies the equa-

tion C(2) = Cye™, where C, is the consumption

rate at £ = 0 (number of barrels per year) and r is

a constant. If the consumption rate is Cy = 2.5 X

10'° barrels per year in 1976 and r = 0.06, how

long will it take before 2 X 10!2 barrels (the total
world’s supply) are used up?

(b) As the fuel is almost used up, the prices will

probably skyrocket and other sources of energy

will be turned to. Let S(¢) be the supply left at

time ¢. Assume that dS/dt = — S, where a is a

constant (the panic factor). Find S(¢).

(a) A bank advertises “5% interest on savings—

but you earn more because it is compounded

Copyright 1985 Springer-Verlag

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

B877.

continuously.” The formula for computing the
amount M(¢) of money in an account ¢ days
after M(0) dollars is deposited (and left un-
touched) is M(f) = M(0)e®%%/365, What is the
percentage increase on an amount M (0) left un-
touched for 1 year?

(b) A bank wants to compute its interest by the
method in part (a), but it wants to give only $5
interest on each $100 that is left untouched for 1
year. How must it change the formula for that to
occur?

A certain electric circuit is governed by the equa-
tion Ldl/dt + RI = E, where E, R, and L are
constants. Graph the solution if Iy < E/R.

If a savings account containing P dollars grows
at a rate dP/dt = rP + W (interest with continu-
ous deposits), find P in terms of its value P, at
t=0.

(a) Sketch the direction field for the equation
y' = —9x/y. Solve the equation exactly.
(b) Find the orthogonal trajectories for the solu-
tions in (a).

Consider the predator—prey model in Example 5,
Section 8.5. Solve this explicitly if r=0 (e,
ignore deaths of the prey).

Suppose your car radiator holds 4 gallons of
fluid two thirds of which is water and one third is
old antifreeze. The mixture begins flowing out at
a rate of § gallon per minute while fresh water is
added at the same rate. How long does it take for
the mixture to be 95% fresh water? Is it faster to
wait until the radiator has drained before adding
fresh water?

An object falling freely with air resistance has a
terminal speed of 20 meters per sec. Find a
formula for its velocity as a function of time.
The current I in a certain electric circuit is gov-
erned by di/dt = —31 + 2sin(nt), and =1 at
t = 0. Find the solution.

In Example 6, Section 8.6, suppose that the
burnout mass is 10% of the initial mass M,, the
burnout time is 3 minutes, and the rocket thrust
is 3M,g. Calculate the acceleration of the rocket
just before burnout in terms of M, and g.
Sketch the direction field for the equation y’
=3y + 4 and solve it.

Sketch the direction field for the equation y’ =
—4y + 1 and solve it.

Let x(¢) be the solution of dx/dt = x? — 5x + 4,
x(0) = 3. Find lim,_, ,x(?).

Let x satisfy dx/dt = x> — 4x? + 3x, x(0) = 2.
Find lim,_, ,x(?).

Test the accuracy of the Euler method by using a
ten-step Euler method on the problem of finding
y()if y’ = y and y(0) = 1. Compare your answer
with the exact solution and with a twenty-step
Euler method.

. All rights reserved.
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§78. Solve y" =csc y approximately for 0 < x <1 where w=0 when =0, (the maximum
with y(0) = 1 using a ten-step Euler method. value of ).
B79. Numerically solve for y(2) if y = »? and y(0) (b) Conclude that 4 is implicitly determined by

=1, using a twenty-step Euler method. Do you
detect some numerical trouble? What do you a9 _./%,
think is going wrong? | Vcosf — cosb, L
f80. Solve for y(1) if y" = cos(x + y) and y(0) =0, °
using a ten-step Euler method. (¢) Show that the period of oscillation is
81. Solve y’ = ay + b, given constants a and b, by

\ 9
(a) introducing w=y + b/a and a differential T =2+ / 2L C___d
equation for w; & J, ycosd - cosb,

(b) treating it as a separable equation; and

{(c) treating it as a linear equation. \/? 7/2 dé

Are your answers the same? =44/ —_—,
%82, Let x(¢) be the solution of dx/dt= —x + ' & l 1 — k’sin’p

3'.sin77t, x(0)=1. Find a, @ and # such that where k = sin(d,/2). [Hint: Write cosd

lim,, o[ x(7) — acos(wr + )] = 0. =1 — 2sin*(#/2).] The last integral is called

*83. Simple pendulum. The equation of motion for a

simple pendulum (see Fig. 8.R.2) is o te it
not be evaluated explicitly.
d9 _ g

. (d) How does the answer in (c) compare with
hutl 2sinf. . - . . PO
ar? L the prediction from linearized oscillations

for 8, small?

#84. A photographer dips a thermometer into a devel-
oping solution to determine its temperature in
degrees Centigrade. The temperature 8(¢) regis-
tered by the thermometer satisfies a differential
equation df /dr = — k(8 — §), where 0 is the true
temperature of the solution and k is a constant.
How can the photographer determine when 8 is
correct to within 0.1°C?

an elliptic integral of the first kind, and can-

Figure 8.R.2. A simple
pendulum.

(2) Let w(¢f)= d8/d:t. Show that %85. (a) Find y = f(x) so that
2
%(%) = % %cosa, fbf(x)dx=fb\/1 + 1O dx
and so for all g and b.
N (b) What geometric problem leads to the prob-
WT = —‘E(cos 0 — coséy), lem (a).
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Chapter9

9.1

Figure 9.1.1. The area of
the shaded region is
[bi(x)dx.

Applications of
Integration

Many physical and geometric quantities can be expressed as integrals.

Our applications of integration in Chapter 4 were limited to area, distance—
velocity, and rate problems. In this chapter, we will see how to use integrals to
set up problems involving volumes, averages, centers of mass, work, energy,
and power. The techniques developed in Chapter 7 make it possible to solve
many of these problems completely.

Volumes by the Slice
Method

The volume of a solid region is an integral of its cross-sectional areas.

By thinking of a region in space as being composed of “infinitesimally thin
slices,” we shall obtain a formula for volumes in terms of the areas of slices. In
this section, we apply the formula in a variety of special cases. Further
methods for calculating volumes will appear when we study multiple integra-
tion in Chapter 17.

We will develop the slice method for volumes by analogy with the
computation of areas by integration. If f and g are functions with f(x) < g(x)
on [a, b), then the area between the graphs of fand g is [%] g(x) — f(x)])dx (see
Section 4.6). We recall the infinitesimal argument for this formula. Think of
the region as being composed of infinitesimally thin strips obtained by cutting
with lines perpendicular to the x axis. Denote the vertical line through x by
L. ; the intersection of L, with the region between the graphs has length
I(x) = g(x) —f(x), and the corresponding “infinitesimal rectangle” with thick-
ness dx has area /(x)dx (= height X width) (see Fig. 9.1.1). The area of the
entire region, obtained by “summing” the infinitesimal areas, is

Lbl(x) dx=fab[ g(x) — f(x)] dx.

Given a region surrounded by a closed curve, we can often use
the same formula [%/(x)dx to find its area. To implement this, we posi-
tion it conveniently with respect to the axes and -determine a and b
by noting where the ends of the region are. We determine /(x) by using the ge-
ometry of the situation at hand. This is done for a disk of radius r in
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420 Chapter 9 Applications of Integration

Fig. 9.1.2. We may evaluate the integral [ 2yr* — x? dx by using integral
tables to obtain the answer 77, in agreement with elementary geometry. (One
can also readily evaluate integrals of this type by using the substitution

x = rcosf.)
¥
—
,
s
|
x X
Figure 9.1.2. Area of the 1
disk = [ ,2yr* = x7 dx. b 7

To find the volume of a solid region, we imagine it sliced by a family of
parallel planes: The plane P, is perpendicular to a fixed x axis in space at a
distance x from a reference point (Fig. 9.1.3).

The plane P, cuts the solid in a plane.region R, ; the corresponding
“infinitesimal piece” of the solid is a slab whose base is a region R, and whose
thickness is dx (Fig. 9.1.4). The volume of such a cylinder is equal to the area

Reference point

e

Figure 9.1.3. The plane P,
is at distance x from Py,.

Figure 9.1.4. An infinites-
imally thin slice of a solid.

of the base R, times the thickness dx. If we denote the area of R, by 4(x),
then this volume is A(x)dx. Thus the volumé of the entire solid, obtamed by
summing, is the integral 54 (x)dx, where the limits @ and b are determined
by the ends of the solid.

The Slice Method

Let S be a solid and P, be a family of parallel planes such that:

L. § lies between P, and P, ;
2. the area of the slice of S cut by P, is A(x).

Then the volume of S is equal to

/ *4 (x) dx.
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9.1 Volumes by the Slice Method 421

The slice method can also be justified using step functions. We shall see how
to do this below. N :

In simple cases, the areas A (x) can be computed by elementary geometry.
For more complicated problems, it may be necessary to do a preliminary
integration to find the 4 (x)’s themselves.

Example 1 Find the volume of a ball! of radius r.

Solution Draw the ball above the x axis as in Fig. 9.1.5.

~ region R of area 4(x)

Figure 9.1.5. The area of
the slice at x of a ball of
radius r is

A(x) = w(r* — x?).

Let the plane P, pass through the center of the ball. The ball lies

between P_, and P,, and the slice R, is a disk of radius r* — x? . The area of

the slice is 7 X (radius)’; ie., A(x)=aw({r?— x*)*= 7 (r* — x?). Thus the
volume is '

[y [ = yaems( - )

r

= f;’—.'7713. A

—r

Example 2 Find the volume of the conical solid in Fig. 9.1.6. (The base is a circle.)
Figure 9.1.7. |[DE|/|AB|

. %
-
‘ =|GE|/|GB| = |GF|/|GC| * 7DJE
. - s/
) ) by similar triangles. But /
Figure 9.1.6. Find the |AB| = r, |GC| = h, and e

volume of this oblique |GF| = h — x, and so ferlr —
A B

~ circular cone. |DE| = [(h — x)/H]r.

Solution We let the x axis be vertical and choose the family P, of planes such that P,
contains the base of the cone and P, is at distance x above P,. Then the cone
lies between P, and P,, and the plane section by P, is a disk with radius
[(h — x)/h)r and area =[(h — x)/h}r* (see Fig. 9.1.7). By the slice method,

VA sphere is the set of points in space at a fixed distance from a point. A ball is the solid region
enclosed by a sphere, just as a disk is the plane region enclosed by a circle.
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Example 3

Figure 9.1.8. Find the
volume of the wedge W.

Solution

Example 4

Solution

Chapter 9 Applications of Integration

the volume is
h h (h—x)z 2 art (k2 2
foA(x)dx=j;wTr dx=ﬁj(;(h — 2xh + x%)dx

|
= §‘7Tr2h.A

__‘777'2 2 x3
___h.z_[(h2 —hx)+—3—]o

Find the volume of the solid W shown in Fig. 9.1.8. It can be thought of as a
wedge-shaped piece of a cylindrical tree of radius r obtained by making
two saw cuts to the tree’s center, one horizontally and one at an
angle 6.

With the setup in Fig. 9.1.8, we slice W by planes to produce triangles R, of
area A(x) as shown. The base b of the triangle is b =r? — x?, and its height
is h=btand =y — x*tand. Thus, A(x)=1bh=1(r*— x})tanf. Hence,
the volume is ’

r r 3
f_rA (%) a'x=f_r—é-(r2 — x})tanfdx= %(tanﬂ)(rzx - xT)

r

—-r

=1 s_2r\_ 27
3 (tan0)(2r 3 ) 3 tand.
Notice that even though we started with a region with a circular boundary,
does not occur in the answer! A

A ball of radius r is cut into three pieces by parallel planes at a distance of r/3
on each side of the center. Find the volume of each piece.

The middle piece lies between the planes P_, 3 and P,; of Example 1, and
the area function is 4 (x) = 7 (r? — x?) as before, so the volume of the middle
piece is

r/3

—Fr

, 3
f/3 w(r’ — x*)dx= w(rzx—i)
ot 3
/3
Por_ry.52_:
81 3 )

r/3
- ”( 81

This leaves a volume of (4 — £2)ar® = £ ar* to be divided between the two
outside pieces. Since they are congruent, each of them has volume 2 7r’. (You
may check this by computing [7 7 (r> — x*)dx.) A

w3,

One way to construct a solid is to take a plane region R, as shown in Fig. 9.1.9
and revolve it around the x axis so that it sweeps out a solid region S. Such
solids are common in woodworking shops (lathe-tooled table legs), in pottery
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9.1 Volumes by the Slice Method 423

Revolve
Figure 9.1.9. S is the solid
of revolution obtained by
revolving the plane region
R about the x axis.

studios (wheel-thrown pots), and in nature (unicellular organisms).? They are
called solids of revolution and are said to have axial symmetry.

Suppose that region R is bounded by the lines x = a, x = b, and y = 0,
and by the graph of the function y = f(x). To compute the volume of S by the
slice method, we use the family of planes perpendicular to the x axis, with P,
passing through the origin. The plane section of S by P, is a circular disk of
radius f(x) (see Fig. 9.1.10), so its area 4 (x) is #[ f(x)]’. By the basic formula
of the slice method, the volume of § is

fabA(x)dx=fabﬂ[f(x)]2dx= 'frfab[f(x)]zdx.

fex)

Figure 9.1.10. The volume
of a solid of revolution
obtained by the disk
method.

We use the term “disk method” for this special case of the slice method since
the slices are disks.

Volume of a Solid of Revolution:
Disk Method

The volume of the solid of revolution obtained by revolving the region
under the graph of a (non-negative) function f(x) on [a, b] about the x
axis is

wfab[f(x)]de.

Example 5 The region under the graph of x? on [0, 1] is revolved about the x axis. Sketch
the resulting solid and find its volume.

Solution The solid, which is shaped something like a trumpet, is sketched in Fig. 9.1.11.

Figure 9.1.11. The volume
of this solid of revolution is
7 fy(x?)?dx.

2 See D’Arcy Thompson, On Growth and Form, abridged edition, Cambridge University Press
(1969).
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Example 6

Solution

Figure 9.1.12. The region
between the graphs of sin x
and x is revolved about the
X axis.

According to the disk method, its volume is

51

Vo r (g 2 | 2
wj(;(x)dx qrj(;xdx 5 S'A

0

The region between the graphs of sinx and x on [0, 7 /2] is revolved about the
x axis. Sketch the resulting solid and find its volume. ‘
The solid is sketched in Fig. 9.1.12. It has the form of a hollowed-out cone.

Y4

The volume is that of the cone minus that of the hole. The cone is obtained by
revolving the region under the graph of x on [0, 1] about the axis, so its
volume is

/2 5, _ ot
Wfo x“dx= 2
The hole is obtained by revolving the region under the graph of sinx on

[0, /2] about the x axis, so its volume is

wa/ %sinx dx = nfw/ 21-—cos2x ;. (since cos2x = 1 — 2sin’x)
o o 2

_ E_ _ _1_ . 7/2
= 77( ) 4sm2x)

0

=77(—Z——-0—0+0)=l:—;.

Thus the volume of our solid is 7*/24 — 7% /4~ 1.59. A

The volume of the solid obtained by rotating the region between the graphs of
two functions f and g (with f(x) < g(x) on [a, b]) can be done as in Example 6
or by the washer method which proceeds as follows. In Fig. 9.1.13, the volume
of the shaded region (the “washer™) is the area X thickness. The area of the
washer is the area of the complete disk minus that of the hole. Thus, the
washer’s volume is

(w[ g(x)]* - w[f(x)]2) dx.
Thus, the total volume is
4 (Lg = f(x)]) ax.

The reader should notice that this method gives the same answer as one finds
by using the method of Example 6.
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Figure 9.1.13. The washer
method.

Figure 9.1.14. A “stepwise
cylindrical” solid.

9.1 Volumes by the Slice Method 425

y.=gx)

Our formula for volumes by the slice method was introduced via infinites-
imals. A more rigorous argument for the formula is based on the use of upper
and lower sums.® To present this argument, we first look at the case where S is
composed of n cylinders, as in Fig. 9.1.14.

If the ith cylinder C; lies between the planes P, _, and P, and has
cross-sectional area k;, then the function A(x) is a step function on the
interval [x,, x,}; in fact, 4(x) = &, for x in (x;_, x;). Tt : volume of C; is the
product of its base area k; by its height Ax; = x; — x;_,, so the volume of the
total figure is 37_ k;Ax;; but this is just the integral [4(x)dx of the step
function 4 (x). We conclude that if S is a “stepwise cylindrical” solid between
the planes P, and P,, then

volume S = f bA (x)dx.

If S is a reasonably “smooth” solid region, we expect that it can be squeezed
arbitrarily closely between stepwise cylindrical regions on the inside and
outside. Specifically, for every positive number &, there should be a stepwise
cylindrical region S; inside § and another such region S, outside S such that
(volume S,) — (volume S)) < e If 4,(x) and A4,(x) are the corresponding
functions, then 4; and A4, are step functions, and we have the inequality
A(x) < A(x) < 4,(x), so

volume S; = fbA,-(x) dx <fbA (x)dx< fbAo(x) dx=volume S, .

Since S encloses S; and S, encloses S, volume S; < volume S < volume S,.
Thus the numbers (volume S) and [24 (x)dx both belong to the same interval
[(volume §)), (volume S,)], which has length less than e. It follows that the
difference between (volume S) and [%4(x)dx is less than any positive number
e; the only way this can be so is if the two numbers are equal.

Supplement to Section 9.1:
Cavalieri’s Delicatessen

The idea behind the slice method goes back, beyond the invention of calculus,
to Francesco Bonaventura Cavalieri (1598-1647), a student of Galileo and
then professor at the University of Bologna. An accurate report of the events
leading to Cavalieri’s discovery is not available, so we have taken the liberty of
inventing one.

3 Bven this justification, as we present it, is not yet completely satisfactory. For example, do we
get the same answer if we slice the solid a different way? The answer is yes, but the proof uses
multiple integrals (see Chapter 17).

Copyright 1985 Springer-Verlag. All rights reserved.
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Cavalieri’s delicatessen usunally produced bologna in cylindrical form, so
that the volume would be computed as 7 -radius®- length. One day, the
casings were a bit weak, and the bologna came out with odd bulges. The scale
was not working that day, either, so the only way to compute the price of the
bologna was in terms of its volume.

Cavalieri took his best knife and sliced the bologna into # very thin slices,

each of thickness Ax, and measured the radii r,,r,,...

, r, of the slices

(fortunately, they were round). He then estimated the volume to be
"_ mr?Ax;, the sum of the volumes of the slices.

Cavalieri was moonlighting from his regular job as a professor at the
University of Bologna. That afternoon, he went back to his desk and began
the book “Geometria indivisibilium continuorum nova quandum ratione
promota” (“Geometry shows the continuous indivisibility between new rations
and getting promoted™), in which he stated what is now known* as Cavalieri’s

principle:

If two solids are sliced by a family of parallel planes in such a way that
corresponding sections have equal areas, then the two solids have the same

volume.

The book was such a success that Cavalieri sold his delicatessen and
retired to a life of occasional teaching and eternal glory.

4 Honest!

Exercises for Section 9.1

In Exercises 1-4, use the slice method to find the

volume of the indicated solid.

(a) (b)

=

X

Ll ,

(c) (d)

Figure 9.1.15. The solids
for Exercises 1-4.

. The solid in Fig. 9.1.15(a); each plane section is

a circle of radius 1.

. The parallelepiped in Fig. 9.1.15(b); the base is a

rectangle with sides @ and b.

. The solid in Fig. 9.1.15(c); the base is a figure of

area A and the figure at height x has area
A, =[(h—x)/h4.

. The solid in Fig. 9.1.15(d); the base is a right

triangle with sides b and /.

. Find the volume of the tent in Fig. 9.1.16. The

plane section at height x above the base is a
square of side 1(6 — x)? — L. The height of the
tent is 5 feet.

Figure 9.1.16. Find the
volume of this tent.

6. What would the volume of the tent in the previ-

ous exercise be if the base and cross sections
were equilateral triangles instead of squares (with
the same side lengths)?

. The base of a solid § is the disk in the xy plane

with radius 1 and center (0,0). Each section of S
cut by a plane perpendicular to the x axis is an
equilateral triangle. Find the volume of S.
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10.

11

12.

13.
14.

Figure 9.1.17. Find the

. A plastic container is to have the shape of a

truncated pyramid with upper and lower bases
being squares of side length 10 and 6 centime-
ters, respectively. How high should the container
be to hold exactly one liter (= 1000 cubic centi-
meters)?

. The conical solid in Fig. 9.1.6 is to be cut by

horizontal planes into four pieces of equal vol-

ume. Where should the cuts be made? [Hint:

What is the volume of the portion of the cone

above the plane P, 7]

The tent in Exercise 5 is to be cut into two pieces

of equal volume by a plane parallel to the base.

Where should the cut be made?

(a) Express your answer as the root of a fifth-
degree polynomial.

(b) Find an approximate solution using the
method of bisection.

A wedge is cut in a tree of radius 0.5 meter by

making two cuts to the tree’s center, one horizon-

tal and another at an angle of 15° to the first.

Find the volume of the wedge.

A wedge is cut in a tree of radius 2 feet by

making two cuts to the tree’s center, one horizon-

tal and another at an angle of 20° to the first.

Find the volume of the wedge.

Find the volume of the solid in Fig. 9.1.17(a).

Find the volume of the solid in Fig. 9.1.17(b).

fraen]

(b)

volumes of these solids.

In Exercises 15-26, find the volume of the solid ob-
tained by revolving each of the given regions about the
x axis and sketch the region.

15.
16.

17.

18.
19.

The region under the graph of 3x + 1 on {0, 2}].
The region under the graph of 2 — (x — 1) on
[0,2].

The region under the graph of cosx+1 on
(0,27}

The region under the graph of cos2x on [0, 7 /4].
The region under the graph of x(x — 1)* on
(1,21

20.

21.

22.

23.

24.
25.

26.

*27.

Figure 9.1.18. Cross section

9.1 Volumes by the Slice Method 427

The region under the graph of V4 — 4x% on
[0, 1].

The semicircular region with center (a,0) and
radius r (assume that 0 < r < a, y > 0).

The region between the graphs of y3 — xZ and
5 4+ x on [0, 1]. (Evaluate the integral using geo-
metry or the tables.)

The square region with vertices (4,6), (5,6),
(5,7), and (4,7).

The region in Exercise 23 moved 2 units upward.
The region in Exercise 23 rotated by 45° around
its center.

The triangular region with vertices (1,1), (2,2),
and (3, 1).

A vase with axial symmetry has the cross section
shown in Fig. 9.1.18 when it is cut by a plane
through its axis of symmetry. Find the volume of
the vase to the nearest cubic centimeter.

Axis of
of a vase. symmetry
*28. A right circular cone of base radius r and height

*29.

*30.

*31.
*32.

14 is to be cut into three equal pieces by parallel

planes which are parallel to the base. Where

should the cuts be made?

Find the formula for the volume of a doughnut

with outside radius R and a hole of radius ».

Use the fact that the area of a disk of radius r is

mr? = [ 2 — xZ dx to compute the area in-

side the ellipse y2/4 + x> = r2

Prove Cavalieri’s principle.

Using Cavalieri’s principle, without integration,

find a relation between the volumes of:

(a) a hemisphere of radius 1;

(b) a right circular cone of base radius 1 and
height 1;

() aright circular cylinder of base radius 1 and
height 1.

[Hint: Consider two of the solids side by side as

a single solid. The sum of two volumes will equal

the third.]
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9.2

Figure 9.2.1. The solid S is
obtained by revolving the
plane region R about the y

axis.

Figure 9.2.2. The volume of

the cylindrical shell is

2axf(x)dx.

Example 1

Volumes by the Shell
Method

A solid of revolution about the y axis can be regarded as composed of cylindrical
shells. :

In the last section, we computed the volume of the solid obtained by
revolving the region under the graph of a function about the x axis. Another
way to obtain a solid S is to revolve the region R under the graph of a
non-negative function f(x) on [a, b] about the y axis as shown in Fig. 9.2.1.
We assume that 0 < a < b.

y
. r=f
-l V/ 2
/R
a b x

To find the volume of S, we use the method of infinitesimals. (Another
argument using step functions is given at the end of the section.) If we rotate a
strip of width dx and height f(x) located at a distance x from the axis of
rotation, the result is a cylindrical shell of radius x, height f(x), and thickness
dx. We may “unroll” this shell to get a flat rectangular sheet whose length is

2ax, the circumference of the cylindrical shell (see Fig. 9.2.2). The volume of

the sheet is thus the product of its area 2xf(x) and its thickness dx. The total
volume of the solid, obtained by summing the volumes of the infinitesimal
shells, is the integral [%27xf(x)dx. If we revolve the region between the graphs
of f(x) and g(x), with f(x) < g(x) on [a,b], the height is g(x) — f(x), and so
the volume is 27 [2x[ g(x) — f(x)]dx.

¥y

revolve unroil
. s

C__/Ih\
1
1
|

Ny

2mwx
\

The region under the graph of x? on [0, 1] is revolved about the y axis. Sketch
the resulting solid and find its volume.

Solution The solid, in the shape of a bowl, is sketched in Fig. 9.2.3. Its volume is

1

4
ZVrflx- x2dx =277f1x3dx=277£—
) )

_
§| =24

0
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Figure 9.2.3. Find the
volume of the “bowl-like”
solid.

Example 2

Solution

Example 3

Solution

9.2 Volumes by the Sheli Method 429

Volume of a Solid of Revolution:
Shell Method

The volume of the solid of revolution obtained by revolving about the y
axis the region under the graph of a (non-negative) function f(x) on
[a,b] (O < a < b)is

2Wbef(X) dx.

If the region between the graphs of f(x) and g(x) is revolved, the
volume is

277be[ g(x) —f(x)] dx.

Find the capacity of the bowl in Example 1.

The capacity of the bowl is the volume of the region obtained by rotating the
region between the curves y = x> and y = 1 on [0, 1] around the y axis.

By the second formula in the box above, with f(x) = x* and g(x) = 1, the
volume is

1

4]

2 4
2wf’x(1—x2)dx=2wf‘(x—x3)dx=2w(-xz——-’-‘4-) A
0 0

ki
> -

We could have found the capacity in Example 2 by subtracting the result of
Example 1 from the volume of the right circular cylinder with radius 1 and
height 1, namely mr*h = 7. Another way to find the capacity is by the slice
method, using y as the independent variable. The slice at height y is a disk of

radius x =vy, so the volume is_
i 2, i _1 21__£
J;w(\/;) dy—fo 7y dy= >y R

Sketch and find the volume of the solid obtained by revolving each of the
following regions about the y axis: (a) the region under the graph of e* on
[1,3]; (b) the region under the graph of 2x*>+ 5x + 1 on [0, 1].

(a) Volume = 27/ 3xe*dx. This integral may be evaluated by integration by
parts to give 27 (xe* [} — [3e*dx) = 2aw[e*(x — 1)]|} = 47me>. (see Fig. 9.2.4(a)).
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Figure 9.2.4. Find the
volume of the shaded
solids.

Example 4

Figure 9.2.5. The flying
saucer.

Solution

Example 5

Solution

Figure 9.2.6. A ball with a
hole drilled through it.

Chapter 9 Applications of Integration

y=2345x+ 1

2%° L 5% 2| 277
5+3+2]—-77.

(b) Volume = 27 f ' (2x? + 5x + Ddx = 2
0 15

(See Fig. 9.2.4(b)). A

Find the volume of the “flying saucer” obtained by rotating the region
between the curves y = —1(1 — x*) and y = 1(1 — x°) on [0, 1] about the y
axis.

S

See Fig. 9.2.5. The height of the shell at radius x is 1(1 — x%) + (1 — x*)
=(5/12) — (x%/6) — (x*/4), so the volume is

o6 4 24 2 )|,
_ S _ 1 1N_1=
“2”<24 43 24) 24 A

A hole of radius r is drilled through the center of a ball of radius R. How
much material is removed?

See Figure 9.2.6. The shell at distance x from the axis of the hole has height

6-——— >

R?_x2

et —pe]

P
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Example 6

Solution

Figure 9.2.7. The disk
(x—42+yr< lis
revolved about the y axis.

9.2 Volumes by the Shell Method 431

2YR? — x?. The shells removed have x running from O to r, so their total
volume is

r '.2 2
27 [ 2x/R* ~ x° dx=277f Rz—udu=2w{——§-(R2-u)3/2| ]
0 0 1o

_4 3 p2_ 32
—377[R (R>~ 12 ]
_i 5 3 _I‘_Z 3/2
—37TR 1 (1 R2) .

Notice that if we set r = R, we get £7R>; we then recover the formula for the
volume of the ball, computed by the shell method. A

The disk with radius 1 and center (4, 0) is revolved around the y axis. Sketch
the resulting solid and find its volume.

The doughnut-shaped solid is shown in Fig. 9.2.7.> We observe that if the solid
is sliced in half by a plane through the origin perpendicular to the y axis, the
top half is the solid obtained by revolving about the y axis the region under

the semicircle y = \/1 —(x- 4)2 on the interval [3, 5].

(x—42+y2=]

The volume of that solid is

5 2

277[3 xy1 = (x — 4)2 dx
=2qrf1](u+4)\/l—u2du (u=x—4)
=2wf11\/1 — W udu+ 877[11\/1 —u? du.

Now [* V1 — 4 udu = 0 because the function f(u) =1 — u* u is odd: f(—u)
= < f(u) so that [° | f(u)du is exactly the negative of [} f(u)du.

On the other hand, [1 V1 — u? du is just the area of a semicircular region
of radius 1—that is, # /2—so the volume of the upper half of the doughnut is
87 - (7/2) = 47, and the volume of the entire doughnut is twice that, or 872
(Notice that this is equal to the area # of the rotated disk times the
circumference 8« of the circle traced out by its center (4,0).) A

3Mathematicians call this a solid torus. The surface of this solid (an “inner tube”) is a forus.
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Figure 9.2.8. The volume of
a solid of revolution
obtained by the shell
method.

Chapter 9 Applications of Integration

We conclude this section with a justification of the shell method using step
functions. Consider again the solid § in Fig. 9.2.1. We break the region R into
thin vertical strips and rotate them into shells, as in Fig. 9.2.8.

What is the volume of such a shell? Suppose for a moment that f has the

y ¥y

<=, /

constant value k; on the interval (x;_,, x;). Then the shell is the “difference” of
two cylinders of height k;, one with radius x; and one with radius x;_,. The
volume of the shell is, therefore, mxZ, — wx?_ k; = 7k, (x? — x?_,); we may
observe that this last expression is [} _2wk;x dx.

If fis a step function on [a, b], with partition (x,, . . ., x,) and f(x) = k;
on (x;_;,x;), then the volume of the collection of n shells is

[ 2akx dx;

i=1vYX-

but k; = f(x) on (x;_,,Xx;), so this is
> fx.» 2axf(x)dx,
i=1v%X-1

which is simply [52m7xf(x)dx. We now have the formula
volume = 27rfbxf(x) dx,

which is valid whenever f(x) is a step function on [a,b]. To show that the
same formula is valid for general f, we squeeze f between step functions above
and below using the same argument we used for the slice method.

Exercises for Section 9.2

In Exercises 1-12, find the volume of the solid obtained 9.
by revolving each of the following regions about the y

axis and sketch the region.

The square region with vertices (4,6), (5,6),
6,7, and (4,7).
10. The region in Exercise 9 moved 2 units upward.

1.
2.
3.

4.

The region under the graph of sinx on [0, 7].
The region under the graph of cos2x on [0, 7 /4].
The region under the graph of 2 — (x — 1)* on
[0,2].

The region under the graph of V4 — 4x% on
[0, 13.

. The region between the graphs of 3 — x> and

5+ xon[0,1]

. The region between the graphs of sinx and x on

[0,7/2].

. The circular region with center (a, 0) and radius r

O<r<a).

. The circular region with radius 2 and center

(6,0).

11.

12.

13.

14.

15.

The region in Exercise 9 rotated by 45° around
its center.
The triangular region with vertices (1, 1), (2,2),
and (3, 1).

The region under the graph of yx on [0,1] is
revolved around the y axis. Sketch the resulting
solid and find its volume. Relate the result to
Example 5 of the previous section.

Find the volume in Example 4 by the slice
method.

A cylindrical hole of radius } is drilled through
the center of a ball of radius 1. Use the shell
method to find the volume of the resulting solid.

Copyright 1985 Springer-Verlag. All rights reserved.



9.3 Average Values and the Mean Value Theorem for Integrals 433

16. Find the volume in Exercise 15 by the slice
method.

17. Find the volume of the solid torus obtained by
rotating the disk (x — 3)? + y? < 4 about the y
axis.

18. Find the volume of the solid torus obtained by
rotating the disk x2+ (y — 5 < 9 about the x
axis.

19. A spherical shell of radius » and thickness #4 is,
by definition, the region between two concentric
spheres of radius r — A/2 and r + h/2.

(a) Find a formula for the volume V(r,h) of a
spherical shell of radius » and thickness 4.

(b) For fixed r, what is (d/dh)V(r,h) when
h = 07 Interpret your result in terms of the
surface area of the sphere.

20. In Exercise 19, find (d/dr)V(r, k) when A is held
fixed. Give a geometric interpretation of your
answer.

9.3 Average Values and

*21. (a) Find the volume of the solid torus T, , ob-
tained by rotating the disk with radius ¢ and
center (b, 0) about the y axis, 0 < a < b.
(b) What is the volume of the region between
the solid tori T,, and T,,,,, assuming
O<a+h<b?
(c) Using the result in (b), guess a formula for
the area of the torus which is the surface of
T, . (Compare Exercise 19).
*22. Let f(x) and g(y) be inverse functions with f(a)
=a, f(b)=B,0< a < b,0< a < f. Show that

277] B ye(y)dy= bnB? — ama® — wfb[f(x)]zdx.

Interpret this statement geometrically.

%23. Use Exercise 22 to compute the volume of the
solid obtained by revolving the graph y =
0s™'x, 0 < x < 1, about the x axis.

the Mean Value Theorem for Integrals

The average height of a region under a graph is its area divided by the length of

the base.

The average value of a function on an interval will be defined in terms of an

integral, just as the average or mean of a list a;,...,

a, of n numbers is

defined in terms of a sum as (1/7)32)7_ 4.

If a grain dealer buys wheat from » farmers, buying b, bushels from the
ith farmer at the price of p; dollars per bushel, the average price is determined
not by taking the simple average of the p/s, but rather by the “weighted

average’:

_ Xi-1P:b; _

total dollars

14 average

2i-1b;

total bushels

If a cyclist changes speed intermittently, travelling at v, miles per hour
from ¢, to ¢, v, miles per hour from ¢, to ¢,, and so on up to time ¢,, then the

average speed for the trip is
=10t —

i) _ total miles

O

If, in either of the last two examples, the b,’s or (¢, —

average = n —
o

t,_,)  totalhours

t,_,)’s are all equal,

then the average value is simply the usual average of the p;’s or the v/’s.

If fis a step function on [a, b] and we have a partition (xy,x, ..., X,)
with f(x) = k; on (x;_, x;), then the average value of f on the interval [a b] 18
defined to be

_— " kAx,

i=1" i
JDian = S x5 (M

In other words, each interval is weighted by its length.
How can we define the average value of a function which is not a step
function? For instance, it is common to talk of the average temperature at a
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place on earth, although the temperature is not a step function. We may
rewrite (1) as

__ bf(x)dx
J(®) (o = ‘fifb‘(:‘)“a_ > ()

and this leads us to adopt formula (2) as the definition of the average value for
any integrable function f, not just a step function.

Average Value

If the function f has an integral on [a, b], then the average value f(x)[ 4
of f on [a,b] is defined by the formula

) tan = 'b—};fabf(x) dx.

Example 1 Find the average value of f(x) = x? on [0,2].
Solution By definition, we have

21 2o, 11357 _4
x[0’2]—2_0j(;xdx 5 3x0 3
Example 2 Show that if v = f(¢) is the velocity of a moving object, then the definition of

Dy, agrees with the usual notion of average velocity.

A

Solution By the definition,

I
Oian “b““:;fa”d"

but [bvdt is the distance travelled between :=a and t=b, 50 By, =
(distance travelled)/(time of travel), which is the usual definition of average
velocity. A

Example 3 Find the average value of y1 —x* on[—1,1].

Solution By the formula for average values, Y1 — x* _, ;= (f1 V1 — x* dx)/2; but
fL W1 — x? dx is the area of the upper semicircle of x* + y> = 1, which is 1,

so Y1 — le—l,l] =7/4~0785. A

Example 4 Find x’sin x>y,

Solution x%sin(x?) (g = ;17— fowxzsin x3dx
3
=L (Minu (substituting u = x°)
mJ0 3
1 7'3
=3 (—cosu) .
1 3
= 3;(1 — COST )z0.0088. A
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Figure 9.3.1. The average
value is defined so that the
area of the rectangle equals
the area under the graph.
The dots on the x axis
indicate places where the
average value is attained.

Example 5

Solution

9.3 Average Values and the Mean Value Theorem for Integrals 435

We may rewrite the definition of the average value in the form

fabf(x)dx= F*) as(b — @),

and the right-hand side can be interpreted as the integral of a constant
function:

fabf(x) dx= fabm[a,b] dx.

Geometrically, the average value is the height of the rectangle with base
[a,b] which has the same area as the region under the graph of f (see Fig.
9.3.1). Physically, if the graph of f is a picture of the surface of wavy water in
a narrow channel, then the average value of f is the height of the water when it
settles.

An important property of average values is given in the following state-
ment:

If m < f(x) < M for all x in [a,b], then m < f(x),, < M.

Indeed, the integrals | bmdx and [2M dx are lower and upper sums for f on
[a,b], so

m(b — a) <fabf(x)dx< M(b - a).

Dividing by (b — a) gives the desired result.

By the extreme value theorem (Section 3.5), f(x) attains a minimum value
m and a maximum value M on [a,b]. Then m < f(x) < M for x in [a,b], so
-ﬁkﬁ)[a,b] lies between m and M, by the preceding proposition. By the first
version of the intermediate value theorem (Section 3.1), applied to the interval
between the points where f(x) = m and f(x) = M, we conclude that there is a
X, in this interval (and thus in [a,b]), such that f(xq) = f(X)(44)-

In other words, we have proved that the average value of a continuous
function on an interval is always attained somewhere on the interval. This
result is known as the mean value theorem for integrals.

Mean Value Theorem for integrals

Let f be continuous on [a, b]. Then there is a point x in (a, b) such that

Jo) = 5 [ fx)dx.

Notice that in Fig. 9.3.1, the mean value is attained at three different points.

Give another proof of the mean value theorem for integrals by using the
fundamental theorem of calculus and the mean value theorem for derivatives.

Let f be continuous on [a, b], and define F(x) = [Zf(s)ds. By the fundamental
theorem of calculus (alternative version), F'(x) = f(x) for x in (a, b). (Exercise
29 asks you to verify that F is continuous at ¢ and b—we accept it here.) By
the mean value theorem for derivatives, there is some x, in (a,b) such that

F(b) — F(a)

F'(xg) = Py
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Substituting for F and F' in terms of f, we have

f(x) =

[of(x)dx = [af(x)dx _ ffx)dx
b—a b

= W[a,bl ’

—a

which establishes the mean value theorem for integrals. A

Exercises for Section 9.3

In Exercises 1-4, find the average value of the given
function on the given interval.

L.

x> on [0, 1] 2. x*+1on[l2]

22

. Show that if a < b < ¢, then

T(t—){a,cl = ( fj-}f} )_f_m{a,b]

3. x/(x*+ 1)on[1,2] 4. cos’sinx on [0,7/2]

Calculate each of the average values in Exercises 5-16.

*23.

5. X302 6. 2+ 22+ 1[5
7. 1/(1'}'[2){_],1} 8. [()C3+X""2)/(X2+ 1)1[..1’”
9. sin~ X 10. sin~'x;_y /29

13.

15.
17.

65 1
60
551+
50

. 81N X €08 2X[g /2]

12. (x2 + x— I)Sinx[O,w/tﬂ

2 Hy1/x 14. Y1 =0y

Sin2X[0’,”] 16. —H'I_X[ 1,el

What was the average temperature in Goose
Brow on June 13, 18577 (See Fig. 9.3.2).

*24.

*25.

*26.

*27.

+(c—b)m[b,d )

c—a

How is the average of f(x) on [a,b] related to
that of f(x)+ k for a constant k? Explain the
answer in terms of a graph.

If f(x)=g(x)+ h(x) on [a,b], show that the
average of f on [a,b] is the sum of the averages
of g and 4 on [a, b].

Suppose that f’ exists and is continuous on [a, b].
Prove the mean value theorem for derivatives
from the mean value theorem for integrals.

Let f be defined on the real line and let

a(x) = f(x)[o,x]-

(a) Derive the formula
a'(x)=(1/x)[f(x) = a(x)}.

(b) Interpret the formula in the cases f(x)
= a(x), f(x) < a(x), and f(x) > a(x).

(c) When baseball players strike out, it lowers
their batting average more at the beginning
of the season than at the end. Explain why.

The geometric mean of the positive numbers

ap, -
a; -+

-,a, is the nth root of the product
a,. Define the geometric mean of a posi-

i i 1 ! i { Il 1
T 1 t 1 T T !

1 T
3AM 6AM 9aM Noon 3PM 6PM 9PM Midnight
Midnight

Figure 9.3.2. Temperature
in Goose Brow on June 13,
1857.

*28.

tive function f(x) on [a,b]. [Hint: Use loga-
rithms.] )

(a) Use the idea of Exercise 27 to prove the
arithmetic—geometric mean inequality (see Ex-
ample 12, Section 3.5). [Hint: Use the fact that
e* is concave upwards.] (b) Generalize from

18.

19.

20.

2L
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Find the average temperature in Goose Brow
(Fig. 9.3.2) during the periods midnight to 3p.M.
and 3p.M. to midnight. How is the average over
the whole day related to these numbers?

(2) Find 2+ 3r+2, as a function of x.
(b) Evaluate this function of x for x = 0.1, 0.01,
0.0001. Try to explain what is happening.

Find cosf,,,+¢) as a function of § and evaluate
the limit as 8 > 0.

Show that if f'(x)[4s = O then f(b) = f(a).

*29.

#30

numbers to functions.

If f is continuous on [a,b] and F(x) = [7f(s)ds,
verify directly using the definition of continuity
in Section 11.1 that F is continuous on [a, b].

. (a) At what point of the interval [0,4] is the

average value of e* achieved?

(b) Denote the expression found in part (a) by

p(a). Evaluate p(a) for a =1, 10, 100, 1000
and a = 0.1, 0.01, 0.0001, and 0.000001. Be
sure that your answers are reasonable.

{(c) Guess the limits lim,,op(a)/a and

lim, o0 p(a)/ 2.
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9.4

Figure 9.4.1. The plate
balances when supported at
its center of mass.

_I,:_——I'—_."_‘IZ—’L

my my
|
1|

Figure 9.4.2. The support is
at the center of mass when
mll 1= m212.

X2

x|

my My

|

Figure 9.4.3. The center of
mass is at X if my(X — xy)
= mz(xz hand .Y)

9.4 Center of Mass 437

Center of Mass

The center of mass of a region is the point where it balances.

An important problem in mechanics, which was considered by Archimedes, is
to locate the point on which a plate of some given irregular shape will balance
(Fig. 9.4.1). This point is called the center of mass, or center of gravity, of the
plate. The center of mass can also be defined for solid objects, and its
applications range from theoretical physics to the problem of arranging wet
towels to spin in a washing machine.

Plate

Center of mass

To give a mathematical definition of the center of mass, we begin with
the ideal case of two point masses, m, and m,, attached to a light rod whose
mass we neglect. (Think of a see-saw.) If we support the rod (see Fig. 9.4.2) at
a point which is at distance /, from m,; and distance /, from m,, we find that
the rod tilts down at m, if m,/; > m,l, and down at m, if m,l; < myl,. It
balances when

myly = myl,.

O
One can derive this balance condition from basic physical principles, or one
may accept it as an experimental fact; we will not try to prove it here, but
rather study its consequences.

Suppose that the rod lies along the x axis, with m, at x, and m, at x,. Let
X be the position of the center of mass. Comparing Figs. 9.4.2 and 9.4.3, we
see that /; =X —x,; and /,=x, — X, so formula (1) may be rewritten as
my (X — x1) = m,(x, — X). Solving for X gives the explicit formula

7= myx; + myx, (2)

We may observe that the position of the center of mass is just the
weighted average of the positions of the individual masses. This suggests the
following generalization.

m,+m2

Center of Mass on the Line

If n masses, m;,m,, ..., m,, are placed at the points x,x,, ..., X,,
respectively, their center of mass is located at
n
- _ i= 11X
% =S5 3)
i=1""%

We may accept formula (3), as we did formula (1), as a physical fact, or we
may derive it (see Example 1) from formula (2) and the following principle,
which is also accepted as a general physical fact.
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Example 1

Solution

Figure 9.4.4. Center of
mass of three points by the
consolidation principle.

Example 2

Solution

Consolidation Principle

If a body B is divided into two parts, B, and B,, with masses M, and
M,, then the center of mass of the body B is located as if B consisted of
two point masses: M, located at the center of mass of B;, and M,
located at the center of mass of B,.

Using formula (2) and the consolidation principle, derive formula (3) for the
case of three masses.

We consider the body B consisting of m,, m,, and m, as divided into Bj,
consisting of m, and m,, and B,, consisting of m; alone. (See Fig. 9.4.4.)

Bl BZ
my my ms
L 1 1
U T 1
X1 X; X2 X3

By formula (2) we know that X, the center of mass of B, is given by

mix; + myx,
X =—==
my + m,

The mass M, of B, is m, + m,. The body B, has center of mass at X, = x,
and mass M, = m;. Applying formula (2) once again to the point masses M,
at X, and M, at X, gives the center of mass X of B by the consolidation
principle:
mx, + myx,
(my + my) ——) + myx,
M\X,+ M)X, m; + m,

YTTM M, (my + my) + m;

mix; + myx, + myxy

>

my+ my+ my

which is exactly formula (3) forn =3. A

Masses of 10, 20, and 25 grams are located at x;, =0, x, =5, and x; =12
centimeters, respectively. Locate the center of mass.

Using formula (3), we have

10(0) + 20(5) + 25(12) 400 20

X = 10520 725 =55 =1 =~ 7.27 centimeters. A
Now let us study masses in the plane. Suppose that the masses m;,m,, . .., m,
are located at the points (x;, yy), ..., (x,, y,). We imagine the masses as

being attached to a weightless card, and we seek a point (X, ) on the card
where it will balance. (See Fig. 9.4.5.)

To locate the center of mass (X, ¥), we note that a card which balances
on the point (X, y) wilt certainly balance along any line through (X, ). Take,
for instance, a line parallel to the y axis (Fig. 9.4.6). The balance along this
line will not be affected if we move each mass parallel to the line so that m;,
m,, my, and m, are lined up parallel to the x axis (Fig. 9.4.7).

Copyright 1985 Springer-Verlag. All rights reserved.



Figure 9.4.5. The card
balances at the center of
mass.

Figure 9.4.7. Moving the
masses parallel to a line
does not affect the balance
along this line.

Example 3

Solution

9.4 Center of Mass 439

an

) my Cge ¥a)
(xy. ) / 5.
m my
. d
(%, )
—————— ms my
/ ° (x3.p3)
r /
// * Y my x x
my * Figure 9.4.6. If the card

balances at a point, it
balances along any line
through that point.

Now we can apply the balance equation (3) for masses in a line to
conclude that the x component X of the center of mass is equal to the
weighted average

%= Ei;l—-lmixi
i=1M;
of the x components of the point masses.
Repeating the construction for a balance line parallel to the x axis (we
urge you to draw versions of Figs. 9.4.6 and 9.4.7 for this case), and applying
formula (3) to the masses as lined up parallel to the y axis, we conclude that

n

i=1"Y;
. .
i=117

y=

These two equations completely determine the position of the center of mass.

Center of Mass in the Plane

If n masses, m;,m,, ..., m,, are placed at the n points (x,, Y0
(X3, y9), - - .5 (X,, p,), respectively, then their center of mass is located at
(X, y), where

2= 1My

and y= o ©)

Masses of 10, 15, and 30 grams are located at (0,1), (1,1), and (1,0). Find
their center of mass.

Applying formula (4), with m; = 10, m, = 15, m; =30, x, =0, x, =1, x;, = 1,
yi=1,py,=1, and y; = 0, we have

=_10-0+15-14+30-1 _ 9
x= =11

10+ 15+ 30
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Example 4
Solution
y
0.1
0.1¢ AR
@
I 2
(0,0) (1,0

Figure 9.4.8. The center of
mass of these four weighted
points is located at (3,%)-

Figure 9.4.9. The axes of
symmetry of various
geometric figures.

Chapter 8 Applications of Integration

and

__10-1+15-1430-0 _ 5
Y 10+ 15+ 30 11’

so the center of mass is located at ({,5). A

Particles of mass 1, 2, 3, and 4 are located at successive vertices of a unit
square. How far from the center of the square is the center of mass?

We take the vertices of the square to be (0,0), (1,0), (1, 1), and (0, 1). (See Fig.
9.4.8.) The center is at (4,4) and the center of mass is located by formula (4):

5o 1:0+2-1+43-1+4-0_1
1+2+3+4 27

C_1-0+2-0+3-1+4-1_ 17

Y 1+2+3+4 10

It is located % unit above the center of the square. A

We turn now from the study of center of mass for point masses to that for flat
plates of various shapes.

A flat plate is said to be of uniform density if there is a constant p such
that the mass of any piece of the plate is equal to p times the area of the piece.
The number p is called the density of the plate. We represent a plate of
uniform density by a region R in the plane; we will see that the value of p is
unimportant as far as the center of mass is concerned.

A line [ is called an axis of symmetry for the region R if the region R is
taken into itself when the plane is flipped 180° around / (or, equivalently,
reflected across /). For example, a square has four different axes of symmetry,
a nonsquare rectangle two, and a circle infinitely many (see Fig. 9.4.9). Since a
region will obviously balance along an axis of symmetry /, the center of mass
must lie somewhere on /.

N s
N\ / e
N\, ™~ |
i -
\\\ // N X
X N
P AN
// \\ - 4 E ~.
s . e
i N
/ ~

(e) (f)

Symmetry Principle

If / is an axis of symmetry for the plate R of uniform density, then the
center of mass of R lies on /.

If a plate admits more than one axis of symmetry, then the center of mass
‘must lie on all the axes. In this case, we can conclude that the center of mass
lies at the point of intersection of the axes of symmetry. Looking at parts (a)
through (d) of Fig. 9.4.9, we see that in each case the center of mass is located
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at the “geometric center” of the figure. In case (e), we know only that the
center of mass is on the altitude; in case (f), symmetry cannot be applied to
determine the center of mass.

Using infinitesimals, we shall now derive formulas for the center of mass
of the region under the graph of a function f, with uniform density p. As we
did when computing areas, we think of the region under the graph of f on
[a, b] as being composed of “infinitely many rectangles of infinitesimal width.”
The rectangle at x with width dx has area f(x)dx and mass pf(x)dx; its center
of mass is located at (x,4 f(x)) (by the symmetry principle) (see Fig. 9.4.10).
[The center of mass is “really” at (x + 1dx,1f(x)) but since the region is
infinitesimally thin, we use (X, f(x))—a more careful argument is given in the
supplement to this section.]

Figure 9.4.10. The
“infinitesimal rectangle”
has mass pf(x)dx and
center of mass at (x,3f(x)). T v

Now we apply the consolidation principle, but instead of summing, we
replace the sums in formula (4) by integrals and arrive at the following result:

[oxpf(x)dx _ [oxf(x)dx
bof(x)dx  [of(x)dx ’
Lol foef(xydx L L8[ f(x)] dx

= - = - ; (p cancels since it is constant).
aPf(x)dx Jaf(x)dx
Since the center of mass depends only upon the region in the plane, and
not upon the density p, we usually refer to (X, ¥) simply as the center of mass
of the region.

x

1

Center of Mass of the
Region under a Graph

The center of mass of a plate of uniform density represented by the
region under the graph of a (non-negative) function f(x) on [a,b] is
located at (X, y), where

Jeofede g 5o Helfo] e 5)
faf(x)dx faf(x)dx

x:

Example 5 Find the center of mass of the region under the graph of x? from 0 to 1.
Solution By formulas (5), with f(x) = x% a=0,and b =1,
__3foxtdx 1710 _ 3

Pdx 173 4 T T ax 173 107
so the center of mass is located at (2,2). (See Fig. 9.4.11.) (You can verify
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this result experimentally by cutting a figure out of stiff cardboard and seeing
where it balances.) A

i

Figure 9.4.11. The center of
mass of the shaded region
is located at (3,3).

Example 6 Find the center of mass of a semicircular region of radius 1.

Solution We take the region under the graph of y1 — x? on [—1, 1]. Since the y axis is
an axis of symmetry, the center of mass must lie on this axis; that is, X = 0.

(You can also calculate [',xy1 — x? dx and find it to be zero.) By equa-
tion (5), :

%f‘—l(l ——xz)dx
f‘—l 1— x? dx

The denominator is the area w/2 of the semicircle. The numerator is
A= x¥de=1[x—x3/3]|L, =2, 50

Figure 9.4.12. The center of 2/3 4

y:

mass of the semicircular y= ,”_/_2' = 37 ~0.42,
region is located at
(0,4/3m). and so the center of mass is located at (0,4/37) (see Fig. 9.4.12). A

Using the consolidation principle, we can calculate the center of mass of a
region which is not under a graph by breaking it into simpler regions, as we
did for areas in Section 4.

Example 7 Find the center of mass of the region consisting of a disk of radius 1 centered
at the origin and the region under the graph of sinx on (27, 37).

Solution The center of mass of the disk is at (0,0), since the x and y axes are both axes
of symmetry. For the region under the graph of sinx on [2#,3], the line
x = 37 is an axis of symmetry. To find the y coordinate of the center of mass,
we use formula (5) and the identity sin*c = (1 — cos2x)/2 to obtain

1 foasin’xdx  3(x/2- sin2x /4)|57 (/2 7/2

o
: = = ~0.393.
37sin x dx — cosx[37 2 8

(Notice that this region is more “bottom heavy” than the semicircular region.)
By the consolidation principle, the center of mass of the total figure is the
same as one consisting of two points: one at (0,0) with mass p7 and one at
(37,7 /8) with mass 2p. The center of mass is, therefore, at (X, 7), where
pr-0+20-37 s, - _pr-0+20-7/8 w/4

om + p2 T 2+ and j= pm + p2 244

X =

Hence (%, y) is approximately (3.06, 0.15) (see Fig. 9.4.13): A
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Figure 9.4.13. The center of
mass is found by the
consolidation principle.

Figure 9.4.14. The center of
mass of the shaded region
is obtained by the
consolidation principle.

9.4 Center of Mass 443

Center of mass Center of mass
of total region of this part

Supplement to Section 9.4:
A Derivation of the Center of Mass Formula (5) Using Step
Functions

We begin by considering the case in which f is a step function on [a, b] with
f(x) > 0 for x in [a,b]. Let R be the region under the graph of f and let
(xg, . . ., x,) be a partition of [a,b] such that f is a constant k; on (x;_;,X;).
Then R is composed of n rectangles R, . . ., R, of areas k,(x; ~ x;_) = k,Ax,
and masses pk;Ax; = m,. By the symmetry principle, the center of mass of R; is
located at (X;, 7;), where X; = 1(x;_; + x;) and y; = 1 k;. (See Fig. 9.4.14.)

y ¥ =f(x)

1
(305 +x2),3k5)

Now we use the consolidation principle, extended to a decomposition into
n pieces, to conclude that the center of mass of R is the same as the center of
mass of masses m, ..., m, placed at the points (X, y)), ..., (X,, §,). By
formula (4), we have, first of all,

SiomX; SiapkAx 3(x oy + %) ]
=11 =10k Ax;
We wish to rewrite the numerator and denominator as integrals, so that
we can eventually treat the case where f is not a step function. The denomina-

tor is easy to handle, Factoring out p gives p>.7..k,Ax;, which we recognize as
pf Zf(x) dx, the total mass of the plate. The numerator of X equals

%PZ k(X = X)) (% + X)) = %P.Zl ki(xi2 - xiz—l)'

i=1

:'xu=

We notice that k(x?— x7_|)= [} _2kxdx, which we can also write as
[ 2xf(x)dx, sitice f(x) = k; on (x;_y, ;). Now the numerator of X becomes

Lo [ axf(ydn= Lo ["2xf(x)dx=p ["xf(x)dx,

i=1vXi-1

and we have
pfoxf(x)dx _ [oxf(x)dx
plaf(xydx  [of(x)dx

X = (cancelling p).
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To find the y coordinate of the center of mass, we use the second half of
formula (4):

- 27=1mi)_"i — E’i;lpkiAxi(%ki)

YT Sm T T Sk
The denominator is the total mass p[2f(x)dx, as before. The numerator is
1pS"_ k?Ax;, and we recognize 3)7_ ,k?Ax; as the integral [%[ f(x)]*dx of the
step function [ f(x)]*. Thus,

2 2
5o Sl il oo ax
pfaf(x)dx Jaf (x)dx
We have derived the formulas for X and y for the case in which f(x) is a
step function; however, they make sense as long as f(x), xf(x), and [ f(x)F are
integrable on [a, b}. As usual, we carry over the same formula to general f, so
formulas (5) are derived.

Exercises for Section 9.4

1.

2.

Redo Example 1 by choosing B, to consist of m;
alone and B, to consist of m, and mjs.
Assuming formula (2) and the consolidation
principle, derive formula (3) for the case of four
masses by dividing the masses into two groups of
two masses each.

. Using formulas (2) and (3) for two and three

masses, and the consolidation principle, derive
formula (3) for four masses.

. Assume that you have derived formula (3) from

formula (2) and the consolidation principle for n
masses. Now derive formula (3) for n + 1 masses.

. Masses of 1, 3, 5, and 7 units are located at the

points 7, 3, 5, and 1, respectively, on the x axis.
Where is the center of mass?

center of mass?

In Exercises 9-12, find the center of mass for the given

arrangement of masses.

9.
10.
11.

at (0,0).

,3).

14.

15.

16.

(b) The mass at (0,0) is doubled. Where is the
center of mass now?

Masses of 2, 3, 4, and 5 kilograms are placed at
the points (1,2), (1,4), (3,5), and (2, 6), respec-
tively. Where should a mass of 1 kilogram be
placed so that the configuration of five masses
has its center of mass at the origin?

Verify the consolidation principle for the situa-
tion in which four masses in the plane are di-
vided into two groups containing one mass and
three masses each. (Assume that formula (3)
holds for n = 3.)

Equal masses are placed at the points (x;, y;),
(x3, y2), and (x3, y3). Show that their center of
mass is at the intersection point of the medians

. Masses of 2, 4, 6, 8, and 10 units are located at of the triangle at whose vertices the masses are
the points x; =0, x, =1, x3=3, x4= —1, and located.
xs= —2 on the x axis. Locate the center of Find the center of mass of the regions in Exercises
mass. 17-22.

. For each integer i from 1 to 100, a point of mass 17. The region under the graph of 4/x? on {1, 3].

i is located at the point x = i. Where is the center 18. The region under the graph of 1+ x?+ x* on
of mass? (See Exercise 41(a), Section 4.1.) [-1L1]
. Suppose that n equal masses are located at the 19. The region under the graph of y1 — x* on [0, 1].
points 1,2,3,...,n on a line. Where is their 20. The region under the graph of J1 — x2 /a® on
[ —a, a]'
21. The triangle with vertices at (0,0), (0,2), and
4,0).
10 grams at (1,0) and 20 grams at (1,2). 22. The triangle with vertices at (1,0), (4,0), and
15 grams at (—3,2) and 30 grams at (4,2). 2,3).
5 grams at (1, 1), 8 grams at (3,2), and 10 grams T
23. 1If, in formula (3), we have a < x; < b for all x;,
12. 2 grams at (4,2), 3 grams at (3,2), and 4 grams at show that a <X< b as well. Interpret this state-
ment geometrically.
24. Let a mass m; be placed at position x; on a line

13.

(a) Equal masses are placed at the vertices of an
equilateral triangle whose base is the segment
from (0, 0) to (1,0). Where is the center of mass?

(i=1,...,n). Show that the function f(x)
="_,m(x — x;* is minimized when x is the
center of mass of the n particles.
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25.

26.

27.

28.

Suppose that masses my; are located at points x;
on the line and are moving with velocity v,
=dx;/dt (i=1,...,n). The total momentum of
the particles is defined to be P =m;v, +
myv, + - -+ + m,v,. Show that P = Mo, where
M is the total mass and v is the velocity of the
center of mass (i.e., the rate of change of the
position of the center of mass with respect to
time).

A mass m; is at position x; = f;(¢) at time ¢. Show
that if the force on m; is F;(¢), and F\(¢) + Fy(¥)
= 0, then the center of mass of m; and m, moves
with constant velocity.

From a disk of radius 5, a circular hole with
radius 2 and center 1 unit from the center of the
disk is cut out. Sketch and find the center of
mass of the resulting figure.

Suppose that f(x) < g(x) for all x in [a, b]. Show
that the center of mass of the region between the
graphs of f and g on [a,b] is located at (X, ¥),

9.5 Energy, Power, and

Work

29.

30.

*31.

9.5 Energy, Power and Work 445
where
o _ Joxlg(x) — fO))ax
folg(x) = f(x)ldx
5= 1[5l g(x) + f() g(x) — f(x)]dx .

falg(x) = f(x)ldx

Find the center of mass of the region between
the graphs of sinx and cosx on [0, 7 /4]. [Hint:
Find the center of mass of each infinitesimal
strip making up the region, or use Exercise 28.]
Find the center of mass of the region between
the graphs of —x* and x? on [—1, 1]. (See the
hint in Exercise 29.)

Find the center of mass of the triangular region
with vertices (x;, yy),-(x3, ¥»), and (x5, y;). (For
convenience, you may assume that x; < x; < x3,
y; < y3, and y; < y;.) Compare with Exercise
16.

Energy is the integral of power over time, and work is the integral of force over

distance.

Energy appears in various forms and can often be converted from one form
into another. For instance, a solar cell converts the energy in light into
electrical energy; a fusion reactor, in changing atomic structures, transforms
nuclear energy into heat energy. Despite the variety of forms in which energy
may appear, there is a common unit of measure for all these forms. In the
MKS (meter-kilogram-second) system, it is the joule, which equals 1 kilogram

meter? per second?.

Energy is an “extensive” quantity. This means the following: the longer a
generator runs, the more electrical energy it produces; the longer a light bulb
burns, the more energy it consumes. The rate (with respect to time) at which
some form of energy is produced or consumed is called the power output or
input of the energy conversion device. Power is an instantaneous or “intensive”
quantity. By the fundamental theorem of calculus, we can compute the total
energy transformed between times @ and b by integrating the power from a

to b.

_ EE
dr
to time:
b
E=| Pd.
i

Power and Energy

Power is the rate of change of energy with respect to time:

The total energy over a time period is the integral of power with respect
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A common unit of measurement for power is the wars, which equals 1 joule
per second. One horsepower is equal to 746 watts. The kilowatt-hour is a unit of
energy equal to the energy obtained by using 1000 watts for 1 hour (3600
seconds)—that is, 3,600,000 joules.

Example 1 The power output (in watts) of a 60-cycle generator varies with time (mea-
sured in seconds) according to the formula P = Pysin’*(120x¢), where P, is the
maximum power output. (a) What is the total energy output during an hour?
(b) What is the average power output during an hour?

Solution (a) The energy output, in joules, is
600
E= f 20 psin®(120mt) di.
0

Using the formula sin’d = (1 — cos26)/2, we find

3600

—Llp (3% _ _lpt— Loy
E= 2P, fo (1 — cos 240t dt 2P0[t 240nsm240nt]

0

P,[3600 — 0 — (0 — 0)] = 1800P,.

N —

(b) The average power output is the energy output divided by the time (see
Section 9.3), or 1800 P,/3600 = 1 Py; in this case, half the maximum power
oufput. A

A common form of energy is mechanical energy—the energy stored in the

movement of a massive object (kinetic energy) or the energy stored in an

object by virtue of its position ( potential energy). The latter is illustrated by the

energy we can extract from water stored above a hydroelectric power plant.
We accept the following principles from physics:

1. The kinetic energy of a mass m moving with velocity v is 1 mv®.

2. The (gravitational) potential energy of a mass m at a height & is mgh (here g
is the gravitational acceleration; g = 9.8 meters/(second)’ = 32 feet/(sec-
ond)>.

The total force on a moving object is equal to the product of the mass m
and the acceleration dv/dt = d’x /dt*. The unit of force is the newton which is
1 kilogram meter per second?. If the force depends upon the position of the
object, we may calculate the variation of the kinetic energy K = 1 mo?® with
position. We have

dk _ dk/di_ (d/dn)(3mo”) _modv/dt _ dv _

dx  dx/dt v v dt E.

Applying the fundamental theorem of calculus, we find that the change AK of
kinetic energy as the particle moves from a to b is [5 Fdx. Often we can divide
the total force on an object into parts arising from identifiable sources
(gravity, friction, fluid pressure). We are led to define the work W done by a
particular force F on a moving object (even if there are other forces present)
as W= [®Fdx. Note that if the force F is constant, then the work done is
simply the product of F with the displacement Ax = b — a. Accordingly,
1 joule equals 1 newton-meter.
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Example 2

Figure 9.5.1. How much
work did the weight-lifter

do?

Solution

Example 3

Solution

9.5 Energy, Power and Work 447

Force and Work

The work done by a force on a moving object is the integral of the force
with respect to position:

W=bedx.
a

If the force is constant,
Work = Force X Displacement.

If the total force F is a sum F, + - - + F,, then we have
AK=fb(F,+ e +F,,)dx=be1dx+ +be,,dx.
a a a

Thus the total change in kinetic energy is equal to the sum of the works done
by the individual forces.

The acceleration of gravity near the earth is g = 9.8 meters/(second)’. How
much work does a weight-lifter do in raising a 50-kilogram barbell to a height
of 2 meters? (See Figure 9.5.1.)

We let x denote the height of the barbell above the ground. Before and after
the lifts, the barbell is stationary, so the net change in kinetic energy is zero.
The work done by the weight-lifter must be the negative of the work done by
gravity. Since the pull of gravity is downward, its force is —9.8 meters per
second? X 50 kilograms = —490 kilograms - meters per second? = —490 new-
tons; Ax = 2 meters, so the work done by gravity is —980 kilograms - meters?
per second” = —980 joules. Thus the work done by the weight-lifter is 980
joules. (If the lift takes s seconds, the average power output is (980/s) watts.)

A

Show that the power exerted by a force F on a moving object is Fv, where v is
the velocity of the object.

Let E be the energy content. By our formula for work, we have AE = [ Fdx,
so dE/dx = F. To compute the power, which is the time derivative of E, we
use the chain rule:

(In pushing a child on a swing, this suggests it is most effective to exert your
force at the bottom of the swing, when the velocity is greatest. Are there any
complicating factors?) A
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Example 4 A pump is to empty the conical tank of water shown in Fig. 9.5.2. How much
energy (in joules) is required for the job? (A cubic meter of water has mass 10°

kilograms.)

6 M ——sef

h}

Figure 9.5.2. To calculate
the energy needed to empty
the tank, we add up the
energy needed to remove
slabs of thickness dx.

|
Ear !

Solution Consider a layer of thickness dx at depth x, as shown in Fig. 9.5.2. By similar
triangles, the radius is r = 3(10 — x), so the volume of the layer is given by
7 - %5(10 — x)*dx and its mass is 10° - 7 - 35(10 — x)*dx = 907(10 — x)*dx.
To lift this layer x meters to the top of the tank takes 907(10 — x)*dx - g - x
joules of work, where g = 9.8 meters per second® is the acceleration due to
gravity (see Example 2). Thus, the total work done in emptying the tank is
10

4
90g77f (10 — x)2x dx= 90g77[100 -20-3—+T]

0
1

=90g77(104){—- 2.1
= 90)98)(m(10%( 75 )
A

~2.3 x 10° joules.

Example 5 The pump which is emptying the conical tank in Example 4 has a power
output of 10° joules per hour (i.e., 27.77 watts). What is the water level at the
end of 6 minutes of pumping? How fast is the water level dropping at this
time?

Solution The total energy required to pump out the top # meters of water is

90gwf (10 — x)xdx= 90g7r(100hz —20%+ﬁ4—)

~ 2sg_ 20, B
N2770h(50 3h+4).

At the end of 6 minutes (75 hour), the pump has produced 10* joules of
energy, so the water level is 2 meters from the top, where 4 is the solution of

2
2770h2(50 - 23—0h + 'th) = 10

Solving this numerically by the method of bisection (see Section 3.1) gives
h 2 0.27 meter.
At the end of ¢ hours, the total energy output is 10 joules, so

%0gr | "(10 = xy2x dx = 10%,

where h is the amount pumped out at time . Differentiating both sides with

Copyright 1985 Springer-Verlag. All rights reserved.



9.5 Energy, Power and Work 449

respect to ¢ gives

2 dh _ dh _ 104
90g7 (10 — h)°h s 10°, so 7 _——_—9g77(10— h)zh .

when A = 0.27, this is 1.41 meters per hour. A

Supplement to Section 9.5:
Integrating Sunshine

We will now apply the theory and practice of integration to compute the total
amount of sunshine received during a day, as a function of latitude and time
of year. If we have a horizontal square meter of surface, then the rate at which
solar energy is received by this surface—that is, the intensity of the solar
radiation—is proportional to the sine of the angle A of elevation of the sun
above the horizon.® Thus the intensity is highest when the sun is directly
overhead (A4 = 7 /2) and reduces to zero at sunrise and sunset.

The total energy received on day 7 must therefore be the product of a
constant (which can be determined only by experiment, and which we will
ignore) and the integral E = [}73sinA dt, where ¢ is the time of day (mea-
sured in hours from noon) and #(7") and ¢,(T) are the times of sunrise and
sunset on day 7. (When the sun is below the horizon, although sinA is
negative, the solar intensity is simply zero.)

We presented a formula for sin4 (formula (1) in the Supplement to
Chapter 5, to be derived in the Supplement to Chapter 14), and used it to
determine the time of sunset (formula (3) in the Supplement to Chapter 5).
The time of sunrise is the negative of the time of sunset, so we have’

s

E= sin A4 dt, 1

I, (1

where

4= — <in? 2f 2aT 2t e 27T

sin A cosl\/l smacos( 365 ) cos( >4 )+smlsmacos( 365 )
and

sina cos(2wT /365
S = —%—%cos“1 —tan/ @nT/3%9) . )

\/1 — sin’a cos*(27T/365)

Here a ~~23.5° is the inclination of the earth’s axis from the perpendicular to
the plane of the earth’s orbit; / is the latitude of the point where the sunshine
is being measured.

The integration will be simpler than you may expect. First of all, we
simplify notation by writing k for the expression sina cos(2#T/365), which
appears so often. Then we have

24

= cos 1 — k2 fs cos(%)dw (sinl)kfs dt.
-8 )

¢ We will justify this assertion in the Supplement to Chapter 14. We also note that, strictly
speaking, it applies only if we neglect absorption by the atmosphere or assume that our surface is
at the top of the atmosphere.

E =f_ss[cosl =¥ cos( Z2) + (sinl)k}dt

7 All these calculations assume that there is a sunrise and sunset. In the polar regions during the
summer, the calculations must be altered (see Exercise 5 below).
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Example

Solution

Integration gives

E =coslyl k2( 4sm% )+2Sksinl

sin2a(— S
=cos 1 — k? ( %4 )(sm 22774S 22 ) ) 4+ 2Sksin/

24 cos Y1 — k? sin 22774‘9 + 28ksin/.
The expression sin(27S /24) can be simplified. Using the formula

cos(27S /24y = — (tanl)(k/m),

we get
o 2_7_7_.51 2278 (tanzl)k2
24 -k
1 — k* — (tan®)k?
B 1- k2
1— (1 + tan%)k? 1 — (sec’l)k?
B 1- k2 - 11—k
and so, finally, we get,

tanl/)k
E= %—ficosl\/l — (sec)k* + %ksinlcos“{— (———)—— }

1—-k?

Since both k and y1 — k* appear, we can do even better by writing k = sin D
(the number D is important in astronomy—it is called the declination), and we
get

E = _ZWi [cosl\/I — sec¥sin’D + sinlsinDcos“'(—tanltanD)}.

Since we have already ignored a constant factor in E, we will also ignore the
factor 24 /#. Incorporating cos!/ into the square root, we obtain as our final
result

E =ycosl — sin?D + sin/sin D cos”'(—tan/tan D), 3)

where sin D = sina cos(2wT/365).
Plotting E as a function of / for various values of T leads to graphs like
those in Figs. 3.5.4 and 9.5.3.

When does the equator receive the most solar energy? The least?

At the equator, / = 0, so we have

E=v1—sin’D = \/——smacos 232?)

We see by inspection that E is largest when cos?(277/365) = O—that is, when
T/365 =14 or 2; that is, on the first days of fall and spring: on these days
E = 1. We note that E is smallest on the first days of summer and winter,
when cos’(27/365) =1 and we have E =yl —sina =cosa = c0s23.5° =
0.917, or about 92% of the maximum value. A
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Using this example we can standardize units in which E can be measured.
One unit of E is the total energy received on a square meter at the equator on
the first day of spring. All other energies may be expressed in terms of this

unit.

S

SUNSHINE

S
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Figure 9.5.3. Computer-
generated graph of the
daily sunshine intensity on
the earth as a function of
day of the year and
latitude.

)
o
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Exercises for the Supplement to Section 9.5

1. Compare the solar energy received on June 21 at
the Arctic Circle (I = 90° — a) with that received
at the equator.

2. What would the inclination of the earth need to
be in order for E on June 21 to have the same
value at the equator as at the latitude 90° — a?

3. (a) Express the total solar energy received over a
whole year at latitude / by using summation nota-
tion. (b) Write down an integral which is approxi-
mately equal to this sum. Can you evaluate it?

4. Simplify the integral in the solution of Exercise
3(b) for the cases / =0 (equator) and /= 90° — «
(Arctic Circle). In each case, one of the two terms
in the integrand can be integrated explicitly: find
the integral of this term.

5. Find the total solar energy received at a latitude in
the polar region on a day on which the sun never
sets.

6. How do you think the climate of the earth would
be affected if the inclination o were to become:
(a) 10°? (b) 40°? (In each case, discuss whether
the North Pole receives more or less energy during
the year than the equator—see Exercise 5.)

7. Consider equation (3) for E. For D = 7 /8, com-
pute dE/dl at I = = /4. Is your answer consistent
with the graph in Fig. 9.5.3 (look in the plane of
constant T')?

8. Determine whether a square meter at the equator
or at the North Pole receives more solar energy:
(a) during the month of February, (b) during the
month of April, (c) during the entire year.
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Exercises for Section 9.5

1.

4.

The power output (in watts) of a 60-cycle genera-
tor is P = 1050sin%(120x¢), where ¢ is measured
in seconds. What is the total energy output in an
hour?

. A worker, gradually becoming tired, has a power

output of 30e =% watts for 0 < ¢ < 360, where ¢
is the time in seconds from the start of a job.
How much energy is expended during the job?

. An electric motor is operating with power 15 +

2sin(t7 /24) watts, where ¢ is the time in hours
measured from midnight. How much energy is
consumed in one day’s operation?

The power output of a solar cell is 25 sin(wz /12)
watts, where ¢ is the time in hours after 6 AM.
How many joules of energy are produced be-
tween 6 AM. and 6 P.M?

In Exercises 5-8, compute the work done by the given
force acting over the given interval.

5.
6. F=k/x% 1 < x <6 (k a constant).

7.

8. F=sin®xcos®; 0 < x <2. {Hint: Write sin’x

10.

1L

12.

13.
14.

15.

F=3x;0<x< 1.
F=1/(4+x);0<x< 1.

= sinx(1 — cos?x).]

. How much power must be applied to raise an

object of mass 1000 grams at a rate of 10 meters
per second (at the Earth’s surface)?

The gravitational force on an object at a distance
r from the center of the earth is k/ 72, where k is
a constant. How much work is required to move
the object:

(a) Fromr=1tor=10?

(b) From r =1 to r = 1000?

(¢) From r =1 to r = 10,000?

(d) Fromr=1to “r= 00"?

A particle with mass 1000 grams has position
x =312 + 4 meters at time ¢ seconds. (a) What is
the kinetic energy at time ¢? (b) What is the rate
at which power is being supplied to the object at
time ¢ = 10?7

A particle of mass 20 grams is at rest at t =0,
and power is applied at the rate of 10 joules per
second. (a) What is the energy at time #? (b) If all
the energy is kinetic energy, what is the velocity
at time ¢? (c) How far has the particle moved at
the end of ¢ seconds? (d) What is the force on the
particle at time ??

A force F(x) = —3x newtons acts on a particle
between positions x = | and x = 0. What is the
change in kinetic energy of the particle between
these positions?

A force F(x)=3xsin(wx/2) newtons acts on a
particle between positions x = 0 and x = 2. What
is the increase in kinetic energy of the particle
between these positions?

(a) The power output of an electric generator is
25 cos*(120t) joules per second. How much en-

16.

ergy is produced in 1 hour? (b) The output of the
generator in part (a) is converted, with 80% effi-
ciency, into the horizontal motion of a 250-gram
object. How fast is the object moving at the end
of 1 minute?

The generator in Exercise 15 is used to lift a
500-kilogram weight and the energy is converted
via pulleys with 75% efficiency. How high can it
lift the weight in an hour?

Exercises 17-20 refer to Figure 9.5.4.

17.

18.

19.

20.

How much energy is required to pump all the
water out of the swimming pool?

Suppose that a mass equal to that of the water in
the pool were moving with kinetic energy equal
to the result of Exercise 17. What would its
velocity be?

Repeat Exercise 17 assuming that the pool is
filled with a liquid three times as dense as water.
Repeat Exercise 18 assuming that the pool is
filled with a liquid three times as dense as water.

I5m

-

T

Sm

¥

N

A5

15m

N
N

Figure 9.5.4. How much
energy is required to empty
this pool of water?

21.

22.

Suppose that a spring has a natural length of 10
centimeters, and that a force of 3 newtons is
required to stretch it to 15 centimeters. How
much work is needed to compress the spring to 5
centimeters?

If all the energy in the compressed spring in

Exercise 21 is used to fire a ball with o mass of

20grams, how fast will the ball travel?

23.

24.

How much work is required to fill the tank in
Figure 9.5.5 with water from ground level?

A solid concrete monument is built in the pyra-
mid shape of Fig. 9.5.6. Assume that the concrete
weighs 260 pounds per cubic foot. How much
work is done in erecting the monument? (g = 32
feet per second?; express your answer in units of
pound-feet.}
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10 meters

S meters

Figure 9.5.5. How much

1 tank?

energy is needed to fill this

Review Exercises for Chapter 9 453

15 feet

10 feet

l—— 10 feet —>]

Figure 9.5.6. How much
energy is needed to erect
this monument?

Review Exercises for Chapter 9

In Exercises 1-4, find the volume of the solid obtained
by rotating the region under the given graph about (a)
the x axis and (b) the y axis.

.y=sinx,0< x <7

. y=3sin2x,0< x < w/4

.y=e*,0<x<In2

.y=5e2x,0< x <In4

[T T

. A cylindrical hole of radius § is drilled through
the center of a ball of radius 1. What is the
volume of the resulting solid?

6. A wedge is cut in a tree of radius 1 meter by
making two cuts to the center, one horizontally,
and one at an angle of 20° to the first. Find the
volume of the wedge.

7. Find the volume of the “football” whose dimen-

sions are shown in Fig. 9.R.1. The two arcs in the

figure are segments of parabolas.

i 12" ‘

Figure 9.R.1. Find the
volume of the football.

8. Imagine the “football” in Fig. 9.R.1, formed by
revolving a parabola, to be solid. A hole with
radius 1 inch is drilled along the axis of symme-
try. How much material is removed?

In Exercises 9-12, find the average value of each func-
tion on the stated interval.

9.1+, 0<r<1
I1. xe*,0< x < 1 12.

10. ¢sin(#?), 7 < ¢ < 37/2
1
14 x2’
13. If [3f(x)dx =4, what is the average value of
g(x) =3f(x) on [0,2]?
14. If f(x) = kg(cx) on [a, b], how is the average of f
on [a, b] related to that of g on [ac, bc]?

I<x<3

k4

15. Show that for some x in [0, 7], T cosx is

= db
equal to fo T oosh "
16. (a) Prove that

1/\Z <f01[dt/\/t3—+—1] <l

(b) Prove that f ][dt / V2 + 1] = sin 6 for some 8,
0

7/4 <0< 7/

In Exercises 17-22, let p be the average value of f on
la, b]. Then the average value of [ f(x) — u]? on [a,b] is
called the variance of f on [a, b], and the square root of
the variance is called the standard deviation of f on [a, b]
and is denoted o. Find the average value, variance, and
standard deviation of each of the following functions
on the interval specified.

17. x2 on [0, 1]

18. 3+ x? on [0, 1]

19. xe* on [0, 1]

20. sin2x on [0,47]

21. f(x)=1o0n[0,1] and 2 on (1,2].

2  onl01]

3 on(L2]
20@0=1 o (2,31
5 on (3,4]

23. Let the region under the graph of a positive
function f(x), @ < x < b, be revolved about the
x axis to form a solid S. Suppose this solid has a
mass density of p(x) grams per cubic centimeter
at a distance x along the x axis. (a) Find a
formula for the mass of S. (b) If f(x) = x% a=0
and b=1, and p(x)= (1 + x%, find the mass
of S.

24. A rod has linear mass density u(x) grams per
centimeter at the point x along its length. If the
rod extends from x = a to x = b, find a formula
for the location of the rod’s center of mass.

In Exercises 25-28, find the center of mass of the
region under the given graph on the given interval.

25. y = x*on [0,2] 26. y=x*+2o0n[0,1]

27. y=In(1+x)on [0,1] 28. y=e*on(l,2]
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29.

30.

3L

32.

33.

34.

Chapter 9 Applications of Integration

Find the center of mass of the region between
the graphs of y = x> and y = — x? between x = 0
and x = 1 (see Exercise 28, Section 9.4).

Find the center of mass of the region composed
of the region under the graph y =sinx, 0 < x
< 7, and the circle with center at (5,0) and
radius 1.

Over a time period 0 < ¢ < 6 (¢ measured in
minutes), an engine is consuming power at a rate
of 20 + 5re ™ watts. What is (a) the total energy
consumed? (b) The average power used?

Water is being pumped from a deep, irregularly
shaped well at a constant rate of 3§ cubic meters
per hour. At a certain instant, it is observed that
the water level is dropping at a rate of 1.2 meters
per hour. What is the cross-sectional area of the
well at that depth?

A force F(x)=30sin(7x/4) newtons acts on a
particle between positions x = 2 and x = 4. What
is the increase in kinetic energy (in joules) be-
tween these positions?

The engine in Fig. 9.R.2 is using energy at a rate
of 300 joules per second to lift the weight of 600
kilograms. If the engine operates at 60% effi-
ciency, at what speed (meters per second) can it
raise the weight?

Figure 9.R.2. The engine

for Problem 34.

35

36.

. Find a formula for the work required to empty a
tank of water which is a solid of revolution about
a vertical axis of symmetry.

How much work is required to empty the tank
shown in Fig. 9.R.3? [Hint: Use the result of
Exercise 35.]

\Circular rim

Parabola

Figure 9.R.3. How much
energy is needed to empty
the tank?

37. The pressure (force per unit area) at a depth A

below the surface of a body of water is given by

p = pgh = 9800k, measured in newtons per

square meter. (This formula derives from the fact

that the force needed to support a column of

water of cross-sectional area A4 is (volume) X

(density) X (g) = Ahpg, so the force per unit area

is pgh, where p = 10° kilograms per cubic meter,

and g = 9.8 meters per second per second).

(a) For the dam shown in Fig. 9.R.4(a), show
that the total force exerted on it by the
water is F =1 [%pg[ f(x)?dx. [Hint: First
calculate the force exerted on a vertical rec-
tangular slab.}

(b) Make up a geometric theorem relating F to
the volume of a certain solid.

(¢) Find the total force exerted on the dam
whose face is shown in Fig. 9.R.4(b).

(b) Dam face

Figure 9.R.4. Calculate the
force on the dam.

38. (a) Pappus’ theorem for volumes. Use the shell

method to show that if a region R in the xy
plane is revolved around the y axis, the
volume of the resulting solid equals the area
of R times the circumference of the circle
obtained by revolving the center of mass of
R around the y axis.

(b) Use Pappus’ theorem to do Exercise 21(a) in
Section 9.2.

(c) Assuming the formula ¥ = ¢a»3 for the vol-
ume of a ball, use Pappus’s theorem to find
the center of mass of the semicircular region
x2+y <l x>0

*39. See the instructions for Exercises 17-22.

(a) Suppose that f() is a step function on [a, b],
with value k; on the interval (¢,_,,¢;) belong-
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*40. (a)

ing to a partition (fy,¢;,...,4,). Find a
formula for the standard deviation of f on
[a,b].

Simplify your formula in part (a) for the
case when all the Az’s are equal.

Show that if the standard deviation of a step
function is zero, then the function has the
same value on all the intervals of the parti-
tion; i.e., the function is constant.

Give a definition for the standard deviation
of a list 2, . . ., a, of numbers.

What can you say about a list of numbers if
its standard deviation is zero?

Prove, by analogy with the mean value theo-
rem for integrals, the second mean value the-
orem: If f and g are continuous on [a, b} and
g(x) >0, for x in [a,b], then there is a
point ¢, in [a, b] such that

[P gy a= s [fswa

*41.

*42,

*43.

Review Exercises for Chapter 9 455

(b) Show that the mean value theorem for inte-
grals is a special case of the result in part
(a).

(c) Show by example that the conclusion of part
(a) is false without the assumption that g(¢)
> 0.

Show that if f is an increasing continuous func-

tion on [a, b], the mean value theorem for inte-

grals implies the conclusion of the intermediate

value theorem.

Show that in the context of Exercise 35, the work

needed to empty the tank equals Mgh, where M

is the total mass of water in the tank and 4 is the

distance of the center of mass of the tank below

the top of the tank.

Let f(x) > 0 for x in [a,b]. Find a relation be-

tween the average value of the logarithmic deriv-

ative f'(x)/f(x) of f on [a,b] and the values of f

at the endpoints.
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Chapter 10

Further Techniques
and Applications
of Integration

Some simple geometric problems require advanced methods of integration.

Besides the basic methods of integration associated with reversing the differen-
tiation rules, there are special methods for integrands of particular forms.
Using these methods, we can solve some interesting length and area problems.

10.1 Trigonometric
Integrals

The key to evaluating many integrals is a trigonometric identity or substitution.

The integrals treated in this section fall into two groups. First, there are some
purely trigonomeiric integrdls that can be evaluated using trigonometric
identities. Second, there are integrals involving quadratic functions and their
square roots which can be evaluated using trigonometric substitutions.

We begin by considering integrals of the form

f sin™x cos™x dx,
where m and n are integers. The case n =1 is easy, for if we let u = sinx, we
find

) e sin”*(x)
fsm'"xcosxdx=fu’"du= +C=
m+1 m+1

(or In|sinx| + C, if m = —1). The case m = 1 is similar:

) . cos"*!(x)
sinxcos"xdx= - —— +C

+C

n+1

(or —In|cosx| + C, if n = —1). If either m or n is odd, we can use the identity
sin®x + cos’x = 1 to reduce the integral to one of the types just treated.
Example 1 Evaluate f sin®x cos>x dx.

Solution  [sin’c cos’x dx = [sin’x cos’x cos x dx = [(sin’x)(1 — sin’x)cos x dx, which can
be integrated by the substitution » = sinx. We get

3 5
201 — P\ du= 4 _ ¥ = Lande — Lgins
fu(l u®)du 3 5 +C 3smx 5smx+C.A
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458 Chapter 10 Further Techniques and Applications of Integration

If m =2k and n=2] are both even, we can use the half-angle formulas
sin% = (1 — cos2x)/2 and cos* = (1 + cos2x)/2 to write

k 1
fsinz"xcoszlxdx=f( 1—c052x) ( 1+cos2x) dx

2 2

_1 1—cosy\*/1+cosy}
/(=) () e

where y = 2x. Multiplying this out, we are faced with a sum of integrals of the
form [cos™ydy, with m ranging from zero to k + I The integrals for odd m
can be handled by the previous method; to those with even m we apply the
half-angle formula once again. The whole process is repeated as often as
necessary until everything is integrated.

Example 2 Evaluate f sin’x cos®x dx.

Solution fsinzx cos’x dx = f ( 1- °2°S 2x )( 1+ c20s 2x )dx
=1 (1= cos _x_1 2
=32 f(l cos“2x)dx o fcos 2x dx
_x_ll+cosdx ;, _x _x_1
=32 4f————~2 dx 1733 cosdx dx
= X _ sindx
=3 Y +C. A

Trigonometric Integrals
To evaluate [sin™x cos"x dx:
1. If m is odd, write m =2k + 1, and
fsin’”x cos”™x dx = f sin?*x cos™x sin x dx
= f(l - coszx)kcos"x sin x dx.
Now integrate by substituting u = cos x.
2. If nis odd, write n =2/+ 1, and

f sin™x cos"x dx = f sin™x cos®x cos x dx

) N
= f sin™x (1 — sin’x) cos x dx.

Now integrate by substituting u = sin x.
3. (a) If m and n are even, write m = 2k and n =2/ and

. 2k 21 _ 1 —cos2x \*( 1+ cos2x )’
fsm X COS xdx-—f( > ) ( > ) dx.

Substitute y = 2x. Expand and apply step 2 to the odd powers of
cos y.

(b) Apply step 3(a) to the even powers of cos y and continue until the
integration is completed.
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Example 3 Evaluate: (a) fzwsin“x cos’x dx (b) f(sinzx + sin®x cos®x) dx.
o

(c) f tan*d sec’d df.

Solution (a) Substitute sin’*x = (1 — cos2x)/2 and cos® = (1 + cos2x)/2 to get

(1 —cos 2x)2 (1 + cos2x)
=f 3 dx

f sin*x cos®x dx 5

= —éf(l —2cos2x + cosz2x)(1 + cos2x)dx
= %f(l — 08 2x — cos*2x + cos’2x) dx

= % f(l — cos y — cos’y + cos’y) dy,

where y = 2x. Integrating the last two terms gives

14 cos2 i
fcosﬁ)dy=f(—-—2—y) dy=9 + SNy ¢

)
and
.3
fcos:’ydy=f(l — sin’y)cos ydy=sin y — sn;y +C.
Thus
a2 o 1. .y sin2y . sindy
fsmxcosxdx— 16(y smy = 5 7 tsiny 3 )+C
_ 1 (y_sin2y siny
= 16(2 3 3 )+ ¢
_ 1 ( _ sindx _ sin®2x
= 16 (" 4 3 )+ G

27,
and so f sin*x cos*x dx =
o

ooly

(b) f (sin®x + sin’ cos™x) dx = f sin®x dx + f sin’x cos®x dx
_ 1 —cos2x
= [(FE )

+ f (1 — cos®x)cos™ sin x dx

= X _ sin2x _f(l - uz)uzdu (u = cosx)

2 4
_ x _ sin2x _ cos’x , cos’x
=574 3 t-5 TG

(c) Method 1. Rewrite in terms of sec # and its derivative tan  sec 8:

f tan*9sec’d df = f (tan fsecd )(tan’d sec’d ) do
= f(tan fBsecd)(sec’d — 1)sec’fdh (1 + tan?6 = sec?0)
=f(u2— 1)u*du (u = sec)

w o y3_3 4= sech _ sec’d +C

=75 3
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Example 4

Solution

Example 5

Solution

Method 2. Convert to sines and cosines:

sinf(1 — cosd
f tan sec’d df = f sin’ g f ( ) 4
CO

cos% %9
1—u
= — du (u=cosf)
_u _u? _ sec _ sec¥
=3 3 +C = 5 3 +C. A

Certain other integration problems yield to the use of the addition formulas:
sin(x + y) = sinxcos y + cosxsin y, (1a)
cos(x + y) = cosxcos y — sinxsin y (1b)

and the product formulas:

sinx cos y = 4 [sin(x — y) + sin(x + ) |, (2a)
sinxsin y = 1 [cos(x — y) — cos(x + y) ], (2b)
cosxcos y =4[ cos(x — p) + cos(x + y) | (2¢)

Evaluate (a) fsinxcos2xdx and (b) fcos3x cos5xdx.

. 1 . o — _ Cos3x | cosx
(a) fsmxcostdx— 2f(sm3x sin x) dx 3 + > +C.

(see product formula (2a)).

_1 _ sin8x _ sin2x
(b) fcos3xcos§xdx—— 2](0058x+0052x)dx 16 + 4 +C

(see product formula (2¢)). A

Evaluate f sin ax sin bx dx, where a and b are constants.

If we use identity (2b), we get

fsinax sin bx dx = 1 f[cos(a — b)x — cos(a + b)x} dx

2

’1 sin(a — b)x 1 sin(a + b)x i

5 72— b 5 2+ b +C lfa?l:ib,
= —;—lesinZax+C, if a=b,

Z%sinzax—§+c, if a = —b.

{The difference between the case a 7 = b and the other two should be noted.
The first case is “pure oscillation” in that it consists of two sine terms. The
others contain the nonoscillating linear term x /2, called a secular term. This
example is related to the phenomena of resonance: when an oscillating system
is subjected to a sinusoidally varying force, the oscillation will build up
indefinitely if the force has the same frequency as the oscillator. See Review
Exercise 56, Chapter 8 and the discussion in the last part of Section 12.7,
following equation (14).] A
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Many integrals containing factors of the form ya? + x2, yx2 — a?, or a® + x?
can be evaluated or simplified by means of trigonometric substitutions. In
order to remember what to substitute, it is useful to draw the appropriate
right-angle triangle, as in the following box.

Trigonometric Substitutions

1. If ya* — x? occurs, try x = asinf; then dx = acos#df and a2 — x>

= gcosf; (a >0 and @ is an acute angle).

a
e

acos 8 =y/a> —x?

2. If yx?—a? occurs, try x = asec#; then dx = atanfsecfdf and

x> — a® = atané.

x=asect
Vx? ~a* =atané
<)

a

3. If ya®+ x* or a®+ x? occurs, try x = atan#; then dx = asec¥d df

and ya® + x> = asec# (one can also use x = asinh8; then Va? + x2
= g cosh§).

Vo +xt=asecd
-\

a

)
Example 6 Evaluate: (a) f —9—2’-‘_ dx, (b) f .
X Vdx? —1
Solution (a) Let x = 3sin#, so Y9 — x> = 3cosh. Thus dx = 3cosfdf and
VY9 — x? 3cosf
S dx= | =—==2Z3cos8db
f x?2 f 9sin%
‘ cos 1 —sin%
= (o8t g [ L=sin® 4
f sin%9 f sin’d
=f(csczﬂ ~1)df= —cotd — 6+ C
- 9 - x2 s —1{ X
= — —x'——' — Sin (3) + C.

In the last line, we used the first figure in the preceding box to get the
identity cotf =va® — x? /x with a = 3.
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462 Chapter 10 Further Techniques and Applications of Integration

2x
4x2 —1
<\

!
Figure 10.1.1. Geometry of
the substitution x = 1secd.

Example 7

Solution

(b) Let x = -Zl—seCO so dx = Ltanfsecd df, and V4x2—1 = tané. Thus
tanfsecl 1
f o f tan 0 df= = fsec0d9.

Here is a tnck1 for evaluating [secd:

2
f8609d9=fsec0$9-0—tta—na 0=f secd + sechtanl db

secf + tand secf + tanf
=In|secf + tanf| + C  (substituting u = secd + tan@).

f—‘fi‘-—— = dmpx -+ =11+ C

(see Fig. 10.1.1).
If you have studied the hyperbolic functions you should note that this

integral can also be evaluated by means of the formula [[du/yu?—1]
=cosh™u+ C. A

These examples show that trigonometric substitutions work quite well in the
presence of algebraic integrands involving square roots. You should also keep
in mind the possibility of a simple algebraic substitution or using the direct
integration formulas involving inverse trigonometric and hyperbolic functions.

Evaluate:

dx; dx;

(2) fﬁ (®) J—;\/%T (©) f"\/f_—_%—{dx

(a) Let u =4 — x%, so du = —2x dx. Thus
—X __ dx=— Yo —fu+C=—-J4-x*+C
| i b

(no trigonometric function appears).

O [ = mm (3)

=cosh™u+ C= cosh"'(%) +C

2
=1n(—§+ %——1 )+C (see p. 396).

You may use the method of Example 6(b) if you are not familiar with
hyperbolic functions.
(c) To evaluate [(x?/y4 — x?)dx, let x = 2sin8; then dx =2cosfdf, and
V4 — x? =2cos4. Thus

2 ()
f————zc——dx=f%-2cos0d0=4fsin20d9
/4_x2 CcOos
- 1—-c0s28 1n_9p_ o
_4f S22 =26 —sin20 + C
= 2§ — 2sinfcosf + C.

! The same trick shows that [cschfdf@ = —Incsch 8 + coth 8| + C.
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) From Fig. 10.1.2 we get
,/<:////1* ~[$é%§wk=2mr%§)—2(%%-1311)+C

V4 -x?
Figure 10.1.2. Geometry of a1 X _ 1 —
the substitution x = 2sin 4. 2sin 7 % 4—-x*+C. A

Completing the square can be useful in simplifying integrals involving the
expression ax? + bx + c. The following two examples illustrate the method.

Example 8 Evaluate f —dx .
V10 + 4x — x?
Solution To complete the square, write 10 + 4x — x> = —(x + a)* + b; solving for a
and b, we find a = —2 and b = 14, s0 10 + 4x — x* = —(x — 2)* + 14. Hence

dx

dx - - du
f\/10+4x—x2 f\/m_(x_z)z f\/14—u2

H

where u = x — 2. This integral is sin~'(u/V14 ) + C, so our final answer is

sin“(x—-g) +C. A
V14

Completing the Square

If an integral involves ax? + bx + ¢, complete the square and then use a
trigonometric substitution or some other method to evaluate the integral.

Example 9 Evaluate (a)f > dx
x

L) [ —=2—.
1 Yx*+ x + 1

__f dx
x+x+l (x+1/2)*+3/4

ey (s )

=1 tan_l(

Solution (a) f

)+c

oz

w
i}
EN

=2 tan- (2x+1)+C.
V3 V3
u=x++
®) f\/x+x+1 f\/u+3/4 ( +2)

=Inju +\u?+3/4|+ C

+\/(x+1/2)2+3/4I+C

=Inix +

1
2
1
2

=ln1x+—+\/x2+x+ll+C.A
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Applications of the kind encountered in earlier chapters may involve integrals
of the type in this section. Here is an example.

Example 10 Find the average value of sin? cos’ on the interval [0,27].

Solution By definition, the average value is the integral divided by the length of the
interval:

1
27 Jo

By Example 2, [sin’x cos’x dx = (x/8) — (sin4x/32) + C. Thus

f *"Sin2x cos®x dx = ( X _ sindx ) o
b 8" 3 )|, 4
A

so the average value is (1/27) - 7/4=1/8.

29
sin’x cos®x dx.

Exercises for Section 10.1

Evaluate the integrals in Exercises 1-12. 29. Find the average value of cos”x on the interval
[0,27] for n=0,1,2,3,4,5,6.
1. f sin®x cosx dx 2. f sin?x cos’x dx 30. Find the volume of the solid obtained by revolv-
. W2 a4 o a ing the region under the graph y =sin’x on
3. f sm4t dt 4, f cos"x sin“x dx [0’ 277—] about the x axis.
0 ) 0 . 31. Find the center of mass of the region under the
5. f(cos 2x — cos’x) dx 6. fcos 2x sin x dx graph of 1/ ¥ 3x+2 on [0, 1],
a/4.. 2 =/4f sin0 32. A plating company wishes to prepare the bill for
7. fo sin’x cos 2x dx 8 fo / (&3@ ) b a silver plate job of 200 parts. Each part has the
9. [sindxsin2xdx 10. ['sin26 cos 56 df shape of the region bounded by y =yx* = 9/x*,
=0, x=5.
11. f *"Sin 5x sin 2x dx 12. f" cos2usin Yudu ();1) Find the area enclosed.
0 - (b) Assume that all units are centimeters. Only
13. Evaluate [tan’x sec®x dx. [Hint: Convert to sines one side of the part is to receive the silver
and cosines.] plate. The customer was charged $25 for
14. Show that [sin®x dx = {57 (60x — 48sin2x + 1460 square centimeters previously. How
4sin*2x + 9sin4x) + C. much should the 200 parts cost?
15. Evaluate [[1/(1 + x?)]dx (a) as tan™'x and (b) 33. The average power P for a resistance R and
by the substitution x = tanu. Compare your an- associated current i of period T is
Swers.
16. Evaluate the integral [[1/(4 + 9x%)]dx by using = “lf f TRi% s,
0

the substitutions (a) x =%u and (b) x = 3tané.
Compare your answers.

. That is, P is the average value of the instanta-
Evaluate the integrals in Exercises 17-28.

neous power Ri? on [0, T]. Compute the power

7 7 for R =25, i = 10sin(377¢), T = 2= /377.
f VT4 dx 18. j__Vxxg dx

17. 34. The current [ in a certain RLC circuit is given by

I(t) = Me ™ “[sin}(wt) + 2 cos(2w?)]. Find the

19. f\/I —u® du 20. f V9 — 16¢% dt charge Q in coulombs, given by

2 [ —L_ds 2 [ Q@) = Qo+ ['I(s)ds.
V4 + 5% Vx2—1 0
2. f x3 dx 94, f x2 _ dx 35. The root mean square current and voltage are
T (1+ 2) / 12
I L (T2a and
5. f dx 26. f rms Tj(; i s
Vaxi+ x + 1 V5 —4x — x?

/ 1/2
27. 28. \/3+2x—x dx _—(l Ty2 )
f 3 f E . fo e“dt
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where i(¢) and e(#) are the current through and
voltage across a pure resistance R. (The current
flowing through R is assumed to be periodic
with period 7.) Compute these numbers, given
that e(t) =3 + (1.5)cos(100¢) volts, and i(r)
=1—2sin(100¢ — #/6) amperes, which corre-
sponds to period T = 27 /100.

10.2 Partial Fractions 485

37. A charged particle is constrained by magnetic

fields to move along a straight line, oscillating
back and forth from the origin with higher and
higher amplitude.

Let S(¢) be the directed distance from the
origin, and assume that S(¢) satisfies the equa-
tion

36. The average power P =(1/T)[JRi*d:t for

2 _ . ) 2
periodic waveshapes does not in general obey a [S()I°S'(#) = tsint + sin’ cos’r.

superposition principle. Two voltage sources e, (@) Prove [S(1)] = 3[4(x sinx + sin’x cos?x) dx.
and e, may individually supply 5 watts (when (b) Find S(»).
the other is dead), but when both sources are (c) Find all zeros of S'(¢) for ¢t > 1. Which zeros

present the power can be zero (not 10). Compare
[ER( + ip)*dt with [IRi3dr + [JRiZdt when i,
= Icos(mwt + ¢1), I, = L,cos(nwt + ¢;), ms=n
(m, n positive integers), T =27 /w, and R, 1,1,
w, ¢, P, are constants.

correspond to times of maximum excursion
from the origin?
Show that the integral in Example 5 is a continu-
ous function of & for fixed a and x.

*38.

10.2 Partial Fractions

By the method of partial fractions, one can evaluate any integral of the form

—P(_xl dx, where P and Q are polynomials.
Q(x)
The integral of a polynomial can be expressed simply by the formula
f(a,,x" +a, x"7 o+ ax + ag)dx= ax" + G 1*” + o dapx + C,
n+1 n

but there is no simple general formula for integrals of quotients of polynomi-
als, i.e., for rational functions. There is, however, a general method for
integrating rational functions, which we shall learn in this section. This
method demonstrates clearly the need for evaluating integrals by hand or by a
computer program such as MACSYMA, which automatically carries out the
procedures to be described in this section, since tables cannot include the
infinitely many possible integrals of this type.

One class of rational functions which we can integrate simply are the
reciprocal powers. Using the substitution u = ax + b, we find that
[ldx /(ax + b)'] = [(du/au™), which is evaluated by the power rule. Thus, we
get

~1

—+C, i n#l
a(n — 1)(ax + b)"

f dx —
ax + b)" .
( ) —al-ln|ax+b|+C, if n=1

More generally, we can integrate any rational function whose denominator
can be factored into linear factors. We shall give several examples before

presenting the general method.

luat _.___JEL_ .
Evaluate f = Dx =3) dx
Solution We shall try to write

x+1 -4 L, _B
(x—1)(x—3) x—1 x—3

Example 1

>
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466 Chapter 10 Further Techniques and Applications of Integration

for constants 4 and B. To determine them, note that
x—1 x-3  (x=Dx-3)

Thus, we should choose
A+B=1 and —-34-B=1.
Solving, A = —1 and B = 2. Thus,

x+1 -1 4, 2
(x = 1)(x=3) x—1 x-3’
o)
x+1 _ _ _
f(x_l)(x_3) = —In|x — 1|+ 2In|x — 3| + C
2R
=In |x — 3] + C. A
|x — 1]
Example 2 Evaluate
4x +2x+3 4x2+2x+3
a dx;
@) f 2)(x+3) ®) fl(x 2)(x+3)

Solution (a) As in Example 1, we might expect to decompose the quotient in terms of
1/(x —2) and 1/(x + 3). In fact, we shall see that we can write
4x*+2x +3 A B C
= + + 1
(x =2} (x+3) *¥—2 (x—2% x+3 M

if we choose the constants 4, B, and C suitably. Adding the terms on the
right-hand side of equation (1) over the common denominator, we get

A(x—2)(x+3)+B(x+3)+C(x—2)
(x—2) (x+3)

The numerator, when multiplied out, would be a polynomial a,x* + a;x + a,,
where the coefficients a,, a,, and ¢, depend on 4, B, and C. The idea is to
choose 4, B, and C so that we get the numerator 4x2+ 2x + 3 of our
integration problem. (Notice that we have exactly three unknowns 4, B, and
C at our disposal to match the three coefficients in the numerator.)

To choose 4, B, and C, it is easiest not to multiply out but simply to write

4x? +2x +3=A(x —2)(x +3) + B(x +3) + C(x — 2)° ()
and make judicious substitutions for x. For instance, x = —3 gives
4:9-2-34+3=C(-3-2)}
33=25C,
c=%.

Next, x = 2 gives
4-44+2-2+3=B(2+3),

23 = 5B,
B=12.

Copyright 1985 Springer-Verlag. All rights reserved.



10.2 Partial Fractions 467

To solve for 4, we may use either of two methods.
Method 1. Let x = 0 in equation (2):

3= —-64+3B+4C
=—-64+3-2+4-3,
0=-64+3-£+4-3,
64 =312 so A=$l.
Method 2. Differentiate equation (2) to give
8x+2=A[(x—2)+ (x+3)] + B+2C(x~2)

G (AL

and then substitute x = 2 again:
8-2+2=4Q2+3)+ B,
18=54+B=54+2%,
5A=18—-2 =46,

This gives
4x*+2x+3 _ 671 1 4+ 23 1 33 1

(x—2)2(x+3) 25 x-2 5 (x——2)2 25 x+3°

(At this point, it is a good idea to check your answer, either by adding up the
right-hand side or by substituting a few values of x, using a calculator.)
We can now integrate:

4x*+2x+3 5 _ 67 [ _dx +§f dx 33 (_dx
5

e +
(x—2)2(x+3) 25) x=2 (x—2)2 25J x+3
= 8T nx =21 =23 _1 33
=5 In|x — 2| s T3 T % In|x + 3|+ C.
(b) Since the integrand “blows up” at x = —3 and x =2, it only makes

sense to evaluate definite integrals over intervals which do not contain these
points; [—1, 1] is such an interval. Thus, by (a), the definite integral is

Tipx—2-2 1 _,33 ‘
(251n|x 2 S x_z+251n[x+3|)

-1

T gt~ 23 (L 1\ 334
—25(ln1 In3) 5(_1 _3)+25(ln4 In2)
= —2944 + 3.067 + 0.915 = 1.037. A

Not every polynomial can be written as a product of linear factors. For
instance, x2 + 1 cannot be factored further (unless we use complex numbers)
nor can any other quadratic function ax? + bx + ¢ for which b2 — 4ac < 0;
but any polynomial can, in principle, be factored into linear and quadratic
factors. (This is proved in more advanced algebra texts.) This factorization is
not always so easy to carry out in practice, but whenever we manage to factor
the denominator of a rational function, we can integrate that function by the
method of partial fractions.

1
x°—1

dx.

Example 3 Integrate f

Solution The denominator factors as (x — 1)(x?+ x + 1), and x>+ x + 1 cannot be
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further factored (since b? — 4ac = 1 — 4 = —3 < 0). Now write
1 __a  Ax+B

=1 x—1 xX24x+1
Thus 1 = a(x?+ x + 1) + (x — 1)(4x + B). We substitute values for x:

x=1:1=3a so a=1%;
x=0:1=1-B so B=-—2,
Comparing the x? terms, we get 0 =a + 4,50 4 = — 1. Hence
1 =l( 1 x+2 )
-1 3\x—-1 x2+x+1

(This is a good point to check your work.)
Now

1
and, writing x +2=1Q2x + 1)+ 3,

f 1 dx=Injx - 1|+ C
x —

x+2 1 2x + 1 3 dx
—= T L dx== | =T dx+ =
fx2+x+1 20 X2+ x+1 2f(x+1/2)2+3/4

1nlx2+x+li+—g—- % tan_l(il-/—%)+C

7

In|x?+ x + 1 +\/37tan_l(m) + C.
V3

1
2

N —

Thus

f dx =lln|x—1|—lln|x2+x+1]—-l—tan“(—2x+1)+C
X3—1 3 6 \/g \/5-

111

3[§1n

Observe that the innocuous-looking integrand 1/(x* — 1) has brought forth
both logarithmic and trigonometric functions. A

(x =1y

+ C.
x4+ x+1

Now we are ready to set out a systematic method for the integration of
P(x)/ Q(x) by partial fractions. (See the box on p. 469.) A few remarks may
clarify the procedures given in the box. In case the denominator Q factors into
n distinct linear factors, which we denote Q = (x — r))(x — ry) .. . (x — r,),

we write
a o a
i = 1 + 2 + .- 4+ n
Q x—r x-—nr x—r,
and determine the n coefficients a;, . . ., &, by multiplying by Q and match-

ing P to the resulting polynomial. The division in step 1 has guaranteed that P
has degree at most n — 1, containing n coefficients. This is consistent with the
number of constants «,, ..., a, we have at our disposal. Similarly, if the
denominator has repeated roots, or if there are quadratic factors in the
denominator, it can be checked that the number of constants at our disposal is
equal to the number of coefficients in the numerator to be matched. A system
of n equations in n unknowns is likely to have a unique solution, and in this
case, one can prove that it does.?

2 See Review Exercise 88, Chapter 13 for a special case, or H. B. Fine, College Algebra, Dover,
New York (1961), p. 241 for the general case.
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10.2 Partial Fractions 469

Partial Fractions

To integrate P(x)/Q(x), where P and Q are polynomials containing no
common factor:

1. If the degree of P is larger than or equal to the degree of Q, divide Q
into P by long division, obtaining a polynomial plus R(x)/Q(x),
where the degree of R is less than that of Q. Thus we need only
investigate the case where the degree of P is less than that of Q.

2. Factor the denominator Q into linear and quadratic factors—that is,
factors of the form (x — r) and ax? + bx + c. (Factor the quadratic
expressions if b2 — 4ac > 0.)

3. If (x — #)" occurs in the factorization of Q, write down a sum of the
form

a, a, Ay

O I N

where a,,a,, ... are constants. Do so for each factor of this form
(using constants b;,b,, ..., ¢,¢y, ..., and so on) and add the
expressions you get. The constants a,,a,, ..., b;,b,, ..., and soon

will be determined in step 5.
4. 1f (ax* + bx + ¢)? occurs in the factorization of Q with b* — 4ac < 0,
write down a sum of the form

A4,x + B, + Asx + B, N + A,x + B,
ax’>+ bx + ¢ (ax2 + bx + C)2 (ax2 + bx + c)p ‘

Do so for each factor of this form and add the expressions you get.
The constants 4,,4,, ..., B;,B,, ... are determined in step 5. Add
this expression to the one obtained in step 3.

5. Equate the expression obtained in steps 3 and 4 to P(x)/Q(x).
Multiply through by Q(x) to obtain an equation between two polyno-
mials. Comparing coefficients of these polynomials, determine equa-
tions for the constants a,,a,, ..., 4,,4,,..., B}, B,, ... and solve
these equations. Sometimes the constants can be determined by
substituting convenient values of x in the equality or by differenti-
ation of the equality.

6. Check your work by adding up the partial fractions or substituting a
few values of x.

7. Integrate the expression obtained in step 5 by using

[ dx .=—[ L ____|+c >
(x—ry (= Dx—ry

and fxc{)—cr =In|x — #| + C.

The terms with a quadratic denominator may be integrated by a
manipulation which makes the derivative of the denominator appear
in the numerator, together with completing the square (see Exam-
ples 3 and 6).
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5_ .4
Example 4 Integrate f 53’“—"2'1 dx.
X" — X

Solution First we divide out the fraction to get

5_ 4
fx—x +1dx=f(x2+ 1 )dx=lx3+ _dx

x3—x2 x3—x2 3 x3—x2

The denominator x> — x? is of degree 3, and the numerator is of degree zero.
Thus we proceed to step 2 and factor:
x*—x?=x*x—1).
Here x = x — 0 occurs to the power 2, so by step 3, we write down
a4 D
x  x2
We also add the term b,/(x — 1) for the second factor.

a4, b

X x2 X“‘l.

Since there are no quadratic factors, we omit step 4. By step 5, we equate the
preceding expression to 1/(x* — x?):
a a, b
Gify b 1
X x x=1 x (x—1

Then we multiply by x*(x — 1):
apx(x — 1)+ ayx— 1)+ bx*=1.

Setting x =0, we get a, = — 1. Setting x = 1, we get b, = 1. Comparing the
coefficients of x* on both sides of the equation gives a, + b,=0,s0a,=—b,
= —1. Thus @, = —1, a; = —1, and b, = 1. (We can check by substitution
into the preceding equation: the left side is (—x(x — 1) — (x — 1) + x?,
which is just 1.)

Thus
1 1 1 1
= — = — = 4+ .
x3_x2 x2 x—1
and so
%=l—ln|x]+ln|x—1]+C=l+ln|2‘—_—1|+c.
x°—x X X X
Finally,

5 4 —
fx——mdx=lxs+l+1n|_&_.1_‘+c,A
x3— x? 3 x x

2
Example 5 Integrate f —* __ax.
(=*-2)
Solution The denominator factors as (x —v2 Y*(x +v2 )% so we write
x? a ) b b,

2 + s+ 2
(x*-2)° x—\2 (x =V2) x+y2 (x +12)
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Thus
x = ay(x V2 )(x +12) + ay(x +42) + by(x +Z)(x —2)
+by(x—v2)
We substitute values for x:
x=\f2_:2=8a2 0 a,=1%;
x=-y2:2=8b, so b,=1i.
Therefore

x*= a,(x2—2)(x +ﬁ) +%(x2+2x/'2—x +2)
+b1(x2—2)(x —\/5) +;§-(x2—2\/2—x +2)
=(a,+ b)x’ + (ﬁal +1 —\/fbl)x2

+(=2a,—2b)x —2{2a; + 1 +2{2b,,

and so
aj+b =0 and 2a;+1-V2b =1
Thus
a =1, p=-_1
42 42
Hence
x? — 1 + 1
227 4Z(x-\2 2
(x*=2) (x ) 4(x — \/f)
_ 1 L1
W2 (x+12)  4(x+2)
and so
2 _
f X 2dx=11nxﬁ~ 1 - 1 +C
(xz——2) 42 x+2 4(x—fi) 4(x+\/§)
=1 In|Z -2 - 2x +C. A
42 |x+\2 | 2x*-2)
3
Example 6 Integrate f X > dx.
(x = )(x*+2x+2)
Solution For the factor x — 1 we write
a,
x-=1"
and for (x? + 2x + 2)? (which does not factor further since x> + 2x + 2 does
not have real roots since b> —4ac =4 —4-1-2= —4 < 0) we write

Ax+B, _ Ax+B,
x*+2x+2 (x2+2x+2)2‘
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We then set
a; Ax + B, + Ax+ B, x3
X142 +2 (2 42x 42 (x— D2 +2x+2)

and multiply by (x — 1)(x? + 2x + 2)%
a,(x% + 2% + 2) 4+ (Ayx + B)(x — 1)(x? +2x +2)
+(Ayx + By)(x — 1) = x°.
Setting x = 1 gives a,(25) = 1 or a, = 5. Expanding the left-hand side, we get:
A (x4 4x® + 8x% + 8x + 4) + A x* + (4, + B))x’ + B\x*
—24,x — 2B, + Ayx* + (B, — Ay))x — By = x°.

Comparing coefficients:

x* 44, =0; *
X+ (A +B)=1; «
x% £ +B +4,=0; ®)
x: 35 =24, + (B, — 4,) = 0; ©
x0(= 1): %—2B,—- B,=0. @
Thus
A= —% (from equation (3));
B, =2 (from equation (4));
Ay=—2 (from equation (5));
B,=+ 2 (from equation (6)).

At this stage you may check the algebra by substitution into equation (7).
Algebraic errors are easy to make in integration by partial fractions.
We have thus far established

x3 _ 1| 1 —x+22 . —30x-—40
(x=Dd+2x+27 P XT1 X242 (24 x4 2)

We compute the integrals of the first two terms as follows:

f | _dx=mx-1+cC
x—1

x24+2x 42 x2+2x+72

2x+2
dx +23 | —2
2fx 24 2x 42 fx +2x+2

1ln[x +2x+2|+23f

(x+1) +1

— Lin|x? + 2x +2| + 23 tan~'(x + 1) + C.
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Finally, for the last term, we rearrange the numerator to make the derivative
of the quadratic polynomial in the denominator appear:

dx

_ _ —152x +2)—-10
30x — 40 _
f 2 zdx—f 2 2
x“+2x+2 x“+2x+2
(

1 1
1 o1 4
(X% +2x +2) f[(x+l)2+l]2
Let x + 1 =tan#, so dx = sec®ddf and (x + 1)> + 1 = sec®. Then

1 _ 0df _
S e

= {1+cos28 ,,_ 8  sin2f
—f————————z =5+ 3820 4 ¢

tan"'(x + 1) + L Gingcoso + C

2

- 1 x+1
tan Mx+ 1)+ 5 —2F -
( )*2 (x+172+1

D= D=

x+ 1
e

1

Figure 10.2.1. Geometry of . _ .
the substitution Adding the results obtained above, we find

x+1 =tané. 3

(see Fig. 10.2.1).

f X dx
(x— 1)(x2 +2x +2)

L
25

Injx — 1] — é—ln(x2 +2x +2)+23tan"(x + 1)

+15———l——————5tan_l(x+1)—5—5i1——-—]+c
x> +2x+2 x> +2x+2

+C. A

25_ m x24+2x+2

Integrands with a single power (x — a)" in the denominator may appear to
require partial fractions but are actually easiest to evaluate using a simple
substitution.

3
x"+2x+1 dx.

Example 7 Integratef e 1)5

Solution lLetu=x—1s0odu=dx and x = u + 1. Then

du

3 u+ D> +2u+ 1+ 1
fx +2x+1dx=f( ) +2u+1)

(x—1y u’

3 2
=fu+3u+5u+4du=f(%+_3§+_5z+i5)du

u5 u u u u

+C. A

N S U I BRI
x=1 ax—1y  3x-17  (x- 1)
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Example 8

Solution

Example 9

Solution

Figure 10.2.2. With the
substitution tan(x/2) = u,

sin(x/2) = u/1+ u>.

To conclude this section, we present a couple of techniques in which an
integrand is converted by a substitution into a rational function which can
then be integrated by partial fractions. The first such technique, called the
method of rationalizing substitutions, applies when an integrand involves a
fractional power. The idea is to express the fractional power as an integer
power of a new variable.

o ) (1+ x)z/ 3
Eliminate the fractional power from f T dx.

To get rid of the fractional power, substitute # = (1 + x)!/3. Then ¥*> =1 + x
and 3u?du = dx, so the integral becomes

u> Butdu
— ¥ 34Pdu= A
f1+2(u—1) f 25— 1

After the rationalizing substitution as made, the method of partial functions
can be used to evaluate the integral. (Evaluating the integral above is left as
Exercise 24).

Try the substitution u = x2 + 4 in the integrals:
g

(a) f—-——%/);_z% and (b) f}xz_ff_

We have u® = x? + 4 and 3u?du = 2x dx, so integral (a) becomes

fﬁ 3u? du—j——ux du,

U

from which we cannot eliminate x without introducing a new fractional
power. However, (b) is

f2x. 3u? du-—f3ux6du f3u(u —4) du

(which can be evaluated as the integral of a polynomial). The reason the
method works in case (b) lies in the special relation between the exponents of
x inside and outside the radical (see Exercise 27). A

The second general technique applies when the integrand is built up by
rational operations from sin x and cos x (and hence from the other trigonomet-
ric functions as well). The substitution u = tan(x/2) turns such an integrand
into a rational function of u by virtue of the following trigonometric identities:

. 2
sinx = - +“u2 , (8)
1 — 2
cosx = - Zz , )
and
24

To prove equation (8), use the addition formula

sinx = sin(fcz— + ’26 ) 2s1n( > )cos( > )

=2( u )( L )= 23U (see Fig. 102.2).

\/1+u2 \/l+u2 1+ 2
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Similarly we derive equation (9). Equation (10) holds since
du 1 ,x 1 2% 1 2
'd—x‘——zsec E-—i[tan (‘2‘)’*‘1]——5(1‘*'“ )

Example 10 Evaluate f ﬁdcx_os7'

Solution Using equations (8), (9), and (10), we convert the integral to
2du_ . 1 _ 2du _(_2du

L+u® 2+ [(1-u?)/(1+u%)] 2420+ 1—w® J 3+

which is rational in u. No partial fraction decomposition is necessary;
the substitution u =3 tan 8 converts the integral to

2-\/3_seczad0=_g_fd0=_2_g_+c
3+3tan¥ 3 3

(using the identity 1 + tan’d = sec®). Writing the answer in terms of x, we get

2 —1( u ) _ 2 —1( 1 x)
~=tan —— |+ C=—=-tan —tan= |+ C
3 3 3 B2

for our final answer. A

Rational Expressions in sinx and cosx

If f(x) is a rational expression in sinx and cosx, then substitute

= tan(x /2). Using equations (8), (9), and (10), transform [f(x)dx into
the integral of a rational function of # to which the method of partial
fractions can be applied.

Example 11 Find f "/sec df.
0

Solution First we find [secfdf = [[df/cosf]. We use equations (9) and (10) (with x
replaced by @) to get

dd__ (1+u? 2du _,( _du
cos ¥ I—u? 14+ 4? 1—u?
_ 1 1 — _ -
~f(l+u+——1_u)du In|]l + u| —Inj]l1 — 4|+ C
1 + tan(8/2)
—1a] 1+ u -
-1nll_u‘+c | a7 |+ C

(Compare this procedure with the method we used to find fsecfdf in
Example 6(b), Section 10.1.) Finally,

) ~0.88]1. A

1 + tan(6/2)

w/4
1 + tan(7/8)
/4 =1l N =l TN
fo sec8 df (ln T tan(d/2) ( ) In1

h 1 — tan(7 /8)

1 + tan(w /8)
- n( 1 — tan(7 /8)
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Exercises for Section 10.2

Evaluate the integrals in Exercises 1-12 using the
method of partial fractions.

1
Lot
f G TR

J
: fo !
J

> f (x— 2)(x§2+ 2x +2) =

6. j dx

(x—2)(x?+3x+1)

4 3
x*+2x :3dx.
(x—4)

x4

(x2+1)2
12x%—1 e
x2+1

N

dx

w

&

=

dx.

11

12,

dx
8x3+ 1
10.
f X +2x3+x
cos x dx
Evaluate the integrals in Exercises 13-16 using a
rationalizing substitution.
14.
&

x
f'lr/Z
w/6 sinx + sin’x
13. f 1‘/_
16. fx3 IZHT dx

3
f4 x4+ 1 dx
2
x*+2x2-3
/4 (5667 + D)sec’x dx
k
d dx X dx
+x +1
15. f A2+ 1 dx

x}-1
1
8.
!
2 _
2xt—x+2 dx
1 + tan®c
Evaluate the integrals in Exercises 17-20.

dx dx
17. f 1 +sinx 18. f 1+ 2cosx
19. (/440 2. (/249
.[, 1+ tané /4 1 —cosd
21. Find the volume of the solid obtained by revolv-

ing the region under the graph of the function
y=1/[(1 — x)(1 — 2x)] on [5, 6] about the y axis.
Find the center of mass of the region under the
graph of 1/(x?+ 4) on [1,3].

3/2

f (1 +xx) dx

22.

23.

*24.
25.

Evaluate

Evaluate the integral in Example 8.
A chemical reaction problem leads to the follow-
ing equation:

dx
—— = di = .
f B0 =) 60=x) kj t, k = constant

In this formula, x(¢) is the number of kilograms

Copyright 1985 Springer-Verlag

of reaction product present after ¢ minutes, start-
ing with 80 kilograms and 60 kilograms of two
reacting substances which obey the law of mass
action.
(a) Integrate to get a logarithmic formula in-
volving x and ¢ (x = 0 when ¢ = 0).
(b) Convert the answer to an exponential for-
mula for x (assume x < 60).
(c¢) How much reaction product is present after
15 minutes, assuming x = 20 when 7 = 10?
26. Partial fractions appear in electrical engineering
as a convenient means of analyzing and describ-
ing circuit responses to applied voltages. By
means of the Laplace transform, circuit re-
sponses are associated with rational funcitons.
Partial fraction methods are used to decompose
these rational functions to elementary quotients,
which are recognizable to engineers as arising
from standard kinds of circuit responses. For
example, from

s+ 1
(s +2)(s*+ D(s2+4)

__4 Bs+C+Ds+2E
s+2 0 2241 s+ 4

an engineer can easily see that this rational func-
tion represents the response

Ae % + Bcost + Csint + Dcos2t + Esin2¢.
Find the constants 4,B,C,D, E.

*27. (a) Try evaluating [(x™ + by*/9x" dx, where m,
p, g, and r are integers and b is a constant by the
substitution u = (x™ + b)"/4.

(b) Show that the integral in (a) becomes the
integral of a rational function of u# when the
number r — m + 1 is evenly divisible by m.

%28. Any rational function which has the form
p(x)/(x — a)"(x — b)", where degp <m+n,
can be integrated in the following way:

(i) Write

p(x) _ 9
(x-a)"(x=-b)" (x—a)"

r(x)
(x—b)"’

where degqg < m and degr < n.

(ii) Integrate each term, using the substitutions
u=x—aandv=x—b.
(a) Use this procedure to find

f dx

(x—2(x -3
(b) Find the same integral by the ordinary
partial fraction method.
(¢) Compare answers and the efficiency of
the two methods.
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10.3 Arc Length and

Figure 10.3.1. An
“infinitesimal segment” of
the graph of f.

10.3 Arc Length and Surface Area 477

Surface Area

Integration can be used fto find the length of graphs in the plane and the area of
surfaces of revolution.

In Sections 4.6, 9.1, and 9.2, we developed formulas for areas under and
between graphs and for volumes of solids of revolution. In this section we
continue applying integration to geometry and obtain formulas for lengths
and areas.

The length of a piece of curve in the plane is sometimes called the arc
length of the curve. As we did with areas and volumes, we assume that the
length exists and will try to express it as an integral. For now, we confine our
attention to curves which are graphs of functions; general curves are consid-
ered in the next section.

We shall begin with an argument involving infinitesimals to derive the
formula for arc length. Following this, a different derivation will be given
using step functions. The second method is the “honest” one, but it is also
more technical.

We consider a curve that is a graph y = f(x) from x = a to x = b, as in
Fig. 10.3.1. The curve may be thought of as being composed of infinitely

' g

. y=f(x)

F R

N d———

many infinitesimally short segments. By the theorem of Pythagoras, the length

ds of each segment is equal to dx*+ dy*. But dy/dx = f'(x), so dy =
f'(x)dx and ds = \/cllx2 + [f’(x)]zdx2 = \/] + [f’(x)]2 dx. To get the total

length, we add up all the infinitesimal lengths: fb ds = f bVl +[ f’()c)}2 dx.

Length of Curves

Suppose that the function f is continuous on [a,b], and that the deriva-
tive f exists and is continuous (except possibly at finitely many points)
on [a,b]. Then the length of the graph of f on [a,b] is:

L=Lb\/1 +[f(x)] ax. (1)

Let us check that formula (1) gives the right result for the length of an arc of a
circle.
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Example 1 Use integration to find the length of the graph of f(x)=y1 — x* on [0,5],
where 0 < b < 1. Then find the length geometrically and compare the results.

Solution By formula (1), the length is j(;bwl + [f’(x)]2 dx, where f(x) =1 — x?. We

have

fx) = — X 'y 12 = x* ()P = 1
== UWI=7I5 +lfel-1—%
Hence

b dx PR PR .
L=| ———=— =sin" (b) —sin™ '(0) = sin™ '(b).
L /1 — xZ
Examining Fig. 10.3.2, we see that sin~!(b) is equal to #, the angle intercepted
4

P

Figure 10.3.2. The length of
the arc PQ is § = sin™ 'b. -1 bl

by the arc whose length we are computing. By the definition of radian
measure, the length of the arc is equal to the angle § = sin~'(b), which agrees
with our calculation by means of the integral. A

Example 2 Find the length of the graph of f(x) = (x — 12+ 2 on [1,2).

Solution We are given f(x)=(x~1)*2+2 on [1,2]. Since f'(x)=3(x — 1)/ the
length of the graph is

=1 Ban =9y —
ISL u’'“du (where u = 9x — 5)

=L(132~-8)~144. A
Due to the square root, the integral in formula (1) is often difficult or even
impossible to evaluate by elementary means. Of course, we can always
approximate the result numerically (see Section 11.5 for specific examples).

The following example shows how a simple-looking function can lead to a
complicated integral for arc length.

Example 3 Find the length of the parabola y = x? from x =0 to x = 1.
Solution We substitute f(x) = x? and f'(x) = 2x into formula (1):

L =f0'\/1 + (2x) dx= 2]01\/(%)2 + x? dx.
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Now substitute x = {tanf and \/(1/2)2 + x? =1lsec#:
f\/ ) + x? dx= f(—secB)(—secZOdH) fsec30d0

We evaluate the integral of sec®d using the following trickery®:
fsec30 do= f secf sec’d df = f secf(tan’d + 1)df
= fsec 6 tan’d df + f secd df
= [ (secttan8)tan 8 db + Injsecd + tand|.
(see Example 10, Section 10.2.) Now integrate by parts:
f(sec ftan @ )tan § df = f di; (sech)tanf df

= secftanf — f sec fsec?f df

= secfHtand — f sec’d db.

Substituting this formula into the last expression for [sec’d df gives

fsec30 df= sechtanf — fsec30 df + Injsecd + tand|;

SO

fsec30dl9= %(secﬂtanB + In[secd + tand|) + C.

Since 2x = tan# and secf =2 - \/(1/2)2 + x? =11+ 4x?, we can express the

integral [sec’dd@ in terms of x as
xy1+4x? + In2x +y1 + 4x? | + C.

[One may also evaluate the integral [ (%)2 + x* dx using integral formula
(43) from the endpapers.] Substitution into the formula for L gives

L=4(xy1+4x* +In2x +V1 + 45> |)|s
=1 [\/5_ +Lln(2 +\/§)} ~1479. A

Example 4 Express the length of the graph of f(x) =v1 — k** on [0,b] as an integral.
Solution We get

4 2
o k2 / 1+ (k"= k )x
f(x) ,—1 — k2x2 » f(X) J k2 2 ’
3 We can also write

fsec30d0=fzgzz df= f(l cost__ jp= f(l_u

sm

(u=sind).

The last integral may now be evaluated by partlal fractions.
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f \/ L+ (K — k)x?
dx.
1-— k2 2

It turns out that the antiderivative

1+ (k* — k*)x?
_ L dx
1 — k*?

cannot be expressed (unless k% =0 or 1) in terms of algebraic, trigonometric,
or exponential functions. It is a new kind of function called an elliptic
function. (See Review Exercises 85 and 92 for more examples of such
functions.) A

Thus,

We now turn to the derivation of formula (1) using step functions.

Our first principle for arc length is that the length of a straight line
segment is equal to the distance between its endpoints. Thus, if f(x) = mx + ¢
on [a,b], the endpoints (see Fig. 10.3.3) of the graph are (a,ma + g) and

y=mxtq

(b,mb +q)

Figure 10.3.3. The length of
the dark segment is ] (a,ma +q)

pl } t -
(b — a)y1 + m* , where m ) .

is the slope.

(b, mb + q), and the distance between them is

\/(a — by +[(ma+ q)— (mb+ q)]° = \/(a — by’ + m*(a — by’
=(b— a1+ m*.

(Since a < b, the square root of (a — b)*is b — a.)

Our strategy, as in Chapter 9, will be to interpret the arc length for a
simple curve as an integral and then use the same formula for general curves.
In the case of the straight line segment, f(x) = mx + ¢, whose length between

x=aand x = bis (b — a)yl + m*, we can interpret m as the derivative f'(x),
so that

Length = (b — a)/1 + m? =fab\/1 +[ ()] .

Since the formula for the length is an integral of f’, rather than of f, it is
natural to look next at the functions for which f’ is a step function. If f* is
constant on an interval, f is linear on that interval; thus the functions with
which we will be dealing are the piecewise linear (also called ramp, or
polygonal) functions.

To obtain a piecewise hnear function, we choose a partition of the
interval [a, b}, say, (x¢,X,, . .., x,) and specify the values (yq, ¥y, ...,),) of
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Figure 10.3.4. The graph of
a piecewise linear function.

Exampile 5

Solution

10.3 Arc Length and Surface Area 481

the function f at these points. For each i = 1,2, ..., n, we then connect the
point (x;_;, y;_;) to the point (x;, y;) by a straight line segment (see Fig.
10.3.4).

VA
(x4, ¥4)

G 1)
T t
a b X

The function f(x) is differentiable on each of the intervals (x,_,,x,),
where its derivative is constant and equal to the slope (3, — y;,_)/(x; — x;_ ).

Thus the function /1 +[ f’(x)]2 is a step function [a, b], with value

ki=¢ (.yl )’:1)
X; ™ Xi_y

on (x;_,,x,).* Therefore,

SN REEETRE

igl \/(xi =X + (0 = yim1) -

Note that the ith term in this sum, \/(x,. = X%_)°+ (5 —yi_1)?, is just the

length of the segment of the graph of f between (x,_,, y;_,) and (x;, y,).
Now we invoke a second principle of arc length: if n curves are placed
end to end, the length of the total curve is the sum of the lengths of the pieces.
Using this principle, we see that the preceding sum is just the length of the
graph of f on [a, b]. So we have now shown, for piecewise linear functions, that

the length of the graph of f on [a, b] equals the integral fbﬂl + [f’(x)]2 dx.

Let the graph of f consist of straight line segments joining (1,0) to (2,1) to
3,3) to (4,1). Verify that the length of the graph, as computed directly,

is given by the formula 1 + 7] dx.
[ )]

The graph is sketched in Fig. 10.3.5. The length is

di+dy+d =1+ 12 +y1+22 +3/1+ (=2 =2 +2/5.

4 Actually, \/1 +[ f’(x)]2 is not defined at the points xy, x;, . . . , x,,, but this does not matter
when we take its integral, since the integral is not affected by changing the value of the integrand
at isolated points.
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Figure 10.3.5. The length of
this graph is d, + d, + dj.

Figure 10.3.6. The
boundary of the solid of
revolution S consists of the
surface of revolution 3,
obtained by revolving the
graph, together with two
disks.

Yy
3,3
4,
X
On the other hand,
1 on (1,2)
f(x)= 2 on (2,3)
-2 on (3,4)

(and is not defined at x = 1,2, 3,4). Thus, by the definition of the integral of a
step function (see Section 4.3),

[V OT am ()1 (3 2) 14 [ 27 |

=2 +2/5
which agrees with the preceding answer. A

Justifying the passage from step functions to general functions is more
complicated than in the case of area, since we cannot, in any straightforward
way, squeeze a general curve between polygons as far as length is concerned.
Nevertheless, it is plausible that any reasonable graph can be approximated by
a piecewise linear function, so formula (1) should carry over. These consider-
ations lead to the technical conditions stated in conjunction with formula (1).

If we revolve the region R under the graph of f(x) (assumed non-
negative) on [a, b], about the x axis, we obtain a solid of revolution S. In
Section 9.1 we saw how to express the volume of such a solid as an integral.
Suppose now that instead of revolving the region, we revolve the graph
y = f(x) itself. We obtain a curved surface 3, called a surface of revolution,
which forms part of the boundary of S. (The remainder of the boundary
consists of the disks at the ends of the solid, which have radii f(a) and f(b);
see Fig. 10.3.6.) Our next goal is to obtain a formula for the area of the surface
3. Again we give the argument using infinitesimals first.

V1 Z (surface)

¥ =fx)
Revolve
r\./R\’
1 1 e
a b *

Referring to Figure 10.3.7, we may think of a smooth surface of revolu-
tion as being composed of infinitely many infinitesimal bands, as in Fig.

S (solid)

Disks
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Figure 10.3.7. The surface
of revolution may be
considered as composed of
infinitely many infinites-
imal frustums.

Example 6

Solution

Figure 10.3.8. Bands of
equal width have equal
area.

10.3 Arc Length and Surface Area 483

y VaxZ ¥dy?

/\)r\ Revolve
3 } i l @

10.3.7. The area of each band is equal to its circumference 27f(x) times its
width ds = \/dx? + dy*, so the total area is

/ Pamf(x)dx? + dy* = / Dafyy1 +[ £(x) ] dx

since dy = f'(x)dx.

Area = 27f(x)V/dx2 + dy?

Area of a Surface of Revolution about the x Axis

The area of the surface obtained by revolving the graph of f(x) (> 0) on
[a, b] about the x axis is

A= 2w£bf(x)\/1 + [f’(x)]z dx= 277[1))1'\/1 + (%)2 dx

We now check that formula (2) gives the correct area for a sphere.

Find the area of the spherical surface of radius r obtained by revolving the
graph of y =yr’ — x* on [—r,r] about the x axis.
As in Example 1, we have /1 + [f’(x)]2 = r/yr* — x*, so the area is

f' 2arfrt — x2 — L dx=2ar( dx=2ar-2r=4nr?
-r \/_—— —r

2 2
which is the usual value for the area of a sphere. A

If, instead of the entire sphere, we take the band obtained by restricting x to
[a,b] (—r<a<b<yr), the area is 2w[’;rdx = 2qr(b — a). Thus the area
obtained by slicing a sphere by two parallel planes and taking the middle
piece is equal to 277 times the distance between the planes, regardless of
where the two planes are located (see Fig. 10.3.8). Why-doesn’t the “longer”
band around the middle have more area?

As with arc length, the factor y/1+[ f/(x)]* in the integrand sometimes
makes it impossible to evaluate the surface area integrals by any means other
than numerical methods (see Section 11.5). To get a problem which can be
solved, we must choose f carefully.

Copyright 1985 Springer-Verlag. All rights reserved.



484 Chapter 10 Further Techniques and Applications of Integration

Example 7 Find the area of the surface obtained by revolving the graph of x* on [0, 1]
about the x axis.

Solution We find that f/(x) = 3x and 1/1+[ f(x)]” =1+ 9x%, so
4= 27rf1\/1 +9x* x3dx= —g—fl\/l +9udu  (u=x" du=4x"dx)
0 0

_m (° 1/2 (=l 1 )
fo\(1+v) dv u 9v,a’u 9dv

9
=L (102 - 1)~3.56. A
2l )

By a method similar to that for deriving equation (2), we can derive a formula
for the area obtained by revolving the graph y = f(x) about the y axis for
a € x < b. Referring to Figure 10.3.9, the area of the shaded band is

Width X Circumference = ds - 2mx = 2mx\dx* + dy?

Thus the surface area is be'zrx\/l + [f’(x):]z dx.

Figure 10.3.9. Rotating
y = f(x) about the y axis.

Area of a Surface of Revolution about the y Axis

The area of the surface obtained by revolving the graph of f(x) (> 0) on
[a,b] about the y axis is

4= ZWJ;bx\/l +[ ()] dx. (3)

Example 8 Find the area of the surface obtained by revolving the graph y = x? about the
yaxisfor I < x <2.

Solution If f(x) = x?, f'(x) =2x and /1 + [f’(x)]2 =41+ 4x?. Then

A= 2wf2x 1+4x? dx= %f”ul/zdu (u =1+ 4x? du = 8xdx)
1 s

17

=7(2,32 T 17372 — §3/2 o
4( u )5 T (172~ 5%/%) ~3085. A

3
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Figure 10.3.10. The area of
the shaded cylinder is
2ak(b — a).

Figure 10.3.11. A frustum
of a cone.

Figure 10.3.12. The area of
the frustum, found by
cutting and unrolling it, is
as(ry + r).

10.3 Arc Length and Surface Area 485

Finally we sketch how one derives formula (2) using step functions. The
derivation of formula (3) is similar (see Exercise 41).

If f(x) =k, a constant, the surface is a cylinder of radius k and height
b — a. Unrolling the cylinder, we obtain a rectangle with dimensions 27k and
b — a (see Fig. 10.3.10), whose area is 2wk (b — a), so we can say that the area
of the cylinder is 27k (b — a).

¥y
Circumference
2wk
y=k Revolve
L L 2
¥ T
a b x Radius
k
Cut here
and unroll Height b — a

TP

Next we look at the case where f(x)= mx + ¢, a linear function. The
surface of revolution, as shown in Fig. 10.3.11, is a frustum of a cone—that is,
the surface obtained from a right circular cone by cutting it with two planes
perpendicular to the axis. To find the area of this surface, we may slit the
frustum along a line and unroll it into the plane, as in Fig. 10.3.12, obtaining a
circular sector of radius r and angle # with a concentric sector of radius » — s
removed. By the definition of radian measure, we have r = 27r, and 6(r — s)
=2ar,, s0 s = 2w (ry — ry), or 8§ =2x[(r,— r))/s]; from this we find that
r = r,s/(r, — r,). The area of the figure is

2;077 [wrz —a(r— s)z] = % [rz - (r2 —2rs + sz)] = %(2rs —5%)

_S\= AN SRS L |
0s<r 2) 2m(r, rl)(rz—rl 2)

= 27rs(r2 _h—h ; "1 ) = as(ry + ry).
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(Notice that the proof breaks down in the case r, = r, = k, a cylinder, since
is then “infinite.” Nevertheless, the resulting formula 2#7ks for the area is still
correct!)

We now wish to express ws(r; + r,) as an integral involving the function

f(x) = mx + q. We have r, = ma + ¢, r,= mb + g, and s =1 + m> (b — a)
(see Fig. 10.3.3), so the area is

myl + m? (b — a){m(b + a) +2q]
= a1+ m* [m(b* - a®) +2¢(b — a) |
=2my/1 + m? [mé—z—%—(—li +q(b— a)]

b

2
=2my1 + m? (m%— +qx) .

a

Since m(x?/2) + gx is the antiderivative of mx + ¢, we have

2f17\/¥j-_n_12_(mxj2 +qx)
= ZWfllbm(mx + gq)dx
- 277](;17[\/1 +j"’()c)2 }f(x) dx,

so we have succeeded in expressing the surface area as an integral.

Now we are ready to work with general surfaces. If f(x) is piecewise linear
on [a, b], the surface obtained is a “conoid,” produced by pasting together a
finite sequence of frustums of cones, as in Fig. 10.3.13.

b

Figure 10.3.13. The surface /\ Revolve

obtained by revolving the
graph of a piecewise linear } i
function is a “conoid” a
consisting of several

frustums pasted together.

The area of the conoid is the sum of the areas of the component frus-
tums. Since.the area of each frustum is given by the integral of the func-

tion 27y/1 + [ f’(x)]2 f(x) over the appropriate interval, the additivity of the
integral implies that the area of the conoid is given by the same formula:

A= 277fabf(x)\/1 +[ ()] ax.

We now assert, as we did for arc length, that this formula is true for general
functions f. [To do this rigorously, we would need a precise definition of
surface area, which is rather complicated to give (much more complicated,
even, than for arc length).]
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Example 9 The polygonal line joining the points (2,0), (4,4), (7,5), and (8, 3) is revolved
about the x axis. Find the area of the resulting surface of revolution.

Solution The function f whose graph is the given polygon is

2(x—2), 2<X<43
f()=33(x—4)+4, 4<x<7,
—2(x—=T)+5, 7<x<8
Then we have
2, 2 < x <4,
f’(x): %, 4<x<77
-2, 7< x<8.

Thus A = 22 [ T 7T
=2a] [+ £ e+ [+ 0o i
aNCNEVTER
=2w{f24[2(x—2)]\/1_+2dx+j;7[%(x—-4)+4] 1+ dx

+[[~2x =Ty +5)T+4 dx}.

Using [(x — a)dx = 4(x — a)* + C, we find

4 7 8
A =2r \/g[(x—Z)z]2+@—[-é—(x—4)2+4x}4+\/§[——(x——7)2+5x:|'7

= 277(4\/§+ %m + 4\/5)%201.8. A

Exercises for Section 10.3

1. Find the length of the graph of the function length of the graph as computed directly is equal to that
f(x)=x*/8 + 1/4x* on [1,3]. given by the arc length formula.
2. Find the length of the graph of the function 9. (0,0) to (1,2) to (2,1) to (5,0).
f(x) = (x*— 12x + 3)/6x on [2,4]. 10. (1,1) to (2,2) to (3,0).
3. Find the length of the graph of the function 11. (-1, - D to (0, 1) to (1,2) to (2, —2).
y=[x*+3/x)/6on1<x<3. 12. (=2,2)to(—1,—3)to (3, 1).
4. Find the length of the graph of the function Find the area of the surfaces obtained by revolvirg the
y=yx@x—3)/6on1<x<9. curves in Exercises 13-20.
5. Express the length of the graph of x" on [a, b] 13. The graph of yx + 1 on [0,2] about the x axis.
as an integral. (Do not evaluate.) 14. The graph of y =] x*+3/x)1/6, 1<x<3
6. Express the length of the graph of f(x) = sinx about the x axis.
on [0,27] as an integral. (Do not evaluate.) 15. The graph of y =yx (4x — 3)/6, 1 < x < 9 about
7. Express the length of the graph of f(x)= the x axis.
xcosx on [0, 1] as an integral. (Do not evalu- 16. The graph of ¢* on [0, 1] about the x axis.
ate.) 17. The graph of y =cosx on [—7/2,7/2] about
8. Express the length of the graph y=e™" on the x axis.
[—1,1] as an integral. (Do not evaluate.) 18. The parabola y =yx on [4, 5] about the x axis.
In Exercises 9-12, let the graph of f consist of straight 19. The graph of x'/? on [1,3] about the y axis.
line segments joining the given points. Verify that the 20. The graph of y = Inx on [2,3] about the y axis.
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In Exercises 21-24, the polygon joining the given points
is revolved about the x axis. Find the area of the
resulting surface of revolution.

21.
22.
23.
24.

25.

26.
B27.

28.

Figure 10.3.14. Find the
length of this curve.

(0,0) to (1,1 to (2,0).
(1,0) to (3,2) to (4,0).
@2, 1) to (3,2) to (4, 1) to (5,3).
(4,0) to (5,2) to (6, 1) to (8,0).

Find the length of the graph of a(x + b)*/? + ¢
on [0, 1], where a, b, and ¢ are constants. What is
the effect of changing the value of ¢?

Find the length of the graph of y = x? on [0, 4].
Express the length of the graph of f(x) = 2x> on
[—1,2] as an integral. Evaluate numerically to
within 1.0 by finding upper and lower sums.
Compare your results with a string-and-ruler
measurement.

Find the length, accurate to within 1 centimeter,
of the curve in Fig. 10.3.14.

DV Vs

For each of the functions and intervals in Exercises
29-32, express as an integral: (a) the length of the

curve;

(b) the area of the surface obtained by revolving

the curve about the x axis. (Do not evaluate the inte-

grals.)

29.
30.
31
32.

§@33.

Figure 10.3.15. Find the
area of the surface obtained

tanx + 2x on [0,7 /2]
x*+2x~1onl[l3]
1/x+4 x on[1,2]

e* + x° on [0, 1]

Find the area, accurate to within 5 square centi-
meters, of the surface obtained by revolving the
curve in Fig. 10.3.15 around the x axis.

/’\;D

y

by revolving this curve. x

B834.

35.

36.

*E 37.

*38.

Use upper and lower sums to find the area,
accurate to within 1 unit, of the surface obtained
by revolving the graph of x* on [0, 1] about the x
axis.

Prove that the length of the graph of f(x)=
cos(y3 x) on [0, 27] is less than or equal to 4.
Suppose that f(x) > g(x) for all x in [a, b]. Does
this imply that the length of the graph of f on
[a,b] is greater than or equal to that for g?
Justify your answer by a proof or an example.
Show that the length of the graph of sinx on
[0.1,1] is less than the length of the graph of
1+ x*on [0.1, 1].

Suppose that the function f on [a,b] has an
inverse function g defined on [a, B]. Assume
that0<a< band 0< a < 8.

*39.

section of a tank requiring

Figure 10.3.16. A cross 20 -
an epoxy coating on its l

(2) Find a formula, in terms of f, for the area of
the surface obtained by revolving the graph
of g on [a, B] about the x axis.

(b) Show that this formula is consistent with the
one in formula (3) for the area of the surface
obtained by revolving the graph of f on
[a,b] about the y axis.

Write an integral representing the area of the

surface obtained by revolving the graph of

1/(1 + x?) about the x axis. Do not evaluate the

integral, but show that it is less than 2y5 #?

no matter how long an interval is taken.

. Craftsman Cabinet Company was preparing a

bid on a job that required epoxy coating of
several tank interiors. The tanks were con-
structed from steel cylinders C feet in circumfer-
ence and height H feet, with spherical steel caps
welded to each end-(see Fig. 10.3.16). Specifica-
tions required a §-inch coating. The 20-year-old
estimator quickly figured the cylindrical part as
HC square feet. For the spherical cap he
stretched a tape measure over the cap to obtain
S ft.

interior.

(a) Write eqnetions which canbe used to £i,d

the surface ageo of the steel tap 0 termsg of

S and C. [Hint: Revolve y =R%— x?
about the y axis, 0 < x < C/2n.]

Write equetions For finding the Surface
acea of the tenlt (n teems of §,C, and H.
Determine the cost for six tanks with
H =16 feet, C =377 feet, S =132 feet,
given that the coating costs $2.10 per square
foot.

(®)
©

*41. (a) Calculate the area of the frustum shown in

Fig. 10.3.17 using geometry alone. (b) Derive
formula (3) using step functions.

y

y=mx+q

Figure 10.3.17. A line
segment revolved around

the y axis becomes a
frustum of a cone.
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Example 1

Solution

—1

NN
N

t='§‘

Figure 10.4.1. The point
(cost, sin f) moves in a
circle.

10.4 Parametric Curves 489

Parametric Curves

Arc lengths may be found by integral calculus for curves which are not graphs of
functions.

We begin this section with a study of the differential calculus of parametric
curves, a topic which was introduced in Section 2.4. The arc length of a
parametric curve is then expressed as an integral.

Recall from Section 2.4 that a parametric curve in the xy plane is specified
by a pair of functions: x = f(r), y = g(#). The variable ¢, called the parameter
of the curve, may be thought of as time; the pair (f(¢), g(¢)) then describes the
path in the plane of a moving point. Many physical situations, such as the
motion of the Earth about the sun and a car moving on a twisting highway,
can be conveniently idealized as parametric curves.

(a) Describe the motion of the point (x, y) if x = cost and y = sin¢, for ¢ in
[0,27]. (b) Describe the motion of the point (¢, t%) for ¢ in (— o0, c0).

(a) At t=0, the point is at (1,0). Since cos’t + sin’t = 1, the point (x, y)
satisfies x? + yz = 1, so it moves on the unit circle. As ¢ increases from zero,
x = cost decreases and y = sin¢ increases, so the point moves in a counter-
clockwise direction. Finally, since (cos(27), sin(2#)) = (1,0), the point makes a
full rotation after 2« units of time (see Fig. 10.4.1).

(b) We have x* = > = y, so the point is on the curve y = x>. As ¢ increases so
does x, and the point moves from left to right (see Fig. 10.4.2). A

by

t=-15§
Figure 10.4.2. The motion
of the point (1, 3.

Example 1(b) illustrates a general fact: Any curve y = f(x) which is the graph
of a function can be described parametrically: we set x =t and y = f(?).
However, parametric equations can describe curves which are not the graphs
of functions, like the circle in Example 1(a).
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The equations
x=at+b, y=c+d

describe a straight line. To show this, we eliminate the parameter t in the
following way. If a # 0, solve the first equation for ¢, getting ¢ = (x — b)/a.
Substituting this into the second equation gives y = c[(x — b)/a] + d; that is,
y=(c/a)x + (ad — bc)/a, which is a straight line with slope ¢/a. If a =0,
we have x = b and y = ct + d. If ¢ # 0, then y takes all values as ¢ varies and
b is fixed, so we have the vertical line x = & (which is not the graph of a
function). If ¢ =0 as well as a =0, then x = b and y = d, so the graph is a
“stationary” point (b, d).
Similarly, we can see that

X =rcost+ xy,, y=rsint+y,
describes a circle by writing
X = X Y=o
r r

= COS¢, = sin .

Therefore,

— xan2 — po2
(x xo) +(y r}’o) = cos’t + sin’t = 1

r

or (x — x)* + (y — yo)* = % which is the equation of a circle with radius r
and center (xg, o). As ¢ varies from 0 to 27, the point (x, y) moves once
around the circle.

Parametric Equations of Lines and Circles

Straight line

x=at+ b, —o0 < t < 00;
y=ct+d a and ¢ not both zero; the line passes
through (b,d) with slope ¢/ a.

Circle
X = rcost + xg, 0<t< 27

/’—'N\ y=rsint+y,,  r>0,r=radius, (xy, y,) = center.
\\ s O)

o
Ry
e

/L
[STE
=

Other curves can be written conveniently in parametric form as well. For
example, 4x* + 9y* = 1 (an ellipse) can be written as x = Lcos?, y = Lsinz. As

Figure 10.4.3. The t goes from 0 to 2w, the point moves once around the ellipse (see Fig. 10.4.3).
parametric curve General properties of ellipses are studied in Section 14.1.
x =4cost, y =4sint The same geometric curve can often be represented parametrically in
is an ellipse. more than one way. For example, the line x = at + b, y = ¢t + d can also be
represented by
x=1t, y=C yad=—be
a a
or by
x= y___gﬁ+ad—bc
’ a a

(If we used %, we would get only half of the line since 2 > 0 for all 1.)
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Example 2

Solution

Y ON10))

(xg, ¥o)

/ x

Figure 10.4.4. If the forces
constraining a particle to
the curve (f(2), g(¢)) are
removed at ¢y, then the
particle wiil follow the
tangent line at #;.

Example 3

Solution

10.4 Parametric Curves 491

In Section 2.4 we saw that the tangent line to a parametric curve

(x, y) = (f(), g(1)) at the point ((z5), g(t,)) has slope

dx dx/dt  f'(15)

If f'(¢,) = 0 and g'(¢;) # 0, the tangent line is vertical; if f'(#,) and g'(¢,) are
both zero, the tangent line is not defined. Since the tangent line passes through
(f(20), g(2y)), we may write its equation in point-slope form:

_ g
o)

[x — f(z)] + g(20)- (M

Find the equation of the tangent line when # = 1 for the curve x = r* + 2y,
y = sin(¢m).

When t=1, x=3 and y =sinw =0. Furthermore, dx/dt =4s + 1/,
which equals 5 when ¢ = 1; dy/dt = = cos(tw), which equals —« when ¢ = 1.
Thus the equation of the tangent line is, by formula (1),

= T =Ty 437
5(x 3)+0 or y 5)c+5 . A
If a curve is given parametrically, it is natural to express its tangent line

parametrically as well. To do this, we transform equation (1) to the form

y—8(%) _ = f(%)
g'(%) f'(%)

We can set both sides of this equation equal to ¢, obtaining

x=1f'(t) + f(t0)  »=1g(t) + g(%0)- 2

Equation (2) is the parametric equation for a line with slope g'(2,)/f'(%y)
if f'(z5) # 0. If f'(¢,) = O but g’'(¢,) # 0, equations (2) describe a vertical line. If
f'(tp) and g'(¢,) are both zero, equations (2) describe a stationary point.

It is convenient to make one more transformation of equations (2), so
that the tangent line passes through (x,, y,) at the same time ¢, as the curve,
rather than at 7 = 0. Substituting ¢ — ¢, for ¢, we obtain the formulas

x=f(t)(t— to) + f(to), y =8 (to)(t — to) + g(%)- 3

Notice that the functions in formulas (3) which define the tangent line to a
curve are exactly the /inear approximations to the functions defining the curve
itself. If we think of (x, y) = (f(¢), g(¢)) as the position of a moving particle,
then the tangent line at ¢, is the path which the particle would follow if, at
time #,, all constraining forces were suddenly removed and the particle were
allowed to move freely in a straight line. (See Fig. 10.4.4.)

A child is whirling an object on a string, letting out string at a constant rate, so
that the object follows the path x = (1 + f)cosz, y = (1 + f)sinz.

(a) Sketch the path for 0 < ¢ < 4.
(b) At ¢ =47 the string breaks, so that the object follows its tangent line.
Where is the object at t = 577

(a) By plotting some points and thinking of (x, y) as moving in an ever
enlarging circle, we obtain the sketch in Fig. 10.4.5.
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4 (b) We differentiate:

(1 + 47, 0) = —‘(%— = (1 + #)(—sint) + cos?z, and

g = % = (1 + f)cost + sint.
When ¢, = 47, we have
f(to)) = (1 +4n)cosdnw =1+ 4w, and g(t,)= (1 + 4n)sindn =0,
f(t)y=(1+47)-0+1=1, and g(t)=(+47r)-1+0=1+4x.
Figure 10.4.5. The curve By formulas (3), the equations of the tangent line are

g(i‘n*m’):;; (1 + f)sin ) for x=t—dn+(1+4n), y=(1+4n)(t—47)+0.

When ¢ =57, the object, which is now following the tangent line, is at
x=1+57~167],y=(+4m)7r~42.62. A

Tangents to Parametric Curves

Let x = f(¢) and y = g(r) be the parametric equations of a curve C. If f
and g are differentiable at 1y, and f'(¢,) and g'(¢,) are not both zero, then
the tangent line to C at 7, is defined by the parameiric equations:

x = fl(to)(t = to) + f(to), ¥ =8 (Lo)(t — to) + g(to)-

If f'(z5) # 0, this line has slope g'(z,)/f'(t,), and its equation can be
written as

A CO
Y f/(to) [ f(to)] + g(tO)'

If f'(¢ty) = 0 and g'(z,) # 0, the line is vertical; its equation is

x = f(%o)-

Example 4 Consider the curve x = 2 — ¢, y = 1%

(a) Plot the points corresponding to t = —2, —1, —4,0,1,1,2.

(b) Using these points, together with the behavior of the functions 7> and
3 — 1, sketch the entire curve.

(c) Find the slope of the tangent line at the points corresponding to ¢ = 1 and
t=—1.

(d) Eliminate the parameter ¢ to obtain an equation in x and y for the curve.

Solution (a) We begin by making a table:

t -2 -1 =1 0 112
x=2—t | -6 0 30 -2 0 6
y=1r 4 1 L0 o] 4

These points are plotted in Fig. 10.4.6. The number next to each point is the
corresponding value of ¢. Notice that the point (0, 1) occurs for t = —1 and
t=1.

(b) We plot x and y against ¢ in Fig. 10.4.7. From the graph of x against ¢, we
conclude that as ¢ goes from — oo to oo, the point comes in from the left,
reverses direction for a while, and then goes out to the right. From the graph
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@2 <
/ t ¢

Figure 10.4.6. Some points
on the curve (£2 — ¢, £%).

Figure 10.4.8. The
parametric curve
3= 1,13,

Example 5

Solution

Figure 10.4.9. The curve
(#%,1%) has a cusp at the
origin.

Figure 10.4.7. The graphs
of x and y plotted
separately against ¢.

of y against 7, we see that the point descends for # <0, reaches the bottom at
y =0 when ¢ = 0, and then ascends for ¢ > 0. Putting this information together
with the points we have plotted, we sketch the curve in Fig. 10.4.8.

Tangent line at Tangent line at
t=-1 t=1

(c) The slope of the tangent line at time 7 is

&y _dy/dt _
dx  dx/dt 32-—1

When ¢ = — 1, the slope is —1; when ¢ = 1, the slope is 1. (See Fig. 10.4.8))

(d) We can eliminate ¢ by solving the second equation for ¢ to get

= +) and substituting in the first to get x = =(y*/? — »'/?). To obtain an
equation without fractional powers, we square both sides. The result is
x?=y(y — )% or x? = »> — 2y* + y. In this form, it is not so easy to predict
the behavior of the curve, particularly at the “double point” (0,1). A

(a) Sketch the curve x = £, y = t2. (b) Find the equation of the tangent line at
t = 1. (¢) What happens at t = 0?

(a) Eliminating the parameter ¢, we have y = x2/3. The graph has a cusp at the
origin, as in Fig. 10.4.9. (Cusps were discussed in Section 3.4.)

(b) When t=1, we have x =t>=1, y=>=1, dx/dt =3 =3, and dy/ dt
= 2t = 2, so the tangent line is given by

x=3t-1)+1 y=2:-1)+1L

It has slope 2. (You can also see this by differentiating y = x%/% and setting
x=1)

(c) When ¢ = 0, we have dx/dt =0 and dy/dt = 0, so the tangent line is not
defined. A
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Example 8 Consider the curve x = cos3¢, y = sinz. Find the points where the tangent is

horizontal and those where it is vertical. Use this information to sketch the
curve.

Solution The tangent line is vertical when dx/dt = 0 and horizontal when dy/dt = 0.
(If both are zero, there is no tangent line.)
We have dx /dt = —3 sin 3¢, which is zero when ¢ = 0,7 /3,27 /3, 7,47 /3,
57 /3 (the curve repeats itself when ¢ reaches 27); dy/dt = cost, which is zero
when t = 7 /2 or 37 /2. We make a table:
T 7 2@ 47 37 Sw
! 3 37 3 " 3 3 3
x=cos3t | 1 -1 0 1 -1 | 0 -1
— 3 V3 &) 3
y= sin¢ 0 —':2-" 1 ——2—— 0 —-2—‘ 1 —2‘
Tangent vert vert hor wvert vert vert hor vert
Using the fact that 3 /2~ 0.866, we sketch this information in Fig. 10.4.10.
Connecting these points in the proper order with a smooth curve, we obtain
Fig. 10.4.11. This curve is an example of a Lissajous figure (see Review
Exercise 93 and 94 at the end of this chapter). A
y y
< I 2o
3¢ ’ ¢g
& Y
A d Y X
T 0 x
Sw 4
3 I

Figure 10.4.10. Points on
the curve (cos 3¢, sin ¢) with
horizontal and vertical

tangent.

Figure 10.4.11. The curve
(cos 3¢,sin t) is an example
of a Lissajous figure.

What is the length of the curve given by (x, y) = (f(2), g(#)) fora < ¢ < b? To
get a formula in terms of f and g, we begin by considering the case in which
the point (f(#), g(¢)) moves along the graph of a function y = h(x); that is,
g(®) = h(f(1)).

If f(a) = a and f(b) = B, the length of the curve is f P+ (x) ] dx

by formula (1) of Section 10.3. If we change variables from x to ¢ in this
integral, we have dx = f'(f)dt, so the length is

fab L+[H(f(e)] f(oyar

To eliminate the function / from this formula, we may apply the chain rule to
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g(t) = h(f(1)), getting g'(x) = H'(f(¥)) - f'(¥). Solving for A'(f(¢)) and substitut-
ing in the integral gives

b / 2
f1/1+ ?g” 7ty dt

L=f\/[f'<f>]2+[g'(t>]2 dt=f (&) '+ (%) d. @

Formula (4) involves only the information contained in the parametrization.

y Since we can break up any reasonably behaved parametric curve into seg-
NS ments, each of which is the graph of a function or a vertical line (for which we
. see that equation (4) gives the correct length, since f'(¢) = 0), we conclude that

~ equation (4) ought to be valid for any parametric curve.

Equation (4) may be derived using infinitesimals in the following way.
Refer to Fig. 10.4.12 and note that ds® = dx* + dy>. Thus

) & d 2 a 2
Figure 10.4.12. Finding the ds =dx* + dy* = \/( g)f) + (;,{') dt.

length of a parametric
curve. Integrating from ¢ = a to ¢ = b reproduces formula (4).

Length of a Parametric Curve

Suppose that a parametric curve C is given by continuous functions
x = f(£), y = g(1), for a <t < b, and that f'(¢) and g'(¢) exist and are
continuous, except possibly for finitely many points. Then the length of
C is given by
2
) dt.
4

- [ iroTtrara- [ %)+

28

Example 7 Find the length of the circle of radius 2 which is given by the parametric
equations x = 2cost + 3, y =2sint + 4, 0 < ¢ < 27.

Solution We find f'(¢) = dx/dt = —2sint and g'(¢t) = dy/dt = 2 cost, so
L= f 277\/4 sin’ + 4 cos’ dt
0
27 ) > 27
=f 2ysint + cos tdt=f 2di= 4
0 0
(which equals 27 times the radius). A

Example 8 Find the length of (a) x = %, y = #* on [1,3] and (b) x = ¢sint, y = rcost on
[0, 4]

Solution (a) We are given x = f(¢) = t* and y = g(¢) = t* on [1,3]. The length is

L= V@Y + @) di= S *ar@e + 1 ar.
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Letting u = 214, we have the length

L= %fmz\/zﬂ + 1 du.
2

Making the substitution u = tan 8, du = sec’ df, we get

f Vi + 1 du= f secdf= 1.

JVu+1 (see Fig. 10.4.13). Integrating by parts,
u
a I =secHtanf — fsecl? tan’d df = secf tanf — fsec f(sec’d — 1) df.
1 .
Figure 104,13, Tf tanf = u,  OCC a8t oot
T _ _tané + sec _
yu® +1 =secé. fsecﬂd& fsecﬂ anf + secf df = In|tan @ + secd|,

we get ] =secftan® — I + In|tand + sec#| + C. Thus

secftanf + Injtand + sech|
5 +

(Compare Example 3, Section 10.3.) Putting everything together in terms of u,

L= % [\/u2+ 1-u +ln[u+\/u2+ 1 1”162%6561-1o
2

(b) If x=rtsint and y = rcost, dx/dt =sint + tcost and dy/dt = cost —
tsint. Therefore,

I=fsec30d0= C.

2 rdp\ . :
( %);—) + ( 7);) = sin% + 2¢sintkost + t2cos’t + cos’ — 2¢sinzcost + £2sin%

=1+7
Thus, using (a), the length is

f:" 1+12dt=%[t\/1+t2+ln|t+\/1+t2!

-1 [47”/1 +167° + In(47 +1 + 1677 )] ~808 A -

4a

0

Example 9 Show that if x = f(¢) and y = g(¢) is any curve with (f(0), g(0)) = (0,0) and
(f(1), g(1)) = (0,a), then the length of the curve for 0 < ¢ < 1 is at least equal
to a. What can you say if the length is exactly equal to a?

Solution It is evident that [ g/()P < [f()F + [g'()P, so

g <lrOT+[g0] -

Integrating from 0 to 1, we have

ng/(t)dtgj(‘)l\/[f,(t)]z+[g,(t)]2 ar

By the fundamental theorem of calculus, the left-hand side is equal to
g(1)— g(0) = a — 0 = a; the right-hand side is the length L of the curve,
so we have a < L. If a= L, the integrands must be equal; that is,

g =1 t)2 + g’(t)2 , which is possible only if f'(¥) is identically zero; that
is, f(2) is constant. Since f(0) = f(1) = 0, we must have f(¢) identically zero;
that is, the point (x, y) stays on the y axis. '

We have shown that the shortest curve between the points (0,0) and (0, a)
is the straight line segment which joins them. A
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Solution

Example 11

Bulge ()

%
Figure 10.4.14. Investigate
how a bulge on a tire
moves.

10.4 Parametric Curves 497

Given a point moving according to x = f(¥), y = g(f), the integral

D(¥) =fa’\/[f'(s)}2 +[ g(s)]) as

is the distance (along the curve) travelled by the point between time a and
time ¢. The derivative D’(¢) should then represent the speed of the point along
the curve. By the fundamental theorem of calculus (alternative version), we
have

p(y=\[FO T +[g)] -

Speed

Let a point move according to the equations x = f(¢), y = g(¢). Then the
speed of the point at time ¢ is

FroF=tror (%) (%)

Suppose that an object is constrained to move along the curve x = f(1),
y = g() and that at time #, the constraining forces are removed, so the particle
continues along the tangent line

x = fi(to)(t = to) + f(t0), ¥ =g (to)(t — %) + g(%)-
At time ¢, + Az, the particle is at (f'(1p) At + f(t,), g'(¢p) At + g(2,)), which is

at distance \/f'(£) + g’(Lfo)2 At from (f(4y), g(to)). Thus the distance trav-

elled in time At after the force is removed is equal to Af times the speed at ¢,
so we have another justification of our formula for the speed.

A particle moves around the elliptical track 4x? + y* =4 according to the
equations x = cost, y = 2sin¢. When is the speed greatest? Where is it least?

The speed is

d(cost) 1? d(2sint) 1
\/[ (dt )] +[ (dt )} = ysin¥ + 4cos® =1 + 3 cos’ .

Without any further calculus, we observe that the speed is greatest when
cost = *1; that is, t =0, 7, 27, and so forth. The speed is least when
cost = 0; thatis, t = 7 /2, 37 /2, 57 /2, and so on. A

The position (x, y) of a bulge in a bicycle tire as it rolls down the street can be
parametrized by the angle § shown in Fig. 10.4.14. Let the radius of the tire be
a. It can be verified by methods of plane trigonometry that x = af — asiné,
y = a — acosf. (This curve is called a cycloid.)

(a) Find the distance travelled by the bulge for 0 < 8 < 27, using the identity
1 — cos@ = 2sin*(#/2). This distance is greater than 27a (distance the tire
rolls).

(b) Draw a figure for one arch of the cycloid, and superimpose the circle of
radius a with center at (7a, a), together with the line segment 0 < x < 27a
on the x axis. Show that the three enclosed areas are each wa’.
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Solution (a) The distance d is the arc length of the cycloid for 0 < § < 2. Thus,

d—_-j(;zw\/(a— acos0)2+ (asinb?)2 de

= afzw\/l —2c088 + cos?d + sin?d db= a2 fzwx/l — cosf df
0 o

= aﬁfoz"ﬁsin(%)d0= —4acos(8/2)f" = —4a(~1— 1) =8a.

(b) Refer to Fig. 10.4.15. The total area beneath the arch is

y =f()2w}dx=j(;2ﬂy%d0

0[ 11"a 27'ra

Figure 10.4.15. One arch of
the cycloid.

X

= a2{2w + %(0 + —;—sin20)

— =f2wa2(l —cosf)(1 —cosf)df= a2f2°’(1 —2cosf + cos20)d0
0 0

. - 1 2=
=a2[(0——2sm0)](2) +§f0 (1+00320)d0]

27

} = 374>,
0

The area of the circle is 7a?, so by symmeiry each of the other two congruent

regions also has area ma

- A

Exercises for Section 10.4

For the parametric curves in Exercises 1-4, sketch the
curve and find an equation in x and y by eliminating
the parameter.

l.x=4t—1,y=1+2

2. x=2t+1,y=1¢

3. x=cosf + 1, y =sin¥.

4. x =sinf, y =cosf — 3.
Find a parametric representation for each of the curves
in Exercises 5-12.

5.2x2+ y2=1. 6. 16x2+9y? = 1.
7. 4xy = 1. 8 y=3x-2
9. y=x*+1. 10. 3x2—y*=1.

11. y = cos(2x). 12. y? = x + x2
Find the equation of the tangent line to each of the
curves in Exercises 13-16 at the given point.

13. x=3124+t,y=1314=1

4. x=1/t,y=yi+1;t,=2.

15. x = cos*(t/2), y = isins; to=m/2.

16. x =0 —sinf, y =1 — cosf; == /4.

17. A bead is sliding on a wire, having position
x=(2—317% y=2—3¢ at time ¢. If the bead
flies off the wire at time ¢ = 1, where is it when
t=37

18. A piece of mud on a bicycle tire is following the
cycloid x =6r—3sin2t, y =3 —3cos2t. At
time ¢ = 7 /2, the mud becomes detached from
the tire. Along what line is it moving? (Ignore
gravity.)

Copyright 1985 Springer-Verlag

Sketch each of the parametric curves in Exercises 19—
22, find an equation in x and y by eliminating the
parameter, and find the points where the tangent line is
horizontal or vertical.

19. x = ¢*; y = cost. (What happens at ¢ = 07)

20. x =7/2—s; y=2sin2s.

21. x = cos2t; y =sint.

22. (x, y) = (cost,sin21).

23. Find the length of x = ¢%, y = ¢*> on [0, 1].

24. Find the length of the curve given by x = 4sin2¢,
y =3+ cos on [0, 7].

25. Find the length of the curve (1%, ) on0 < ¢ < 1.
26. Find the length of the parametric curve
(e'(cos WP + 1,2e (cos)> + 1) on [0, 1]

27. Show that if x =acost+ b and y = asint + d:
(a) the speed is constant; (b) the length of the
curve on [#y,1] is equal to the speed times the
elapsed time (¢, — tg).

28. An object moves from left to right along the
curve y = x3/2 at constant speed. If the point is
at (0,0) at noon and at (1,1) at 1:00 p.M., where
is it at 1:30 p.M.?

29. Consider the parametrized curve x =2cos#,

y=48—sinb.
(a) Find the equation of the tangent line at
0=m/2.

(b) Sketch the curve.
(c) Express the length of the curve on [0,7] as
an integral.

.- All -rights reserved.



30.

31

32.

Show that if

dc d% _ & dy
dt g dt gp?

>

then the speed of the curve x = f(¢), y = g(#) is
constant.

A particle travels a path in space with speed
s(f) = sin®(wt) + tan*(wt)sec’(wf). Find the dis-
tance [(’s(¢)dt travelled in the first ten seconds.
A car loaded with skiers climbs a hill to a ski
resort, constantly changing gears due to varia-
tions in the incline. Assume, for simplicity, that
the motion of the auto is planar: x = x(¢), and
y=y(),0< t < T. Let s(¢) be the distance trav-
elled along the road at time ¢ (Fig. 10.4.16).

S

» iy,
¥
5

Figure 10.4.16. A car on its
way to a ski cabin.

33.

(a) The value s(10) is the difference in the
odometer readings from ¢ =0 to ¢ = 10. Ex-
plain.

(b) The value 5'(¢) is the speedometer reading at
time ¢. Explain.

(c) The value p’(¢) is the rate of change in
altitude, while x'(¢) is the rate of horizontal
approach to the resort. Explain.

(d) What is the average rate of vertical ascent?
What is the average speed for the trip?

A child walks with speed k& from the center of a

merry-go-round to its edge, while the equipment

rotates counterclockwise with constant angular
speed w. The motion of the child relative to the
ground is x = ktcoswt, y = ki sin wt.

(a) Find the velocities X = dx /dt, y = dy/ dt.

(b) Determine the speed.

(¢) The child experiences a Coriolis force oppo-
site to the direction of rotation, tangent to

*34. (a)

*35.

*36.

*37.°

*38.
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the edge of the merry-go-round. The magni-

tude of this force is the mass m of the child

times the factor \/56(0)2+ )’5(0)2 , where %
= d% /df’. Find this force.

Find a parametric curve x = f(¢), y = g(¢)

passing through the points (1,1), (2,2),

4,2), (5,1), (3,0), and (1,1) such that the

functions f and g are both piecewise linear

and the curve is a polygon whose vertices
are the given points in the given order.

(b) Compute the length of this curve by formula
(4) and then by elementary geometry. Com-
pare the results.

(c) What is the area of the surface obtained by
revolving the given curve about the y axis?

At each point (xg, yg) of the parabola y = x?, the

tangent line is drawn and a point is marked on

this line at a distance of 1 unit from (x,, yo) to
the right of (xg, yo).

(a) Describe the  collection of points thus ob-
tained as a parametrized curve.

(b) Describe the collection of points thus ob-
tained in terms of a relation between x and

y.

If x = ¢ and y = g(¢), show that the points where

the speed is maximized are points of inflection of

y=g(x).

(a) Looking at a map of the United States,
estimate the length of the coastline of
Maine.

(b) Estimate the same length by looking at a
map of Maine.

(c) Suppose that you used detailed local maps
to compute the length of the coastline of
Maine. How would the results compare with
that obtained in part (b)?

(d) What is the “true” length of the coastline of
Maine?

(&) What length for the coastline can you find
given in an atlas or almanac?

On a movie set, an auto races down a street. A

follow-spot lights the action from 20 meters

away, keeping a constant distance from the auto
in order to maintain the same reflected light
intensity for the camera. The follow-spot location

(x, y) is the pursuit curve

-t x = L
x=t ZOSech( 0 ), y ZOsech( 70 ),

called a tractrix. Graph it.

5 For further information on the ideas in this exercise, see B. Mandelbrot, Fractals: Form, Chance and Dimension, Freeman, New
York (1977).
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10.5

Figure 10.5.1. The length of
the curve is

[B\(dr/ By + r* .

Length and Area
in Polar Coordinates

Some length and area problems are most easily solved in polar coordinates.

The formula L = f b\/(dx / dt)2 + (dy/ a’t)2 dt for the length of a parametric

curve can be applied to the curve r = f() in polar coordinates if we take the
parameter to be 8 in place of . We write:
x =rcosf = f(#)cosf and y=rsind = f(0)sind.

Suppose that @ runs from a to B (see Fig. 10.5.1). By formula (4) of Section
10.4, the length is

fﬁ\/[f’(O)cosa — f(8)sin8])” + [ f/(8)sind + f(8)cosd]’ db

which simplifies to

[Nr@F o)) @

7

Arc Length in Polar Coordinates
The length of the curve r = f(#), a < 8 < B, is given by

B
L=£B\/f’(0)2+f(0)2 d0=[ '\/(%)2+r2 dé. 1)

One can obtain the same formula by an infinitesmal argument, following Fig.
10.5.2. By Pythagoras’ theorem, ds® = dr?> + (rdf)?, or ds =dr* + r*d#? . If
we use dr = f'(#)d#, this becomes

ds = \/(%)zd(ﬂ +r2dg? = \/( %’)2 + 72 db,

B
L=Lﬁds=£ 1/( ;>2+r2 9.

SO

&.I&.
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Figure 10.5.2. The
infinitesimal element of arc
length ds equals

\/dri +r2dp?.

Example 1

Solution

Example 2

Solution

(b)

(a) r=1+4cosb
(“*cardioid”);

(by r=1+2cos#
(“limagon”™).

10.5 Length and Area in Polar Coordinates 501

Find the length of the curve r =1 — cosf, 0 < 8§ < 2.
We find dr/df = sind, so by equation (1),

_ 20 . a _ 2 - 27 —
L—-fo \/s1n0+(1 cosf )" df fo V2 —2cosf db

—\/—f mw \/—f 2s1n
QZJ(; 7rsin§z170=4';(;'”sinua'u (u = g)
=4(—cosu)lg=28. A

Find the length of the cardioid r =1+ cos§ (0 < 8 < 27).

(This curve is sketched in the accompanying figure.) The length is

f r? + d0 f \/(1+cos0) + sin% df

=f "2+ 2cosB db.
(1]

This can be simplified, by the half-angle formula cos*(8/2) = (1 + cos#)/2, to

_ 27 Q -
L_fo 2cos 7 d=0.

Something is wrong here! We forgot that cos(#/2) can be negative, while the
square root y2 + 2cosé must be positive; i.e.,

vy2 + 2cos —ﬂ4cos cos—

The correct evaluation of L is as follows.
— 2 Q _ 7 Q _ 20 _9-
L fo 2|0052 ‘d0 j(; 2coszd0 L 2cos2 do
since cos(6/2) > 0 on (0,7) and cos(8/2) < 0 on (w,27). Thus

L=4sing ’—4sm =4(1-0)—4(0-1)=8. A

2 2 l
The curve expressed in polar coordinates by the equation r = f(8), together
with the rays # = « and § = (3, encloses a region of the type shown (shaded) in
Fig. 10.5.3. We call this the region inside the graph of f on [a, B].
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Figure 10.5.3. The region
inside the graph r = f(8) on
[a, B] is shaded.

We wish to find a formula for the area of such a region as an integral
involving the function f. We begin with the simplest case, in which f is a
constant function f(#) = k. The region inside the curve r = k on [, 8] is then
a circular sector with radius k and angle 8 — « (see Fig. 10.5.4). The area is
(B — a)/2m times the area 7k? of a circle of radius k, or 1 k*( B — a). We can
express this as the integral [#1 f(8)*d6.

If f is a step function, with f(#) = k;, on (6;_,,8,), then the region inside
the graph of f is of the type shown in Fig. 10.5.5. Its area is equal to the sum
of the areas of the individual sectors, or

E} 5k a0= [P [50)] .

By approximating f with step functions, we conclude that the same formula
holds for general f.

Figure 10.5.5. The area of
Figure 10.5.4. The area of the shaded region is
the sector is 1 k%(8 — «). S k2 A8,

Area i'n Polar Coordinates

The area of the region enclosed by the curve r = f(6) and the rays § = «
and 4 = B is given by

_17rs 2 __:l B2
A—2Lf(0)d0 2ero.

This formula can also be obtained by an infinitesimal argument. Indeed,
the area d4 of the shaded triangle in Fig. 10.5.2 is 1(base) X (height)
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10.5 Length and Area in Polar Coordinates 503

=Li(rdf)yr=1 r*dh, so the area inside the curve is

faﬁdA= %Lﬁﬂda

which agrees with the formula in the preceding box.

Example 3 Find the area enclosed by one petal of the four-petaled rose r = cos28 (see
Fig. 5.6.3).

Solution The petal shown in Fig. 10.5.6 is enclosed by the arc r = cos26 and the rays
6= —u/4 and 6 = 7 /4. Notice that the rays do not actually appear in the
boundary of the figure since the radius r = cos(=£ 7 /2) is zero there. The area
is given by 1 [7/4 4 Jsrdd =1 /4005220 df. By the half-angle formula this is

w/4

w
Z.A
—ws 8

sz/4 1+cos40 A= (0+ s1r240)

a/4

Figure 10.5.6. One leaf of
the four-petaled rose
r=cos29.

Example 4 Find the area enclosed by the cardioid » = 1 + cos#8 (see Fig. 5.6.6).

Solution The area enclosed is defined by r = 1 + cos# and the full range 0 < 8 < 27, so
= %sz(l + 0059)2d0= %fozw(l + 2cosf + cosZH)dH.

Again using the half-angle formula,

A= —fzw( + 2cosf + 003220)d0

37
=—.___A
0 2

34 sin 26
2[ > + 2sinf + ===~ v ]

Example 85 Find a formula for the area between two curves in polar coordinates.

Solution Suppose r = f(#) and r = g(#) are the two curves with f(8) > g(8) > 0. We
are required to find a formula for the shaded area in Fig. 10.5.7. The area is
just the difference betweeen the areas for f and g; that is,

a=5 ["[50y - g6 ] 0. &

r=£(6)

Figure 10.5.7. The area of

the shaded region is

LIEL(0)* — g(9)1d0.
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Example 6

Solution

Sketch and find the area of the region between the curves r = cos26 and
r=2+sinf, 0 < 8 < 2.

The curves are sketched in Fig. 10.5.8. To do this, we plotted points for § at

multiples of #/4 and then noted whether r was increasing or decreasing on
each of the intervals between these § values. To find the shaded area, we must
be careful because of the sign changes of g(#) = cos24. The inner loops are
described in the following way by positive functions:

cos 28,

— c0s 28,

=2+sind

g(#)=4 cos 20,

— cos28,

cos 24,

L

@
P

T
04

3

N

N <

= A
N

W -h]s‘
3

s A A
N
)
N
s[5 2

In fact, we are lucky because in the formula in Example 5, g(8) is squared
anyway, so the shaded area is simply

%foz”[(z +sinf)? — cos20] df

Exercises for Section 10.5

Find the length of the curves in Exercises 1-4.
. r=3(1+sin#); 0 < § < 27.
2.r=1/(cosf +sinf); 0 < 6 < 7 /2.
3.r=40%0<0<3.
4. r=80%0<8<1.
Sketch and find the area of the region bounded by the
curves in Exercises 5-10.
5. r=3sin8; 0< 8 < 7.
r=21+4+sind); 0< 4 < 27.
r=9;0<6<3n/2.
.r=10cos(8*; 0< b < 7/4
r=4+sinf; 0 < 0 < 2.
r=8+sindf; v/4 <0 < 7. [Hint: Find the
critical points of r.]

Swwo

11. Check the arc length formula in polar coordi-
nates for a circle.
12. Check the area formula in polar coordinates for
a segment of a circle and a whole circle.
In Exercises 13-16, sketch and find the length (as an
integral) of the graph of r=f(8), a < 8 < B. (The
answer may be in the form of an integral.) Then find
the area of the region bounded by this graph and the
rays § = ¢ and 8 = .

13. r=tan(0/2); —a/2 <0< n/2.

14. r=0+sin(8%; —7/4< 8 < 37v/4.

15. r=sec0+2;0< 8 < n/4

16. r=2e%;In2 < 0 < In3.
In Exercises 17-20, find the length of and areas
bounded by the following curves between the rays
indicated. Express the areas as numbers but leave the
length as integrals.

17. r=0(1+cosf); §=0,0=m/2.

18.r=1/6;0=1,0=a.

19. f(8)=y1+25in20;6=0,0=q7/2.

20. f(8)=0%—(7/2)0+4;,0=0,0=7/2.
In Exercises 21-24, sketch and find the area of each of
the regions between each of the following pairs of
curves (0 < 8 < 27). Then find the length of the curves
which bound the regions.

21. r=cosf, r =3 sinb.

22. r=3,r=2(1 4+ cosh).

23. r=2cos8,r =1+ coséb.

24. r=1,r=1+ cosé.

25. The curve r = e’ is called a logarithmic spiral.

Find the length of the loop of the logarithmic
spiral for 8 in [2a7, 2(n + D)7].
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*27.

Suppose that the distance from the origin to
(x, y) = (f(1), g(v) attains its maximum value at
t = t,. Show that the tangent line at ¢, is perpen-
dicular to the line from the origin to the point
(f(to), g(t0).

An elliptical orbit is parametrized by x = acos¥§,
y=>bsinf, 0 < @ < 2x. This parametrization is
2q-periodic. In Chapter 18 we shall show that for
any T-periodic parametrization of a continuously
differentiable closed curve x = x(f), y = y(#)
which is a simple (never crosses itself),

Review Exercises for Chapter 10 505

area enclosed =f0T% Lx(r) (1) = % (E)p(H)]dr,

where %(¢) = dx/dt and p(1) = dy/dt. (See also

Review Exercise 95 for this Chapter.)

(a) Use this formula to verify that the area
enclosed by an ellipse of semiaxes a and b is
wab.

(b) Apply the formula to the case of a curve
x(t)=rcost, y(f)=rsint, where r=r(s),
showing that the area enclosed is 1 [Ir?dt.

Review Exercises for Chapter 10

Evaluate the integrals in Exercises 1-50.

1.

o

~

1L

12.

13.

14.

15.

2

f 3 sin®x cos x dx

2. f sin?2x cos*2x dx
3.
4. f cos 4x sin 6x dx

fsin 3xcosSxdx

dx (x| < 1)

[ 5=

] J‘ dx
(x2+2)

f———————vx;mdx (x >4

f_di‘__ (x > 4)
\,‘x - 16

d
'fx2+fc+2

10.

f dx
\/x2+x+2
f dx

3 2
fx ;;cx

3_

x x327 )
f(x2+1)2 3§
2
f(x:-I)S b

dx
o ax 16. | sec®ddp
f x2+4x +5 f

. fsin\/'fdx 18. fﬁq(%s—é;

19.

{ T dx 20 [

1 - cosax)’ 1—x

1 f%dx 2. fln(;—‘-_“-g)dx

.ftan—""-dx 24.f dx

1+ x? x*+1

25. d 26. + 51
fxs_gdx f(x )n x dx
27. f e dx 28. f 3T = 2 dx
dx X
29. 30. d
? 1+ e” f (x-3)¢ o
31. f( d )3dx 32. fmdx
x2—1
33. f sin 3x cos 2x dx 34, f sin®3x cos*3x dx
35. X _d 36 [ —* 4
fsz 3y f(x2+1)2 "’
‘/; .
37. fe_dx 38. f(e"+ 1%~ dx
Vx
3 x /2 .
39. 40. cos x
fz i dx L sin x e dx
41. X _ 4 42. X _d
f x2+3 ~ f yx + 1 *
43, fx*"lnxdx 44, f\ll +sinx - cosxdx
2 (ln 3x + 5)3 e* ln 12
— 46. —dt
45. j; 5 dx L 2
47. j(;lsinhzx dx 48. f "/’/ 4a__sind
/8 _
. fz" sin 0 0 Vi cosd
0 1+ cosf + cos?f

50. f 7/1%056c2100x dx
0

In Exercises 51-54, find the length of the given graph.
51y=3x%0<x<9
5. y=(x+1P?+1,0< x < 2.
X3 1
53.y—74+-4—;,1<x<2.
x 1

In Exercises 55-58, find the area of the surface ob-
tained by revolving the given graph about the given
axis.

55. y = x% 0 < x < 1, about the y axis.

56. y =yx, 0 < x < 1, about the x axis.

57. y =logex, 10 < x < 100, about the y axis.

58. y =2%, 3 < x < 4, about the x axis.
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For each of the pairs of parametric equations in Exer-
cises 59-64, sketch the curve and find an equation in x
and y by eliminating the parameter.

59.
61.
63.

65.

66.

67.

68.

Find

60, x=2t+5;y=t3
62. x=1y=1t

64. x =1 —1;y=1?
Find the equation of the tangent line to the curve
x=ty=1+ratr=1

Find the equation of the tangent line to the
parametric curve x = 3cost, y =sint atr = v /4.
Find the arc length of x = t2,y =2¢* from t =0
tot=2.

Find the length of x = e'sint, y = e’cost from
t=0tot=m/2.

the arc length (as an integral if necessary) and

x=thy=1t-1
x=3y=2t+1
x=0;y=t4

area enclosed by each of the graphs given in polar
coordinates in Exercises 69-74.

69. r=0%0<0<3
N T

70.r—-m, 9<4.

1. r=4+c0s20; 0< <7

72. r=2lcosf|; 0 < 8 < 2.

73.r—3cosz 0<f<m.
o128 7 37

74.r~§ 5 4<0<4.

If f is a function on [0, 2], then the numbers

27
a,, = ;fo f(x)cos mx dx

(m=0,1,2,...)

_ l 27 .
b, = - j(; f(x)sinmx dx

are called the Fourier coefficients of f. Find all the
Fourier coefficients of each of the functions in Exer-

cises 75-82.
75. sin2x 76. sinS5x
77. cos3x 78. cos8x
79. 3cosdx 80. 2cos8x +sin7x + cos9x
81. sinx 82. cos’x
83. The solution of the logistic equation of population

84,

Copyright 1985 Springer-Verlag.

biology, dN/dt = (k;N — k,)N, N(0) = N,, re-
quires the evaluation of the definite integral

N du
Ny (K — ky)u ’

(a) Evaluate by means of partial fraction meth-
ods and compare your answer with Exercise
19, Section 8.5.

(b) The integral is just the time ¢. Solve for N(z)
in terms of ¢, using exponentials.

(c) Find lim,_, ,N(f) when it exists.

Kepler’s second law of planetary motion says

that the radial segment drawn from the sun to a

planet sweeps out equal areas in equal times. Lo-

cate the origin (0,0) at the sun and introduce

polar coordinates (y,#) for the planet location.

Assume the angular momentum of the planet (of

mass m) about the sun is constant; mr = mk,

85.

*86.

*87.

*88.

k = constant, and § = df/d:. Establish Kepler’s
second law by showing [$*/r%) dt is the same for
all times s; thus the area swept out is the same
for all time intervals of length A.

An elliptical satellite circuits the earth in a circu-
lar orbit. The angle ¢ between its major axis and
the direction to the earth’s center oscillates be-
tween +¢, and —¢,, (librations of the earth
satellite). It is assumed that 0 < ¢, < 7/2, so
that the satellite does not tumble end over end.
The time T for one complete cycle of this oscilla-
tion is given by

b T
f ycos 24) - cos 2¢m

Change variables in the integral via the formulas
sin ¢ = sin ¢,,,sin B (which defines g),
cos2¢ = 1 — 2sin’¢p,
€08 2¢,, = 1 — 25in’¢p,, ,

to obtain the elliptic integral representation

-4 .
w2 ) 1-K%sin’B
for the period of libration T, where k2 = sin’p,,.
An engineer is studying the impact of an infinite
bar by a short round-headed bar, making a max-
imum indentation «,. Applying Hertz’ theory of
impact, she obtains the equation L pcyQa’
= k(a3/? — a®/?) for the indentation « at time 1.
The symbols p, ¢q, 2,k are constants. The equa-
tion is solved by an initial integration to get

— 4 COQ f a/a; du
2oy /0 11—

(a) Evaluate the integral by making the substi-

tution v =yu, followed by the method of

partial fractions.
(b) Substitute s = (4tkya; }/(3pcef) to obtain

2
95’=2—W+ n—-——1+y+y

3 (1=
- 4J§tan_'( —21—+—1),

V3
where y =va/a .
Find a general formula for [dx/ax?+ bx + c;
a == 0. There will be two cases, depending upon
the sign of a.
Let f(x)=x", 0<a < x < b. For which ra-
tional values of n can you evaluate the integral
occurring in the formula for:
(a) The area under the graph of f?
(b) The length of the graph of f?
(c) The volume of the surface obtained by re-
volving the region under the graph of f
about the x axis? The y axis?
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*90.
#91.

*92.

*93.

*94.

(d) The area of the surface of revolution ob-
tained by revolving the graph of f about the
x axis? The y axis?

Evaluate these integrals.

Same as Exercise 88, but with f(x) =1+ x".

Same as Exercise 88, but with f(x) = (1 + x?)".

(a) Find the formula for the area of the surface

obtained by revolving the graph of r= f(0)

about the x axis, a < § < B.

(b) Find the area of the surface obtained by

revolving r =cos20, —x/4< 0 < /4 about

the x axis (express as an integral if necessary).

Consider the integral

f dx

V1 = x2)(1 - k) '

(a) Show that, for k = 0 and k = 1, this integral
can be evaluated in terms of trigonometric
and exponential functions and their in-
verses.

(b) Show that, for any k, the integral may be
transformed to one of the form

f df
vyl - k2sin%0
(This integrand occurs in the sunshine for-
mula—see the supplement to Section 9.5.)
(c) Show that the integral

f V1 — k3sin% df

(which also occurs in the sunshine formula)
arises when one tries to find the arc length
of an ellipse x2/a® + y?/b? = 1. Express k
in terms of a4 and b.

Due to the result of part (c), the inte-
grals in parts (a), (b), and (c) are called
elliptic integrals.

Consider the parametric curve given by x
= cosmt, y = sinnt, when m and n are integevs.
Such a curve is called a Lissgjous figure (see
Example 6, Section 10.4).

(a) Plot the curve form=1and n=1,2,3,4.
(b) Describe the general behavior of the curve if

m =1, for any value of n. Does it matter-

whether # is even or odd?

(c) Plot the curve form=2and n=1,2,3,4,5.
(d) Plot the curve for m =3 and n =4,5.
(Lissajous figures continued). The path x = x(¢),
y = y(t) of movement of the tri-suspension pendu-
lum of Fig. 10.R.1 produces a Lissajous figure
of the general form x = A4 cos(wt+ 8;), y=
Assin(wyt + 8g).

Review Exercises for Chapter 10 507

I/ Bob

X

Figure 10.R.1. The bob on
this pendulum traces out a
Lissajous figure.

*95.

*96.

(a) Draw the Lissajous figures for «; =w, =1,
A, = A,, for some sample values of 8,,0,.
The figures should come out to be straight
lines, circles, ellipses.-

(b) When w, =1, w, =3, 4, = A4, =1, the bob
retraces its path, but has two self-inter-
sections. Verify this using the results of Ex-
ercise 93. Conjecture what happens when
@, /w, is the ratio of integers.

(c) When wy/w;=m, A;=A,=1, the bob
does not retrace its path, and has infinitely
many self-intersections. Verify this, graphi-
cally. Conjecture what happens when w,/w,
is irrational (not the quotient of integers).

Consider the curve r = f(f) for 0 < § < 27 as a

parametric curve: x = f(f)cost, y = f(f)sint. As-

suming that f(#) > 0 for all 8 in [0,2#] and that

f(27) = f(0), show that the area enclosed by the

curve is given by

_J‘Zw dx dx 4

as well as by [3~
symmetric formula

2f2w[ ydt]dt

[Hint: Substitute the definitions of x and y into
(A), integrate by parts, and use the formula for
area in polar coordinates.] These formulas are in
fact valid for any closed parametric curve. (See
Section 18.4.)

(a) If r is a non-repeated root of Q(x), show that
the portion of the partial fraction expansion of
P(x)/Q(x) corresponding to the factor x — r is
A/(x — r) where 4 = P(r)/ Q'(r). (b) Use (a) to
calculate f [(x% +2)/(x% — 6x + 11x — 6)] dx.

(A)
x(dy/dt)dt and by the more
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Chapter 11

Limits, LHOpital’s
Rule, and
Numerical Methods

Limits are used in both the theory and applications of calculus.

Our treatment of limits up to this point has been rather casual. Now, having
learned some differential and integral calculus, you should be prepared to
appreciate a more detailed study of limits.

The chapter beginis with formal definitions for limits and a review of
computational techniques for limits of functions, including infinite and one-
sided limits. The next topic is 'Hopital’s rule, which employs differentiation to
compute limits. Infinite limits are used to’ study improper integrals. The
chapter ends with some numerical methods involving limits of sequences.

11.1 Limits of Functions

There are many kinds of limits, but they all obey similar laws.

In Section 1.2, we discussed on an intuitive basis what lim,_, . f(x) means and
why the limit notion is important in understanding the derivative. Now we are
ready to take a more careful look at limits.

Recall that the statement lim, _,, f(x)=/ means, roughly speaking, that
f(x) comes close to and remains arbitrarily close to / as x comes close to x,.
Thus we start with a positive “tolerance” & and try to make { f(x) — /| less than
¢ by requiring x to be close to x,. The closeness of x to x, is to be measured
by another positive number—mathematical tradition dictates the use of the
Greek letter 8 for this number. Here; then, is the famous e-8 definition of a
limit—it was first stated in this form by Karl Weierstrass around 1850.

The ¢-6 Definition of lim f(x)
X=>Xq

Let f be a function defined at all points near x,, except perhaps at x,
itself, and let / be a real number. We say that [ is the limit of f(x) as x
approaches x, if, for every positive number ¢, there is a positive number §
such that | f(x) — /] < & whenever |x — x| < & and x # x,. We write
lim,,, f(x)=1

The purpose of giving the &-8 definition is to enable us to be more precise in
dealing with limits. Proofs of some of the basic theorems in this chapter and
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510 Chapter 11 Limits, L'Hopital’s Rule, and Numerical Methods

Figure 11.1.1. When
lim,_,, f(x) =1, wecan,
for any & > 0, catch the
graph of f in the shaded
region by making 8 small
enough. The value of fat x,
is irrelevant, since the line
x = x, is always “shaded.”

Example 1

Solution

the next require this definition; however, practical computations can often be
done without a full mastery of the theory. Your instructor should tell you how
much theory you are expected to know.

The &-8 definition of limit is illustrated in Figure 11.1.1. We shade the
region consisting of those (x, y) for which:

I. [x — xo| > & (region I in Fig. 11.1.1(b));
2. x = x, (the vertical line II in Fig. 11.1.1(b));
3. x # X, |x — x¢| < 8, and |y — /| < e (region III in Fig. 11.1.1(b)).

(a) (b)
§ not small enough § small enough

If lim,,, f(x) =/, then we can catch the graph of f in the shaded region
by making § small enough—that is, by making the unshaded strips sufficiently
narrow.

Notice the statement x # x, in the definition. This means that the limit
depends only upon the values of f(x) for x near x;, and not on f(x;) itself. (In
fact, f(x,) might not even be defined.)

Here are two examples of how the e-§ condition is verified.

(a) Prove that lim,_,,(x* + 3x) = 10 using the &-§ definition. (b) Prove that
lim,_, x =+a, where a > 0, using the ¢-8 definition.
(a) Here f(x) = x? + 3x, xo =2, and / = 10. Given & > 0 we must find § >0
such that | f(x) — /| < & if |x — x| < 8.

A useful general rule is to write down f(x) - / and then to express it in

terms of x — x, as much as possible, by writing x = (x — x) + x,. In our case
we replace x by (x — 2) + 2: '

fx)—1=x>+3x-10
=(x—2+2+3(x—-2+2)—-10
=(x—2+4(x—2)+4+3(x—2)+6—10
=(x =2+ 7(x = 2).

Now we use the properties |a + b| < |a] + |b| and |a?| = |a|? of the absolute
value to note that

If(x) =] <|x =2+ 7|x —2|.

If this is to be less than e, we should choose § so that 8% + 78 < e. We may
require at the outset that § < 1. Then 82 < 8, so 82 + 78 < 88. Hence we pick
dsothat § <1 and 6 < ¢/8.

With this choice of 8, we shall now verify that | f(x) — /| < & whenever
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[x — xo| < 8. In our case |x — xg| < 8§ means [x — 2| < 8, so for such an x,
[f(x) =1 <|x = 2P+ 7[x - 2|

<8%*+78
<86+78
=85
< g,

and so |f(x) — /| <.

(b) Here f(x) =yx,x,=a, and ! =ya. Given ¢ >0 we must find a § >0
such that |yx —va|<e when |x —a| < 8. To do this we write Vx —va
=(x—a)/ (\/)—c_ ++va). Since f is only defined for x > 0, we confine our
attention to these x’s. Then

7| = |x — al \]x—al
o =] BZtfa  a

Thus, given ¢ > 0 we can choose § =a ¢; then [x — a] < & implies |\/; —\/Z[
< g, as required. A

N

(decreasing the denominator increases the fraction).

In practice, it is usually more efficient to use the laws of limits than the &-8
definition, to evaluate limits. These laws were presented in Section 1.3 and are
recalled here for reference.

Basic Properties of Limits

Assume that lim,_,, f(x) and lim,_,, g(x) exist:

Sum rule:
len}o [f(x)+g(x)] = xl‘l*n;o f(x) + xll)n;o g(x).

Product rule:

lim [ f(x)g(x)] = lim f(x) lim0 g(x).

X—>Xg xX—>Xxq X—> X

Reciprocal rule:

lim [1/f(x)] =1/ lim f(x) i  lim f(x)#0.

xX—>Xq X—>Xg X=X
Constant function rule:

lim ¢= c.
X—rXxg

Identity function rule:

lim x= x;.
X—>Xp

Replacement rule: 1If the functions f and g agree for all x near x,
(not necessarily including x = x;), then

lim f(x)= lim g(x).

xX—rxq x> Xq

Rational functional rule: 1If P and @ are polynomials and Q(xg) 0,
then P/ is continuous at x,; i.e.,

lim [ P(x)/Q(x)] = P(xq)/ Q(%o)-

X Xg

Composite function rule: If h is continuous at lim,_,, f(x), then

Jim h(f(x)) = h( lim f(x))-

X—>Xp
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512 Chapter 11 Limits, L’H6pital’s Rule, and Numerical Methods

The properties of limits can all be proved using the e-8 definition. The
theoretically inclined student is urged to do so by studying Exercises 75-77 at
the end of this section.

Let us recall how to use the properties of limits in specific computations.

Example 2 Using the fact that 1im(l.:&59) =0, find lim cos(l:—@ﬁ).
90 ] 650 ]

Solution The composite function rule says that lim,_,, 2(f(x)) = A(lim,_,, f(x))if A is
continuous at lim,_,, f(x). We let f(f) = (1 —cos#)/f, and A(#) = cosf so
that A( f(#)) = cos[(1 — cosf)/0]. Hence the required limit is

~ — pf1m L—cos8\ _ -
lim h(f(6)) = h( lim 1= ) =cos0=1,

since cos is continuous at # = 0. A

2
Example 3 Find (a) 1im(x;5x_i_6) and (b) lim( x—1 )
x—2 x =2 x->1 ‘/; -1

Solution (a) Since the denominator vanishes at x = 2, we cannot plug in this value. The
numerator may be factored, however, and for any x %= 2 our function is
x2—5x+6 _ (x —3)(x—2) _
x—=2 x—2
Thus, by the replacement rule,

x — 3.

2
limiC—LS—x—'f—é=lim(x—3)=2—3=—l.
x—2 x—2 x—2

(b) Again we cannot plug in x = 1. However, we can rationalize the denom-
inator by multiplying numerator and denominator by yx + 1. Thus (if x # 1):

-1 _ (x = D(x + 1) _(x—1)(&+1)

k-1 (k-nek+n o xo
As x approaches 1, this approaches 2, so lim__,,[(x — 1)/(Yx — D]=2. A

=Vx + 1.

Limits of the form lim,_, ., . f(x), called limits at infinity, are dealt with by a
modified version of the ideas above. Let us motivate the ideas by a physical
example.

Let y = f(¢) be the length, at time ¢, of a spring with a bobbing mass on
the end. If no frictional forces act, the motion is sinusoidal, given by an
equation of the form f(f) = y, + acoswt.' In reality, a spring does not go on
bobbing forever; frictional forces cause damping, and the actual motion has
the form

¥ = f(£) = yo + ae " "coswt, )

where b is positive. A graph of this function is sketched in Fig. 11.1.2.

As time passes, we observe that the length becomes and remains arbitrar-
ily near to the equilibrium length y,. (Even though y = y, already for ¢
= 7 /2w, this is not the same thing because the length does not yet remain
near y,.) We express this mathematical property of the function f by writing
lim,_,  f(£) = y,. The limiting behavior appears graphically as the fact that the

! This is derived in Section 8.1., but if you have not studied that section, you should simply take
for granted the formulas given here.
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Figure 11.1.2. The motion
of a damped spring has
the form

y = f(t) =y +ae~?

'cos wt.

Figure 11.1.3. When
lim, o, f(x) = I, we can
catch the graph in the
shaded region by sliding the
region sufficiently far to the
right. This is true no matter
how small ¢ may be.

Figure 11.1.4. When it is
not true that lim,_, , f(x)
= /, then for some ¢, we
can never catch the graph
of fin the shaded region,
no matter how far to the
right we slide the region.
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y0+(1

S R N A O . e T -

graph of f remains closer and closer to the line y = y, as we look farther to the
right.

The precise definition is analogous to that for lim,_,, f(x). As is usual in
our general definitions, we denote the independent variable by x rather than ¢.

The ¢-4 Definition of Iim,_,_ , f(x)

Let f be a function whose domain contains an interval of the form
(a, ). We say that a real number [ is the limit of f(x) as x approaches
if, for every positive number ¢, there is a number 4 > a such that
| f(x) — 1] < e whenever x > 4. We write lim,_, f(x) = 1.

A similar definition is used for lim,_, _  f(x) =L

When lim,_,  f(x)=/orlim,,__ f(x) =1 theline y = lis called a
horizontal asymptote of the graph y = f(x).

We illustrate this definition in Figs. 11.1.3 and 11.1.4 by shading the region
consisting of those points (x, y) for which x < 4 or for which x > 4 and
ly — 1| <e If lim,_, f(x) = I, we should be able to “catch™ the graph of fin
this region by choosing A4 large enough—that is, by sliding the point A4
sufficiently far to the right.

(b)
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514 Chapter 11 Limits, L'Hopital's Rule, and Numerical Methods

There is an analogous definition for lim,_,_  f(x) in which we require a
number A (usually large and negative) such that | f(x) — /| < e if x < 4.

2
Example 4 Prove that lim —*—

= 1 by using the ¢-4 definition.
x20 1 4 x2

Solution Given ¢ > 0, we must choose 4 such that |[x?/(1 + x%) — 1| < e for x > 4. We
have
1 1
= <L
|1+ x%  x?

x2—1— x>
1+ x2

x|
1+ x2
To make this less than e, we observe that 1/x% < ¢ whenever x > 1/+e, so we
may choose 4 = 1/Ve. (See Fig. 11.1.5.) A

Figure 11.1.5. Hlustrating
the fact that
lim,_,,[x2/(1 + x}] = 1.

At the beginning of Section 6.4. we stated several limit properties for e* and
Inx. Some simple cases can be verified by the e-4 definition; others are best
handled by ’'Hépital’s rule, which is introduced in the next section.

Example 5 Use the e-4 definition to show that for k < 0, lim, ,_e** = 0.

X—>00

Solution  First of all, we note that f(x) = e** is a decreasing positive function. Given
¢ > 0, we wish to find 4 such that x > 4 implies e** < . Taking logarithms of
the last inequality gives kx < Ing, or x > (In¢)/k. So we may let 4 = (In¢e)/k.
(If & is small, Ine is a large negative number.) A

The examples above illustrate the e-4 method, but limit computations are
usually done using laws analogous to those for limits as x — x,, which are
stated in the box on the facing page.

. (1,3 im 3x+2
Example s Find () Jim (- + s+ SJand () iy 7.

Solution (a) We have

2
1im(-1-+ 3 +5)= lim l+3( lim l) 4 lim5=0+3-0*+5=5,
xX—>0 X x>0

FLS el Jm

(b) We cannot simply apply the quotient rule, since the limits of the numera-
tor and denominator do not exist. Instead we use a trick: if x % 0, we can
multiply the numerator and denominator by 1/x to obtain
gx+2 _ 8+ (2/%)
3x-1 3-(1/x)
By the replacement rule (with 4 = 0), we have

8x+2 _ 8+(@2/x) g40 3

for xs<0.

A =1 A 31y T30 3"

(The values of (8x+2)/(3x — 1) for x = 102104105 10% are 2.682...
2.66682 . ..,2.6666682 . ..,2.666666682 ....) A
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Example 7

Solution

Vx2+1l-x
Vx2+1

—

X
Figure 11.1.6. As the length
x goes to oo, the difference
\/xi + 1 —x between the
lengths of the hypotenuse
and the long leg goes to
2€10.
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Limits of Functions as x Approaches
Constant function rule:

lim ¢=c.
X0

1/x rule:

lim L =o.
x>0 X

Assuming that lim,_,, f(x) and lim,_,  g(x) exist, we have these addi-
tional rules:

Sum rule:
lim [ f(x) + g(x)] = lim f(x)+ lim g(x).

Product rule:

lim [ f(x)g(x)] = lim f(x) lim g(x).

X—>00 X—>00

Quotient rule: If lim,_, , g(x) # 0, then
fx) ] _ A )
g(*) | lim g(x)

Replacement rule: If for some real number A4, the functions f(x) and g(x)
agree for all x > A, then

Jim, ) = Jim, £()
Composite function rule: If h is continuous at lim,_, ., f(x), then

lim A(f(x)) = r( lim f(x))-

X=>0

lim
X—>00

All these rules remain true if we replace co by —oo (and “> A” by
“< A” in the replacement rule).

The method used in Example 6 also shows that
i ax"+a,_x" '+ --- +ax+a,
im =

x>0 b x" 4+ b, x" "'+ -+ +bx+b

:b"l P

as long as b, # 0.

Find lim _,  (Yx? + 1 —x). Interpret the result geometrically in terms of right
triangles.

Multiplying the numerator and denominator by yx? + 1 +x gives

V2 + 1 —x=(yx*+1 —x)—-——-——'x2+1-'-x

X2+ 1 +x

S—

_xr+1—x? _

_\/x2+1+x Vx2+1 +x

As x> o0, the denominator becomes arbitrarily large, so we find that
lim_, (yx*+ 1 —x) =0. For a geometric interpretation, see Fig. 11.1.6. A
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516 Chapter 11 Limits, L’Hépital’s Rule, and Numerical Methods

Example 8 Find the horizontal asymptotes of f(x) = —% . Sketch.
x4+ 1

Solution We find

tim, =X =l =
TR T 14152
and
)
dim e g S L g =L
TR TR e
(in the second limit we may take x <0, so x = — \/x_2 ). Hence the horizontal

asymptotes are the lines y = = 1. See Fig. 11.1.7. A

Figure 11.1.7. The curve

y=x/yx>+ 1 hasthe smwwme—") _______ !

linesy=—1landy=1as y=-1
horizontal asymptotes.

Consider the limits lim,_,¢sin(1/x) and lim,_,¢(1/x?). Neither limit exists, but
the functions sin(1/x) and 1/x? behave quite differently as x — 0. (See Fig.
11.1.8.) In the first case, for x in the interval (—§,8), the quantity 1/x ranges

iy ¥

.
)= sin—
. x

Figure 11.1.8. lim,_,( f(x)
does not exist for either of
these functions.

over all numbers with absolute value greater than 1/, and sin(l/ x) oscillates

back and forth infinitely often. The function sin(l/x) takes each value

between —1 and 1 infinitely often but remains close to no particular number.

In the case of 1/x% the value of the function is again near no particular

number, but there is a definite “trend” to be seen; as x comes nearer to zero,

1/x* becomes a larger positive number; we may say that lim _,(1/x?%) = co.
Here is a precise definition.

The B-5 Definition of lim, ,_f(x) = oo

Let f be a function defined in an interval about x,, except possibly at x,
itself. We say that f(x) approaches oo as x approaches x, if, given any real
number B, there is a positive number § such that for all x satisfying
|x — xo| < 8 and x # x,, we have f(x) > B. We write lim,_,, f(x) = co.

The definition of lim,_,, f(x)= —co is similar: replace f(x) > B in
the B-6 definition by f(x) < B.

Copyright 1985 Springer-Verlag. All rights reserved.



11.1 Limits of Functions 517

Remarks 1. In the preceding definition, we usually think of § as being small, while B is
large positive if the limit is oo and large negative if the limit is — co.
2. If lim, _,, f(x)is equal to * oo, we still may say that “lim,_,, f(x) does not
exist,” since it does not approach any particular number.
3. One can define the statements lim__,  f(x) = * oo in an analogous way.

The following test provides a useful technique for detecting “infinite limits.”

Reciprocal Test for lim, ,, f(x)= oo
Let f be defined in an open interval about x,, except possibly at x itself.
Then lim,_,, f(x)= oo if:
1. For all x # x, in some interval about x,, f(x) is positive; and
2. lim,,, [1/f(x)]=0.
Similarly, if f(x) is negative and lim,, [1/f(x)]=0, then
lim,_,, f(x)= —ooc.

The complete proof of the reciprocal test is left to the reader in Exercise 79.
However, the basic idea is very simple: f(x) is very large if and only if 1/f(x)
is very small.

A similar result is true for limits of the form lim,_, . f(x); namely, if f(x)
is positive for large x and lim,_, [1/f(x)] = 0, then lim,_, , f(x) = c0.

Example 9 Find the following limits: (a) lim 1 =5 (b) lim 1 _3 )262
x—1 (X—l) x>0 53/
Solution (a) We note that 1/(x — 1)? is positive for all x # 1. We look at the reciprocal:
lim,_,,(x — 1)* = 0; thus, by the reciprocal test, lim__,,[1/(x — 1)?] = o0.
(b) For x > 1, (1 — x?)/x%/? is negative. Now we have
x3/2 - 1 | 1

Am, 1— 2 = Jim, 32 _ /2 = lim X2 121

= Jim =7 Jim S =0 (<D =0
so lim,,_[(1 — x?)/x*?] = — 0, by the reciprocal test. A
If we look at the function f(x)=1/(x —1) near x,=1 we find that
lim, ,,[1/f(x)] =0, but f(x) has different signs on opposite sides of 1, so
lim,_,,{1/(x — 1)] is neither co nor — co. This example suggests the introduc-
tion of the notion of a “one-sided limit.” Here is the definition.

One-Sided Limits

Let f be defined for all x in an interval of the form (x,,b). We say that
f(x) approaches 1 as x approaches x from the right if, for any positive
number ¢, there is a positive number § such that for all x such that
X9 < x < xo+ 8, we have | f(x) — I| < e. We write lim,_,, , f(x)=1

A similar definition holds for the limit of f(x) as x approaches x,
from the left; this limit is written as lim,_,, _ f(x) =L

In the definition of a one-sided limit, only the values of f(x) for x on one side
of x, are taken into account. Precise definitions of statements like
lim,_,, , f(x) = oo are left to you. We remark that the reciprocal test extends
to one-sided limits.
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Example 10 Find (2) lim (1—x)’ ® lim (1-x)°
x2 + 2)|x x* +2)|x
(¢) lim (—————-)-u and (d) lim (——“l""
x>0+ X x=0- x

Solution (a) For x > 1, we find that 1/(1 — x) is negative, and we have lim _,,(1 — x)
=0, so lim,_,, [1/(1 — x)] = — oo. Similarly, lim,_,,_[1/(1 = x)] = + o0, s0
we get + oo for (b).
(¢) For x positive, |x|/x =1, so (x* + 2)|x|/x = x* + 2 for x > 0. Thus the
limit is 0% + 2 = 2.
(d) For x <0, |x|/x= —1, 50

(.x2+2)|x| ]
lim ———— = — lim [x2+2] =—-2. A

x—=0— X x—0—
If a one-sided limit of f(x) at x, is equal to co or — oo, then the graph of f lies
closer and closer to the line x = x,; we call this line a vertical asymptote of the
graph.

Example 11  Find the vertical asymptotes and sketch the graph of

_ 1
0= e

Solution Vertical asymptotes occur where lim,_,, . [1/f(x)]=0; in this case, they
occur at xo=1 and x,=2. We observe that f(x) is negative on (— oo, 1),
positive on (1,2), and positive on (2, o). Thus we have lim,_,, _ f(x) = —co,
lim,_,,, f(x)= o0, lim,,,_ f(x)= o0, and lim, ,,, f(x)= oco. The graph of f
is sketched in Fig. 11.1.9. A

U

i

y

",

Figure 11.1.9. The graph T
y=1/(x — 1)(x — 2)* has
the lines x = 1 and x = 2 as

i
i
]
!
[
|
|
i
f
1
|
|
|
K |
vertical asymptotes. I

|
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I
I
I
!
I
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i
!
|
1
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We conclude this section with. an additional law of limits. In the next sections
we shall consider various additional techniques and principles for evaluating
limits.

Comparison Test

L If lim ,  f(x) =0 and | g(x)| <|[f(x)| for all x near x, with x # x,,
then lim, ,, g(x)=0.

2. If lim,,,f(x)=0 and |g(x)| <|f(x)| for all large x, then
lim, _,, g(x)=0.

Some like to call this the “sandwich principle” since g(x) is sandwiched
between —|f(x)| and | f(x)| which are squeezing down on zero as x —> x, (or
Xx~-> 00 in case 2).
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Example 12 (a) Establish comparison test 1 using the ¢-8 definition of limit.
(b) Show that limx_,o[ x sin( % )] =0.

Solution

(a) Given ¢ >0, there is a § > 0 such that | f(x)] < e if |[x — xo| < 8, by the

assumption that lim,_,, f(x)=0. Given that ¢ >0, this same & also gives
|g(x)| < e if |x — x| <8 since |g(x)| <|f(x). Hence g has limit zero as

x—> x, as well.

(b) Let g(x) = xsin(1/x) and f(x) = x. Then | g(x)| < |x| for all x 0, since
|sin(1/x)| < 1, so the comparison test applies. Since x approaches 0 as x —>0,

so does g(x), A

Exercises for Section 11.1

Verify the limit statements in Exercises 1-4 using the
e-0 definition.
1. lim,_,,x*=a
L lim, (x2—2x +4) =7
. lim,(x3 +2x2+2) =47
. lim,5(x3 + 2x) = 33
. Using the fact that limg o[(tan®)/8]=1, find
limy_,gexp[(3 tan 8)/8].
6. Using the fact that limyg[(sin8)/0]=1, find
limy_,qcos[(7 sin )/ (48)].

Find the limits in Exercises 7-12.

2

Wb Wi

2
—4
7. lim (x* — 2x +2) 8. fim &Y
x—>3 x>=2 xX+4
-4 3/
o tim — 7D o VX3
x-2 (x2—5x + 6) x=27 X =27
3+x)°-9 _
1. fim O 70 12. lim —*=2
x->0 x x>2 x2 = 3x +2

Verify the limit statements in Exercises 13-16 using the
e-A definition.

3
13. lim 1+X°

X—>
®  x

=1 14, lim =0

15 lim (I+e3)=1 16, lim —— =
X—>00 x>0 Inx
Find the limits in Exercises 17-24.
17. lim (2 +32-2) 18 1im(_8-—i+5)
x>0\ X x2 X—>c0 x2 x3
10x2 -2 . —4x+3
19. A 52— 3 20. xl_grgo P
2 2 -
21 Lm 33X +2x+4 2. x“+ xe *
x>0 §x24 x+7 o0 Gx2 42

x+2+1/x 4 x =

oo X +3+2/x e 2% +5+1/x2

25. Find lim,_, [yxZ+ > —x] and interpret your
answer geometrically.

26. Find lim),_,m[\/cix7 + 1 —¢x] and interpret your
answer.geometrically.
27. Find the horizontal asymptotes of the graph of

VA2 +1 — (x + 1). Sketch.

28. Find the horizontal asymptotes of the graph y =

(x+ 1)/\/x2 + 2. Sketch.

23.

Copyright 1985 Springer-Verlag.

Find the limits in Exercises 29-32 using the reciprocal
test.

29. lim 5
x2 (x—2)

. ox*4+2
B
Find the one-sided limits in Exercises 33—40.
2
3. lim X4
xo2+ (x — 2)
x*—4
x2- (x —2)°
(x—D(x~-2)
im ———
x>0~ x(x + D(x +2)
x(x +3)
36. li —
ot (k= D(x-2)
3
-1
37, fm DA
x—0+ X

442
s tim AR
x=30— X

30. lim _
x—2 (x —_ 2)

4
32, lim X *8
X000 x5/2

34.

35.

39. lim

- Yex-1?
40. xli)n;+ =i i/
Find the vertical and horizontal asymptotes of the
functions in Exercises 41-44 and sketch their graphs.
1 1

41. f(x) = m 42, f(x) = % +3
- __x
8.0 = 5 “ = 5

45. (a) Establish the comparison test 2 using the e-4
definition of limit. (b) Use (a) to find

lim {lsin(l)].
x>0 | x x

46. (a) Use the B-§ definition of limit to show that if
lim,_,, f(x) = co and g(x) > f(x) for x close to
Xg, X = Xg, then lim,_, . g(x) = c0. (b) Use (a) to
show that lim,_;[(1 + cos?x) /(1 — x)?] = co.
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Find the limits in Exercises 47-60.

3
47. lim 31 4x 48. lim X =1
x—>1 43+ 5x x=>1 x—1
49. lim X =1 50. lim — X2
x—»lxzzl x-2 x2 +3x +2
51 Lm X+2X=3 5y i X1
x>=3 x>+ x—~6 x>1 x—1
2n+1
53 him X FtLl 54 gy X=2
x>—1 X+1 x—2 x—\/f
2
55. fim X F3xX+6 56 i sin(d)
x=>2 9x —1 X—>00 X
57. lim &1 58. lim sin( Tt 4
x>+ X —1 x—>00 6x2+9
im 1n2x 60. lim In(x?
59. xl_l)rln_ o) Ldim Tn(x?)
Find the horizontal and vertical asymptotes of the
fur;cltloni in E;(e‘rcxses 61-64. 2 e (x + )(x — 1)
R Y G x(x +2)
_ e +2x _lnx—1
63.y x*—2x 64.y Inx + 1
65. Let f(x) and g(x) be polynomials such that

66.

67.

68.

69.

70.

71.

Hm, [ f(x)/g(x)] = I. Prove that the limit
lim,, _ ., f(x)/g(x) is equal to / as well. What
happens if / = o0 or —c0?

How close to 3 does x have to be to ensure that
|3 —2x — 21 | < 13 ?

Let f(x) = |x|.

(a) Find f '(x) and sketch its graph.

(b) Find lim,_,o_ f'(x) and lim, o, f'(x).

(c) Does lim,_, f'(x) exist?

(a) Give a precise definition of this statement:
lim,_, . f(x) = — 0. (b) Draw figures like Figs.
11.1.1, 11.1.3, and 11.1.4 to illustrate your defini-
tion. -

Draw figures like Figs. 11.1.1, 11.1.3, and 11.1.4
to illustrate the definition of these statements:
(@) lim, e f) =15 (B) limy s f(X) = oo.
[Hint: The shaded region should include all
points with x < x,.]

(a) Graph y = f(x), where

= [Ixl/x, %0,
x —
/=) { 0, x=0.
Does lim,_,q f(x) exist?
(b) Graph y = g(x), where
= [x+1, x <0,
8(x) {Zx—-l, x> 0.
Does lim,_,o g(x) exist?

{c) Let f(x) be as in part (a) and g(x) as in part
(b). Graph y = f(x)+ g(x). Does
lim,, o[ f(x) + g(x)] exist? Conclude that the
limit of a sum can exist even though the
limits of the summands do not.

The number N(¢) of individuals in a population

at time 7 is given by

N(f) =N, e’
TG/ e
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Find the value of lim, ,N(#) and discuss its
biological meaning.

72. The current in a certain RLC circuit is given by
I(6) = {[(1/3)sin¢ + cos tle”/? + 4} amperes.
The value of lim,_, /() is called the steady-state
current; it respresents the current present after a
long period of time. Find it.

73. The temperature T(x,¢) at time ¢ at position x
of a rod located along 0 < x < / on the x axis
is given by the rule T(x,f) = Bje *"sinid;x
+ Bye Fsind,x + Bie *¥*sind;x, where p,
Uz, M3, Ay, Az, A3 are all positive. Show that
lim,,, T(x,) =0 for each fixed location x
along the rod. The model applies to a rod with-
out heat sources, with the heat allowed to radi-
ate from the right end of the rod; zero limit
means all heat eventually radiates out the right
end.

74. A psychologist doing some manipulations with
testing theory wishes to replace the reliability
factor

R= T-Jr-(g—_—l)—r (Spearman—Brown formula)
by unity, because someone told her that she
could do this for large extension factors n. She
formally replaces n by 1/x, simplifies, and then
sets x = 0, to obtain 1. What has she done, in the
language of limits?

#75. Study this -8 proof of the sum rule: Let
lim,_,, f(x)=L and lim,_,, g(x)= M. Given
& > 0, choose §; > 0 such that |[x — xo| < §; and
X 5= xo implies | f(x) — L| < ¢/2; choose 8, >0
such that |x — xo| < 8,, x 5 xo, implies that
|g(x)— M| <e/2. Let 6§ be the smaller of §,
and 8,. Then |x — xo| < 8, and x # x, implies
[(F(x) + g(x)) = (L + M)| < | f(x) = L| +
| g(x) — M| (by the triangle inequality [x + y| <
[x| +|p[). This is less than ¢/2+ ¢/2 =¢, and
therefore lim,_, . | f(x) + g(x)]= L + M.

Now prove that lim,_,, [af(x) + bg(x)] =
alim,_,, f(x)+ blim,_,, g(x).

*76. Study this &8 proof of the product rule: If
lim,,, f(x)=L and lim,,, g(x)= M, then
fim, ., f(x)g(x) = LM.

Proof: Let ¢ > 0 be given. We must find a
number § >0 such that |f(x)g(x)— LM|<e
whenever |x — xo| < 8, x % xy. Adding and sub-
tracting f(x)M, we have

|f(x) g(x) — LM
=1f(x) g(x) = f(x)M + f(x)M — LM|
<|f)l-1g(x) — M| +|f(x) = L||M].

The closeness of g(x) to M and f(x) to L must
depend upon the size of f(x) and |M|. Choose
8; such that |f(x)— L| < whenever
[x — xq} < 8}, x % xq. Also, choose 8, such that
|x — xo| < 8, x5 xq, implieslthat | f(x)~ L]

e/(2|M]) if M #0
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< 1, which in turn implies that | f(x)| < |L]|+ 1
(since | f(x)] = | f(x) — L+ L| < | f(x) ~ L| +
|L] < 1+ |L]). Finally, choose 85 >0 such that
|g(x) — M| <€/[2(|L]| + 1)] whenever |x — x|
< 83, x % xy. Let & be the smallest of §,, §,, and
8. If |x — x| < 8, x 5= xo, then |x — xo| < 6,
[x — xo| < 85, and |x — xo] < 85, so by the
choice of 8,, 8,, 83, we have

|f(x)g(x) = LM|

<If1g(x) = M|+ f(x) = L[ M|

<(L|+1) M|

£ L& .
2Li+1)  2M|
=g,

and so | f(x)g(x) ~ LM| <e.

Now prove the quotient rule for limits.
Study the following proof of the one-sided com-
posite function rule: If lim,_,, , f(x)=L and g
is continuous at L, then g(f(x)) is defined for all
x in some interval of the form (xg,b), and
hmx—-)xo+ g(f(x)) = g(L).

Proof: Let € > 0. We must find a positive

11.2

*78.
*79.

*80.

*81.

L’Hopital’s Rule
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number § such that whenever xq < x < x¢ + 6,
g(f(x)) is defined and |g(f(x)) — g(L)| <e.
Since g is continuous at L, there is a positive
number p such that whenever [y — L| < p, g(»)
is defined and |g(y) — g(L)| < e. Now since
lim,_,, , f(x)= L, we can find a positive num-
ber & such that whenever xq< x < xo+ 6,
| f(x) = L| < p. For such x, we apply the previ-
ously obtained property of p, with y = f(x), to
conclude that g(f(x)) is defined and that
|g(f(x) —g(L) <e.

Now prove the composite function rule.
Use the e-A4 definition to prove the sum rule for
limits at infinity.
Use the B-§ definition to prove the reciprocal
test for infinite limits.
Suppose that a function f is defined on an open
interval I containing x,, and that there are num-
bers m and K such that we have the inequality
|f(x) — f(x0) — m(x — xg)] < K|x — xo? for all
x in I. Prove that f is differentiable at x, with
derivative f'(xq) = m.
Show that lim,. . f(x) =17 if and only if
lim, .o, f(1/y) = I (This reduces the computa-
tion of limits at infinity to one-sided limits at
Zero.)

Differentiation can be used to evaluate limits.

L’Hépital’s rule® is a very efficient way of using differential calculus to
evaluate limits. It is not necessary to have mastered the theoretical portions of
the previous sections to use I'Hopital’s rule, but you should review some of the
computational aspects of limits from either Section 11.1 or Section 1.3.

L’Hépital’s rule deals with limits of the form lim,_,, [ f(x)/g(x)], where
lim,_,, f(x) and lim,_,, g(x) are both equal to zero or infinity, so that the
quotient rule cannot be applied. Such limits are called indeterminate forms.
(One can also replace x, by o0, x5+, or x5 —.)

Our first objective is to calculate lim,,, [ f(x)/g(x)] if f(xo) =0 and

g(xg) = 0. Substituting x = x, gives us 3

9, so we say that we are dealing with

an indeterminate form of type %. Such forms occurred when we considered the
derivative as a limit of difference quotients; in Section 1.3 we used the limit
rules to evaluate some simple derivatives. Now we can work the other way
around, using our ability to calculate derivatives in order to evaluate quite
complicated limits: PHopital’s rule provides the means for doing this.

The following box gives the simplest version of I'Hdpital’s rule.

2 In 1696, Guillaume F. A. ’Hdpital published in Paris the first calculus textbook: Analyse des
Infiniment Petits (Analysis of the infinitely small). Included was a proof of what is now referred to
as PHopital’s rule; the idea, however, probably came from J. Berrioulli. This rule was the subject
of some work by A. Cauchy, who clarified its proof in his Cours d’Analyse (Course in analysis) in
1823. The foundations were in debate until almost 1900. See, for instance, the very readable
article, “The Law of the Mean and the Limits 3, £,” by W. F. Osgood, Annals of Mathematics,
Volume 12 (1898-1899), pp. 65-78.
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522 Chapter 11 Limits, L’'Hopital’s Rule, and Numerical Methods

L’Hépital’s Rule: Preliminary Version

Let f and g be differentiable in an open interval containing x,; assume
that f(xo) = g(x) = 0. If g'(x,) # 0, then

L S® T
S g(x) T g

To prove this, we use the fact that f(x;) = 0 and g(x,) = 0 to write
Jx) _ f) = f(xo) _ [f(x) = f(x0)]/ (> = x0)
8(x)  &(x)—g(x) [8(x)—g(x0)]/(x — x0)
As x tends to x,, the numerator tends to f'(x,), and the denominator tends to

g'(xy) # 0, so the result follows from the quotient rule for limits.
Let us verify this rule on a simple example.

: : -1
Example 1 Find lim { -1 ]
x=1| x—1
Solution Here we take x,=1, f(x)=x>—1, and g(x)=x — 1. Since g'(1) =1, the
preliminary version of 'Hdpital’s rule applies to give
x2=1 _ f ’(1) 3 _

=T~ 7m ~1°

We know two other ways (from Chapter 1) to calculate this limit. First, we can
factor the numerator:
x3—1 _ (x- D(x*+x+1)

_ 2
e i p— =x"+x+1 (x#1).

Letting x—> 1, we again recover the limit 3. Second, we can recognize the
function (x* — 1)/(x — 1) as the different quotient [A(x) — ~(1)]/(x — 1) for
h(x) = x> As x—> 1, this different quotient approaches the derivative of A at
x =1, namely 3. A

The next example begins to show the power of I'Hdpital’s rule in a more
difficult limit.

Example 2 Find lim €98X =1
x>0 Sinx

Solution We apply I'Hopital’s rule with f(x)=cosx —1 and g(x)=sinx. We have
f©)=0,2(0)=0, and g'(0)=1+#0, so

m Sosx—1 _ J(0) _ —sin(0), —0. A
x—0 sinx g'(0) cos(0) '

. This method does not solve all ¢ problems. For example, suppose we wish to
find

lim sinx — x
x>0 x3

If we differentiate the numerator and denominator, we get (cosx — 1)/3x?,
which becomes § when we set x = 0. This suggests that we use "Hopital’s rule
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again, but to do so, we need to know that lim, . [f(x)/g(x)] is equal to
lim,_,, [f(x)/g'(x)), even when f'(xg)/g'(xo) is again indeterminate. The
following strengthened version of 'Hdpital’s rule is the result we need. Its
proof is given later in the section.

L’Hépital’s Rule

Let f and g be differentiable on an open interval containing x,, except
perhaps at x, itself. Assume:

i) g(x)#0,
(i) g’(x)# 0 for x in an interval about x,, x % x,,
(iii) f and g are continuous at x, with f(x,) = g(x,) =0, and

(iv) )cll»n}(, {;Eg =/,

Then fim 200 =

% g(%)

Example 3 Calculate lim 98X —1
x—0 X

Solution This is in $ form, so by I'Hdpital’s rule,

lim So8x =1 _ j;,, —sinx

x—0 x2 x—>0 2x

if the latter limit can be shown to exist. However, we can use "Hopital’s rule
again to write

lim — SIn X = lim — COS X .
x—0 x x=0 2

Now we may use the continuity of cosx to substitute x = 0 and find the last

limit to be — 1; thus
lim Sosx—1 _
x>0 x2

[

To keep track of what is going on, some students like to make a table:

form type limit
f cosx — 1 O indeterminate ?
g x? 0
i,. —sinx O indeterminate ?
g 2x 0
f—” —COSx determinate -1 A
g 2 2

Each time the numerator and denominator are differentiated, we must check
the type of limit; if it is §, we proceed and are sure to stop when the limit
becomes determinate, that is, when it can be evaluated by substitution of the
limiting value.
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524 Chapter 11 Limits, L’Hopital’s Rule, and Numerical Methods

Warning If 'Hopital’s rule is used when the limit is determinate, incorrect answers can
result. For example, lim,_,[(x* + 1)/x] = oo but 'Hépital’s rule would lead
to lim,_,(2x /1) which is zero (and is incorrect).

Example 4 Find lim 32X —X
x>0 tanx — x

Solution This is in 9 form, so we use 'Hopital’s rule:

form type limit

t sinx — x 0 9
g tanx — x 0 |
S cosx — 1 0 9
g sec’x — 1 0

f” —sinx 0 9
g” 2secx(secx tan x) 0
f/// —— czosx 7 determinate 1
g 4sec’x tan®c + 2 sectx 2

Thus lim WX — X _

_1
x>0 tanx — x 2'A

L’Hopital’s rule also holds for one-sided limits, limits as x — oo, or if we have

indeterminates of the form . To prove the rule for the form 2 in case

x—> 00, we use a trick: set # = 1/x, so that x=1/r and t>0+ as x> + 0.
Then

lim f() = lim f/(l/t)
x>+ g(x) 0+ g(1/1)
—rrayy
=0 =g (1/1)
L @anfi/y
0+ (d/dt)g(1/1)
Ja/y
-0+ g(l/t)
J(x)

x—}gloo g(x) ’

(by the chain rule)

(by ’'Hdpital’s rule)

It is tempting to use a similar trick for the & form as x - x,, but it does
not work. If we write

) _ 1/g(®)
g(x)  1/f(x)”

which is in the $ form, we get
i 100 _ jy ~EC/ L8]
g R ) /[ (%)

which is no easier to handle. For the correct proof, see Exercise 42.
The use of 'Hépital’s rule is summarized in the following display.
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L’Hépital’s Rule

To find lim,_,,[f(x) /g(x)] where lim,_,, f(x) and lim,,, g(x) are
both zero or both infinite, differentiate the numerator and denominator
and take the limit of the new fraction; repeat the process as many times
as necessary, checking each time that PHdpital’s rule applies.

If lim, . f(x)=lim,_, g(x)=0 (or each is * o0), then

()

x—>Xg g(x) —x—)xo g’(x)

(x, may be replaced by *+ o or x4+ ).

The result of the next example was stated at the beginning of Section 6.4. The
solution by I’Hépital’s rule is much easier than the one given in Review
Exercise 90 of Chapter 6.

: o Inx
Example 5 Find xh_)n(}o T where p > 0.

Solution This is in the form <. Differentiating the numerator and denominator, we

find
lim Inx _ lim 1/ = lim ——1—p =0,
x>0 X Xx—>00 Pxp" xX—co px
sincep > 0. A

Certain expressions which do not appear to be in the form f(x)/g(x) can be
put in that form with some manipulation. For example, the indeterminate
form co-0 appears when we wish to evaluate lim,.,, f(x)g(x) where
lim,_,, f(x)=co andlim,_,, g(x)=0. This can be converted to 2 or & form
by writing

Jx) () = 15}2) or f(X)g(x)=%-

Example 6 Find lim,_,,, xInx.
Solution We write xInx as (Inx)/(1/x), which is now in & form. Thus

lim xlnx= lim Inx _ lim 1/x = lim (—x)=0. A
x>0+ x>0+ 1/x x50+ — ]/x2 x>0+

Indeterminate forms of the type 0° and 1® can be handled by using loga-
rithms:

Example 7 Find (a) lim,_,,, x* and (b) lim,_,,x"/( 7.

Solution (a) This is of the form 0°, which is indeterminate because zero to any power is
zero, while any number to the zeroth power is 1. To obtain a form to which
I’Hépital’s rule is applicable, we write x* as exp(xInx). By Example 6, we
have lim, o, xInx = 0. Since g(x) = exp(x) is continuous, the composite
function rule applies, giving lim,_ ., exp(xInx) = exp(lim,_ o, xInx) = °
=1, so lim,_ ¢ x* = 1. (Numerically, 0.1%! = 0.79, 0.001°°°* = 0.993, and
0.00001°-00001 = (,.99988.)
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(b) This has the indeterminate form 1%°. We have x!/(*~D = gin0/(x=;
applying 'Hdpital’s rule gives

lim = =1,
x—=>1 X — x—1 1
SO
lim x /=D = i e 9 /(=1 = plimel(inx)/(x=D] = gl = ¢
x->1 x->1

If we set x =1+ (1/n), then x—>1 when n—> co; we have 1/(x — 1)=n, so
the limit we just calculated is lim,., (1 + 1/n)". Thus PHépital’s rule gives
another proof of the limit formula lim,_, (1 + 1/n) ' =e. A

The next example is a limit of the form oo — 0.

Example 8 Find lim ( —L__1 )
x>0\ xsinx  x2
Solution We can convert this limit to § form by bringing the expression to a common
denominator:
form type limit
.1 -1 00 — 00 ?
xsinx 2
N x —sinx 0 9
g x%sin x 0
il 1—cosx 0 9
’ 2xsinx + x%cosx 0
f” sin x 0 9
g’ 2sinx + 4x cosx — x’sinx 0
7’ CO,S X 5 determinate ‘-1-
g 6cosx — 6xsinx — x“cosx 6
Thuslim( 1 —L)=1.A
x>0\ xsinx  x2 6

Finally, we shall prove I’'Hopital’s rule. The proof relies on a generalization of
the mean value theorem.

Cauchy’s mean Suppose that f and g are continuous on [a, b] and differentiable on (a,b) and that

value theorem g(a)# g(b) Then there is a number c in (a,b) such that
~—and gf e aneT Yansh on (o b)),
2 )f () — f(a)

g(b) — 2@

= f'(0).

Proof First note that if g(x) = x, we recover the mean value theorem in its usual
form. The proof of the mean value theorem in Section 3.6 used the function

1(x) = fa) + (x - 0y L=

—a’
For the Cauchy mean value theorem, we replace x — a by g(x) — g(a) and
look at

b) - f(a
h(x) = f(a) +[ 8(x) - g(a)] gb;——(};((az)_ :
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Notice that f(a) = h(a) and f(b) = h(b). By the horserace theorem (see
Section 3.6), there is a point ¢ such that f'(c) = h'(¢c); that is,
von | S(B) = f(9)
=g (C)[ 55~ (@ }

which is what we wanted to prove. H
We now prove the final version of I'Hépital’s rule. Since f(xg) = g(xo)
= (), we have

S =0 _ F(e) "
g(x)  g(x)—gx) &)’
where ¢, (which depends on x) lies between x and x,. Note that ¢, > x, as

x —> xg. Since, by hypothesis, lim,_, [ f'(x)/g'(x)] = /, it follows that we also

have lim, [ f'(c,)/g/(c)] = I, and so by equation (1), lim,,[f(x)/g(*)]
=/ @

Exercises for Section 11.2

Use the preliminary version of 'Hépital’s rule to evalu-
ate the limits in Exercises 1-4.

4 _ 2 _ 2x + 1)°
1. lim X =8 2. lim 23X =12 25. lim —* 2%, fim X
x-33 x—3 x—2 x—2 x>0 X2+1 X~>00 x3+2
3
3 fim 22X 4 gm i,—*—-”-"—}i O s i P25
x>0 Sux x>1 sin(x —1) " x5+ x—5 T x5+ x+5
Use the final version of I'Hépital’s rule to evaluate the %2 +2x + 1 . )
i L 1T et 2 i /(1=x%)
limits in Exercises 5-8. 29. XL"?, 21 30. xl_lffl_ *
— _ C 2
5. lim cos3x—1 o cosl0x — 1 31, lim E’_S_x__lf_x_/z

x—0 5x2 x—0 8x2 x>0 x4

7 lim sin2x — 2x 8. lim sin3x —3x 0 Inx
x—0 x3 x—0 x3 . xl_)m] e* — 1
Evaluate the % forms in Exercises.9-12. 33, ljm Lt cosx
e* x*+Inx omoxmT
9. lim % 10. lim At 224 1 34. ngl/z(x - %)tanx
. Inx . el/x 4 — 1/6 3
11. lim —= 12. 1 . sinx —x+(1/6)x
x—0%x "2 x»i%l+ 1/x 33. ilﬂ}) 5
Evaluate the 0 - oo forms in Exercises 13-16. 36, lim X +Inx+5
_ ) o x>0 533 4 e7% +sinx
13. lim [x°ln x] 14. lim [tan—z——lnx]
x—0 x—=>1 . . . .,
37. Find lim,_,4, x”lnx, where p is positive.
15. lim [x"e ™™ 16. L 2_ Hesc? -
xgr})[x e }gr}r[(x 2mx + m)ese x] 38. Use I’Hopital’s rule to show that as x—> oo,

x"/e*—0 for any integer n; that is, e* goes to
infinity faster than any power of x. (This was

17. lim [(tan x)*] 18. lim (1 +1 )x prpved by anoth.er method in. Section 6.4.)
x—0 x>0 x *39. Give a geometric interpretation of the Cauchy
mean value theorem. [ Hint: Consider the curve

Evaluate the limits in Exercises 17-36.

19. iiir})(cscx —cotx)20. lim [lnx —In(x — 1)] given in parametric form by y = f(1), x = g(?).]
*40. Suppose that f is continuous at x = x,, that f'(x)
2 1 T+ x2 -1 » 1 V2 =1 exists for x in an interval about x4, x 5= x¢, and
’ xli;% sin 2x : xl_,ml cos(mx /2) that lim,_,, f'(x)=m. Prove that f'(xo) exists
and equals m. [Hini Use the mean value theo-

. 1—x? . x+sin2x rem.]
23. 1 24, lim —————=— .
x1_>m1 1+ x2 xl_r.&) 2x +sin3x %*41. Graph the function f(x) = x*, x > 0.
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*42. Prove I'Hopital’s rule for x, = oo as follows: to conclude that
(i) Let f and g be differentiable on (a, c0) with
g(x)#0 and g'(x)#0 for all x> a. Use L(x—)—l‘<s
Cauchy’s mean value theorem to prove that for g(x)
every ¢ > 0, there is an M > a such that for
y>x>M, (iii) Complete the proof using (ii).
fO-1@_ |, *43. (2) Find lim %m( s ‘)
—————) . a—» &
80) &) (b) Find lim lln(e 1)
(i) Write e a a
fxy ) = f) (c) Are your results consistent with the compu-

——=lm—L =" tations of Exercise 30, Section 9.4?
g(x)  y-w g(x) —g(») ‘

and choose y sufficiently large,

11.3 Improper Integrals

The area of an unbounded region is defined by a limiting process.

The definite integral [5f(x)dx of a function f which is non-negative on the
interval [, b] equals the area of the region under the graph of f between a and
b. If we let b go to infinity, the region becomes unbounded, as in Fig. 11.3.1.
One’s first inclination upon seeing such unbounded regions may be to assert
that their areas are infinite; however, examples suggest otherwise.

Figure 11.3.1. The region
under the graph of f on
[a, c0) is unbounded.

Example 1 Find f b % dx. What happens as b goes to infinity?
1 x

Solutlon We have
bdx _ (b —a,y _x3°_1/B—1_1-1/b°
j;x“ j;x ax -3, -3 3 )
As b becomes larger and larger, this integral always remains less than };
furthermore, we have

i (P4x _ 1-1/b°

b—>w0 J] x4 b—>00 3

=1
_3'A

Example 1 suggests that | is the area of the unbounded region consisting of
those points (x, y) such that 1 < x and 0< y < 1/x* (See Fig. 11.3.2)) In
Figure 11.3.2. The region accordance with our notation for finite intervals, we denote this area by
under the graph.of 1/x*on  [¥(dx/x*. Guided by this example, we define integrals over unbounded
[1, 00) has finite area. Itis  intervals as limits of integrals over finite intervals. The general definition
Je(ax/x* =4. follows.
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integrals over Unbounded Intervals

Suppose that for a fixed, f is integrable on [a, b] for all b > a. If the limit
lim, , ®f(x)dx exists, we say that the improper integral [Pf(x)dx is
convergent, and we define its value by

wa(x) dx= bli_)rgo Lbf(x) dx.

Similarly, if, for fixed b, f is integrable on [a,b] for all a < b, we
define

[° pdx= tim [°fex)a,

if the limit exists.
Finally, if f is integrable on [a, b] for all a < b, we define

f_o;f(x) dx=f_0°of(x) dx+f0°°f(x) dx,

if the improper integrals on the right-hand side are both convergent.
If an improper integral is not convergent, it is called divergent.

Example 2 For which values of the exponent r is f *xrdx convergent?
l .

Solution We have

r+1 (b

I br+1 -1 1

- b I+ 1 (r# =1

If r+1>0 (that is, r > — 1), the limit lim,_, b"*' does not exist and the
integral is divergent. If » + 1 < 0 (that is, r < — 1), we have lim,_, b"*'=0
and the integral is convergent—its value is —1/(r + 1). Finally, if r = —1 we
have [§x~'dx =Inb, which does not converge as b— co. We conclude that

[¥°x"dx is convergent just for r < —1. A

. b .
lim [ x"dx= lim %
b—co J1 b F+ 1

Example 3 Find f * I—gi—i
— o0 + X

Solution We write [®_ (dx/(1+ x%)) =" _(dx/(1+ x?)) + [£ (dx/(1+ x*). To
evaluate these integrals, we use the formula [(dx/(l + x?)) = tan™ 'x. Then

fo 49X _ Jim (tan~'0 — tan " 'a)
~w 1+ x? a>-w
— — 1 =1 — — _.—_77 o E
=0 a}}glootan a=0 ( > ) 5
(See Fig. 5.4.5 for the horizontal asymptotes of y = tan™'x.) Similarly, we
have

© dx _ B tan~ = T
fo T2 bll)rilo(tan b —tan™'0) 5

©  dx T, T
= — 4 = = g7,
o TiETitiTTA

Sometimes we wish to know that an improper integral converges, even though
we cannot find its value explicitly. The following test is quite effective for this
situation.
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Figure 11.3.3. Tllustrating
the comparison test.

Example 4

Solution

Comparison Test
Suppose that f and g are functions such that
@) | f(x)] < g(x)forallx > a and
(ii) fa bf(x) dx and fa bg(x) dx exist for every b > a.

Then
(1) If f * g(x)dx is convergent, so is f * f(x)dx, and
) if f * f(x)dx is divergent, so is f * g(x)dx.
a a
Similar statements hold for integrals of the type

f_boof(x) dx and f_woof(x) dx.

Here we shall explain the idea behind the comparison test. A detailed proof is
given at the end of this section.

if f(x) and g(x) are both positive functions (Fig. 11.3.3(a)), then the
region under the graph of fis contained in the region under the graph of g, so

»4 v4

(@) v )

the integral [2f(x)dx increases and remains bounded as b—> co. We expect,
therefore, that it should converge to some limit. In the general case (Fig.
11.3.3(b)), the sums of the plus areas and the minus areas are both bounded
by [g(x)dx, and the cancellations can only help the integral to converge.

Note that in the event of convergence, the comparison test only gives the
inequality — [Pg(x)dx < [3f(x)dx < [Fg(x)dx, but it does not give us the
value of [2°f(x)dx.

Show thai f v__dx convergent, by comparison with 1/x*.
0 V1+x8

We have 1/y1+x® <1/ Yx® =1 /x% so it is tempting to compare with
[&(dx/x*. Unfortunately, the latter integral is not defined because 1/x* is
unbounded near zero. However, we can break the original integral in two
parts:

f ©  dx  _ f I__dx J’°° dx
O Vi4+x® 0 Y1+ x® T 4 A8
The first integral on the right-hand side exists because 1/vy1 + x® is continu-
ous on [0, 1]. The second integral is convergent by the comparison test, taking

g(x)=1/x*and f(x)=1/y1 + x*. Thus [ (dx /Y1 + x*) is convergent. A
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Example 5 Show that f % (lsﬂ)—z dx converges (without attempting to evaluate).
o (1+x

Solution We may apply the comparison test by choosing g(x) = 1/(1 + x)? and f(x) =
(sinx)/(1 + x)?, since |sin x| < 1. To show that [P(dx /(1 + x)?) is convergent,
we can compare 1/(1 + x)* with 1/x? on [1, ), as in Example 4, or we can
evaluate the integral explicitly:

b

f°° A = lim dx2=1im[—--—~—-—_1 ]
0 (1+x) b= J0 (1+ x) b | (14 x) o

I R e
—hm[l —1+b] 1. A

Example 6 Show that f ©__dx__ divergent.
Uyl + X2

Solution We use the comparison test in the reverse direction, comparing 1/y1 + x?

with 1/x. In fact, for x > 1, we have 1/y1+ x? > 1/yx*+ x? =1/{2 x.
But [%(dx/ V2 x) = (1/y2)Inb, and this diverges as b—> co. Therefore, by
statement (2) in the comparison test, the given integral diverges. A

We shall now discuss the second type of improper integral. If the graph of a
function f has a vertical asymptote at one endpoint of the interval [a, b], then
the integral | bf(x)dx is not defined in the usual sense, since the function f is
not bounded on the interval [a, b]. As with integrals of the form [°f(x)dx, we
are dealing with areas of unbounded regions in the plane—this time the
unboundedness is in the vertical rather than the horizontal direction. Follow-
ing our earlier procedure, we can define the integrals of unbounded functions
as limits, which are again called improper integrals.

Integrals of Unbounded Functions

Suppose that the graph of f has x, = b as a vertical asymptote and that
for a fixed, f is integrable on [a,q] for all ¢ in [a,b). If the limit
lim,_,,_ [f(x)dx exists, we shall say that the improper integral [°f(x)dx
is convergent, and we define

b — . q
fa f(x)dx= ql_l)lgl_j; f(x)dx.
Similarly, if x = a is a vertical asymptote, we define

b . b
fa fGeydx = lim, f,, f(x) dx,
if the limit exists. (See Fig. 11.3.4.)

If both x=a and x =b are vertical asymptotes, or if there are vertical
asymptotes in the interior (a,b), we may break up [a, b] into subintervals such
that the integral of f on each subinterval is of the type considered in the
preceding definition. If each part is convergent, we may add the results to get
I f;f(x) dx. The comparison test may be used to test each for convergence. (See
Example 9 below.)
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Figure 11.3.4. Improper

integrals defined by

(a) the limit

lim,,,_ [4f(x)dx and

(b) the limit

lim,_,, f;f(x) dx.
Example 7

Solution

Example 8

Solution

Example 8

Solution

(a) (b

. .ol
For which values of r is f x"dx convergent?
0
If » > 0, x" is continuous on [0, 1] and the integral exists in the ordinary sense.
If » <0, we have lim,_,;, x" = oo, so we must take a limit. We have
. 1 . r+1
lim x"dx= lim *
P00+ Jp p>0+ r+1

= | I H r1
P r+1 (l pl—l)%l+ P ), ‘
provided r # — 1. If r + 1 > 0 (that is, r > — 1), we have lim, o, p =050
the integral is convergent and equals 1/(r + 1). If r 4+ 1 < 0 (that is, r < —1),
lim, o, p’*!= o0, so the integral is divergent. Finally, if r + 1 =0, we have
lim, o, [,x"dx =1lim, o, (0 —In p) = 0o. Thus the integral [ox"dx con-
verges just for r > —1. (Compare with Example 2.) A

Find f] Inxdx.
0

We know that [Inxdx = xInx — x + C, so
1 .
= —1- +
j(; Inxdx p1_1)1(1)1+(1 Inl—1-plnp+p)

=0—-1-04+0= -1

(im,_ o, pln p =0 by Example 6, Section 11.2). A

Show that the improper integral f e " gxis convergent.

0 yx

This integral is improper at both ends; we may write it as I, + I,, where

Il=f01(e_x/\/)?)dx and 12=J;°°(e_x/wf)_c_)dx

and then we apply the comparison test to each term. On [0,1], we have
e *<1,s0 e"‘/\f; < 1/\/;. Since f(l,(dx/\/;) is convergent (Example 7), so
is I,. On [1,00), we have 1/\/; <1, so e_"/\/; < e % but [Pe "dx is
convergent because

fooe_xdx= lim be"‘dx= lim (e‘l - e_b) =e" !

1 b—>oo Ji b—>

Thus 7, is also convergent and so [§(e™/ Vx )dx is convergent. A
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Example 10

Solution

Example 11

Figure 11.3.5. Luke
Skyrunner’s ill-fated ship.

Solution

11.3 Improper Integrals 533
Improper integrals arise in arc length problems for graphs with vertical
tangents.

Find the length of the curve y =y1 — x? for x in [—1, 1]. Interpret your result
geometrically.

By formula (1), Section 10.3, the arc length is
fl V1+ (dv/dxy a’)c=f1 \/1 + (—-x/\/l - x? )2 dx
-1 -1
=f1 dx '
“1 41— x?

The integral is improper at both ends, since

im —L = im —L = .

x——1+ \/I——xi x>l 12

We break it up as

fo dx +f1 dx
= fim [P lim [T
TS A

— . . — 10 - . — + 1' . —_ 1 . . - ]0
p})1_r_nl . (sin sin” p) , lim (sin”'g ~sin™ '0)

7))t 3 i
Geometrically, the curve whose arc length we have just found is a
semicircle of radius 1, so we recover the fact that the circumference of a circle
of radius 1 is 27, A

Luke Skyrunner has just been knocked out in his spaceship by his archenemy,
Captain Tralfamadore. The evil captain has set the controls to send the
spaceship into the sun! His perverted mind insists on a slow death, so he sets
the controls so that the ship makes a constant angle of 30° with the sun (Fig.
11.3.5). What path will Luke’s ship follow? How long does Luke have to wake
up if he is 10 million miles from the sun and his ship travels at a constant
velocity of a million miles per hour?

We use polar coordinates to describe a curve (r(r),8(¢)) such that the radius
makes a constant angle a with the tangent (o = 30° in the problem). To find
dr/db, we observe, from Fig. 11.3.6(a), that

rAf dr _ _r )

Ar~ = .
tana di tana
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Figure 11.3.6. The
geometry of Luke’s path.

(b)

We can derive formula (1) rigorously, but also more laboriously, by
calculating the slope of the tangent line in polar coordinates and setting it
equal to tan(f + ) as in Fig. 11.3.6(b). This approach gives

tanf(dr/df) + r

dr/df — rtand
so that again

dr_ _r

dd tana ’

The solution of equation (1) is®
r(8) = r(0)e®/ == @)

For this solution to be valid, we must regard § as a continuous variable
ranging from —oo to co, not as being between zero and 2w. As 68— co,
r(@)> o0 and as §—> —co, r(8)—>0, so the curve spirals outward as @
increases and inward as # decreases (if 0 < a < 7 /2). This answers the first
question: Luke follows the logarithmic spiral given by equation (2), where
# = 0 is chosen as the starting point.

From Section 10.6, the distance Luke has to travel is the arc length of
equation (2) from # = 0 to # = — oo, namely, the improper integral

f—ow\/(—E:”_(;;—);:de= f_ow\/a%;ida=ffwrmd0

= 0 8/tana 1
f_ wr(O)e Sna dg

°_rO

tanf + tana
1 —tanftana’

=tan(f + a) =

— I'(O) el)/tana
cosa

With velocity = 106, 7(0) = 107, and cosa = cos 30° =3 /2, the time needed
to travel the distance is

_ distance _ 10" 1 _ 20
velocity B /2 108 V3
Thus Luke has less than 11.547 hours to wake up. A

time =~ 11.547 hours

3 See Section 8.2. If you have not read Chapter 8, you may simply check directly that equation (2)
is a solution of (1).
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Figure 11.3.7. These love
bugs follow logarithmic
spirals.

Figure 11.3.8. The graph of
a nondecreasing function
lying below the line y = M
has a horizontal asymptote.

y
I
/-\ P
g =X
Y
A
e~
X
y
Y 7 S
f

Figure 11.3.9. f; and f, are
the positive and negative
parts of f.

11.3 Improper Integrals 535

The logarithmic spiral turns up in another interesting situation. Place four love
bugs at the corners of a square (Fig. 11.3.7). Each bug, being in love, walks
directly toward the bug in front of it, at constant top bug speed. The result is
that the bugs all spiral in to the center of the square following logarithmic
spirals. The time required for the bugs to reach the center can be calculated as
in Example 11 (see Exercise 46).

We conclude this section with a proof of the comparison test. The proof is
based on the following principle:

Let F be a function defined on [a, ) such that
() F is nondecreasing; i.e., F(x;) < F(x,) whenever x| < X,;
(ii) F is bounded above: there is a number M such that F(x) < M for all x.
Then lim,_,  F(x) exists and is at most M.

The principle is quite plausible, since the graph of F never descends and
never crosses the line y = M, so that we expect it to have a horizontal

asymptote as x = o0. (See Fig. 11.3.8).

rd

/

A rigorous proof of the principle requires a careful study of the real
numbers,* so we shall simply take the principle for granted, just as we did for
some basic facts in Chapter 3. A similar principle holds for nonincreasing
functions which are bounded below.

Now we are ready to prove statement (1) in the comparison test as stated
in the box on p. 530. (Statement (2) follows from (1), for if [ g(x)dx
converged, so would [°f(x)dx.)

Let

_[f® i S0
f'(x)_{o it f(x)<0
and

fxy i f(x) <0
fi(x) = -
0 if f(x)>0
be the positive and negative parts of f, respectively. (See Fig. 11.3.9.)
Notice that f=f, + f,. Let Fi(x) = [3fi(¢)dt and F)(x) = [;f,(¢)dt. Since

f, is always non-negative, F(x) is increasing. Moreover, by the assumptions of
the comparison test,

Fy(x) < [Mlfolde< [“g(nyar< [ gy,
so F, is bounded above by [Pg(#)dt. Thus, F, has a limit as x — oo. Likewise,

4 See the theoretical references listed in the preface.
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F, has a limit since F, is decreasing and bounded below. Since

fa " f(tydt= Fy(x) + Fy(x),

it, too, has a limit as x —> co. H

Exercises for Section 11.3

Evaluate the improper integrals in Exercises 1-8.

1. J;w%dx 2. fzwffzﬁ

3. f""e—Sde 4. fowe"3xdx

5f°°x_1 6.f0°°(—1-_*—_1x—)2dx
d

7 f—wooa_-?)? 5. °°°°9+xx

Show, using the comparison test, that the integrals in
Exercises 9-12 are convergent.

9. foo dx 10. fw sin x dx
0 3+x3 T+ x*
© o e -

1. f 1+x 12',{1 l+1nxdx

Show, using the comparison test, that the integrals in
Exercises 13-16 are divergent.

13. f"" _dx
\/2~{-)ci
o (2 + sin x) dx
f 1+x 1

3 dx
14. f 8+x+1/x
o(,(3 cosx)
1+x

Evaluate the improper integrals in Exercises 17-20.

7. flo_dic_ 18. 1 dx
0

2/3 b %374

1 dx
20. _
L (1— x)2/3

Using the comparison test, determine the convergence
of the improper integrals in Exercises 21-24.

21. f_‘l;_j_:_x 2. fl_____x e

23. fw e~ Wl dx 24.
- 00

[t

Determine the convergence or divergence of the inte-
grals in Exercises 25-40.

) ta.n_lx3 de 26, [ _sinx dx
-1 (2+ x) 0 1+ x?
7. [° — X ax 28 f°° L _ar
—oo (x? +1) 2 " —1
1 w 1 1
2. (P—1 __ax 30 ———(1~—-)dx
fl Gx2+ 17 fl x? x
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31

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

45.

46.

47.

. Find the area between the graphs y = x

o 1
. dx
f, (4x —3)'/

f°° cosx+———1—2

0 (x+1

2 1 1

J‘—OQ(JCG/S X4/3)dx
—t

f‘e ar

0 %7

L=
o (x + 1)
f cos

x. [Hint: Use the comparison

test on a small 1nterva1]
2 f 1
— dx
f_w( 53 x4l )

10 1 1
+ dx
f—4[ ()c+4)2/3 (x— 10> }
© dx
Hh xInx

flme"“lnxdx

Consider the spirals defined in polar coordinates
by the parametric equations = ¢, r = ¢ ~*. For
which values of k£ does the spiral have finite arc
length for #/2 < ¢ < w0? (Use the comparison
test.)

Does the spiral § =1, r= e~ have finite arc
length for 7 < £ < 00?

Find the area under the graph of the function
f(x)=(C3x+ 5)/(x3— 1) from x =2 to x =

-4/ 2y and

y=x"%%on[l, ).

In Example 11, suppose that Luke’s airhoses
melt down when he is 10° miles form the sun.
Now how long does he have to wake up?

Let a in Fig. 11.3.7 be 60° (a is defined in
Example 11). Find the time required for the bugs
to reach the center in terms of their speed and
their initial distance from the center.

The region under curve y = e~ is rotated about
the x axis to form a solid of revolution. Find the
volume obtained by discarding the portion on
— o0 < x < 10 (after slicing the solid at x = 10).
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48.

49.

50.

5L

52.

53.

*54.

Determine the lateral surface area of the surface
of revolution obtained by revolving y=e™7,
0 < x < 0, about the x axis.

Show that lim 4o+ [[Z4(dx/x) + [4(dx/x)] ex-
ists and determine its value.

Discuss the following “calculations”:

Vs _

1 H
a 2l =14 (=D =3
@ [ 5 x[_] (-1)
(b) Sw/2__cosx 4o
f,,/z (1 + sinx)’
1 1 S57/2

=0.
w/2

2 (1+sinx)?

You can simulate the logarithmic spiral yourself
as follows: Stand in an open field containing a
lone tree and lock your neck muscles so that
your head is pointed at a fixed angle a to your
body. Walk forward in such a way that you are
always looking at the tree. Prove that you will
walk along a logarithmic spiral.

The probability P that a phonograph needle
will last in excess of 150 hours is given by
the formula P ———-fwﬁe"’/‘mdt. Find the value
of P. 150

The probability p that the score on a reading
comprehension test is no greater than the value a
is

p=fa 1 e_(‘r_l’-)z/2°2d1-;
- \/2'1102
o, p are constants.

(a) Let x=(r—p)/o and x,=(a— p)/o.
Show that

1 2
= % /2 4
P e X,
f_ © 2m

(b) Show that f‘fooe_xz/z dx < oo.
Pearson and Lee studied the inheritance of physi-
cal characteristics in families in 1903. One law
that resulted from these studies is

P=f(7—”)/°———1 e/ dx
Al N

11.4 Limits of Sequences

11.4 Limits of Sequences and Newton’s Method

*55.

*56.

*57.

537

for the probability P that a mother’s height is not

greater than 7 inches. The estimated values of p

and o are u = 62.484 inches, o2 = 5.7140 square

inches.

(a) Determine the value of P by appeal to inte-
gral tables for

L
= 2
using 7 = 63 inches. Look in a mathematical
table under probability functions or normal
distribution.
According to the study, how many mothers
out of 100 are likely to have height not
exceeding 63 inches?

%0 du
Evaluate fo m
For what p and g is

foo dx

o xP + x1
convergent?

Consider the surface of revolution obtained by

revolving the graph of f(x) = 1/x on the interval

[1, o0) about the x axis.

(a) Show that the area of this surface is infinite.

(b) Show that the volume of the solid of revolu-
tion bounded by this surface is finite.

(c) The results of parts (a) and (b) suggest that
one could fill the solid with a finite amount
of paint, but it would take an infinite
amount of paint to paint the surface. Ex-
plain this paradox.

Next consider the surface of revolution obtained

by revolving the curve y =1/x" for x in [1, )

about the x axis.

{d) For which values of r does this surface have
finite area?

(e) For which values of r does the solid sur-
rounded by this surface have finite volume?
Compute the volume for these values of r.

Show that if 0 < f'(x) < 1/x? for all x in [0, c0),

then lim,_, , f(x) exists.

e %72 4dx

(b)

(@)
(b)

and Newton’s Method

Solutions of equations can often be found as the limits of sequences.

This section begins with a discussion of sequences and their limits. The topic
will be taken up again in Section 12.1 when we study infinite series. A

sequence is just an “infinite list” of numbers: a,,a,,4a,, . .

., with one g, for

each natural number n. A number / is called the limit of this sequence if,
roughly speaking, @, comes and remains arbitrarily close to / as » increases.

Copyright 1985 Springer-Verlag. All rights reserved.



538 Chapter 11 Limits, L’Hopital’s Rule, and Numerical Methods

Perhaps the most familiar example of a sequence with a limit is that of an
infinite decimal expansion. Consider, for instance, the equation

1=0333... (1)

in which the dots on the right-hand side are taken to stand for “infinitely
many 3’s.” We can interpret equation (1) without recourse to any metaphysi-
cal notion of infinity: the finite decimals 0.3,0.33,0.333, and so on are
approximations to 1, and we can make the approximation as good as we wish
by taking enough 3’s. Our sequence a,,a,, ... is defined in this case by
a,=0.33...3, with n 3’s (here the three dots stand for only finitely many
3’s). In other words,
-3 3 3

a"_ﬁ+-1—(ﬁ+"'+T0_"' ®))
We can estimate the difference between g, and 1 by using some algebra.
Multiplying equation (2) by 10 gives

= 3 4. 3

and subtracting equation (2) from equation (3) gives

.3
9a,=3 o °
_1_ 171
W=7 3(10")
Finally,
1__ _1(1
3 3(10")' 4

As n is taken larger and larger, the denominator 10" becomes larger and
larger, and so the difference 1 — a, becomes smaller and smaller. In fact, if n

is chosen large enough, we can make 1 —a, as small as we please. (See Fig.
11.4.1)

0.33

0 0.3

wl

Figure 11.4.1. The decimal
approximations to + form a
sequence converging to %.

Examplie 1 How large must n be for the error 1 —a, to be less than 1 part in 1 million?

Solution By equation (4), we must have

171 -6
3 ( 10" ) <10

or 107" < 3-107%. It suffices to have n > 6, so the finite decimal 0.333333
approximates 1 to within 1 part in a million. So do the longer decimals
0.3333333, 0.33333333, and so on. A

There is nothing special about the number 1075 in Example 1. Given any
positive number &, we will always be able to make 1 —a, = 1(1/10") less than

¢ by letting n be sufficiently large. We express this fact by saying that { is the
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Solution
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limit of the numbers

=3+ 3 4. 43
O TR T R T/
as n becomes arbitrarily large, or
im(2+3 +...43)=1
Im(G+et )T 3
We may think of a sequence a,,4,,4,, . .. as a function whose domain
consists of the natural numbers 1,2,3, ... (Occasionally, we allow the do-
main to start at zero or some other integer.) Thus we may represent a
sequence graphically in two ways—either by plotting the points a;,a,, ... on

a number line or by plotting the pairs (n,4,) in theplane.

(a) Write the first six terms of the sequence a,=n/(n+ 1), n=1,2,3,... .
Represent the sequence graphically in two ways. Find the value of
lim,_, [n/(n+ 1)]. (b) Repeat for a,=(—1)"/n. (c) Repeat for a,=
(—D'n/(n+1).

(a) We obtain the terms a, through a4 by substituting n = 1,2,3, ..., 6 into
the formula for a,, giving 4,%,2,4,2,5. These values are plotted in Fig. 11.4.2.
As n gets larger, the fraction n/(n+ 1) gets larger and larger but never
exceeds 1; we may guess that the limit is equal to 1.

To verify this guess, we look at the difference 1 — n/(n + 1). We have

- _n _n+l—n_ 1

n+l1  n+1 n+1’

which does indeed become arbitrarily small as n increases, so

. n
nlléngo (n -+ 1)

(b) The terms a, through a4 are — 1,1, — 1,4, — 1,1, They are plotted in Fig.
11.4.3. As n gets larger, the number (—1)"/n seems to get closer to zero.
Therefore we guess that lim,,_, [(—1)"/n]= 0.

a a a; agasaq ay ay as dg ay a4y
—t——elo—t—ob—b—
———e—t—o—4-oo—|>
-t 3 1 1 0 1 1
0.5 0.6 0.7 0.8 0.9 -7 -3 -3 7 3
ay
L1y ar11
1.0+ 14
0.9+ o
i
08+ o ° st e
e < °® 5
T e —
0.6 0 12 3 4 e 6
05+ e __1;__
o ——+—+—"—"— 1
123 456 7" ! e
Figure 11.4.2. The
sequence a, = n/(n+ 1) Figure 11.4.3. The
represented graphically in sequence a, = (—1)"/n
two different ways. plotted in two ways.
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Figure 11.4.4. The
sequence a, = (— 1)'n/(n +1)
plotted in two ways.

Figure 11.4.5. The
relationship between a,,, /,
and ¢ in the definition of
the limit of a sequence.

Example 3

Solution

Chapter 11 Limits, L’Hopital’s Rule, and Numerical Methods

(c) We have, for a, through a4, — 1,2, — 3,4, — 2,$. They are plotted in Fig.

11.4.4. In this case, the numbers g, do not approach any particular number.
(Some of them are approaching 1, others —1.) We guess that the sequence
does not have a limit. A

asay a4y a,a,ag
i o o S L Il 1 Lo L !
+—o—9 A\ a T T T CTee— T
-t 3 _+ 1+ o0 1 1 3 |
7 T2 T4 4 2 4
a,
1+
° -]
_1__ @
} t f t —
0 2 3 4 5 § ™"

1

Just as with the e-8 definition for limits of functions, there is an e-N

definition for limits of sequences which makes the preceding ideas precise.

Limits of Sequences

The sequence ay,a,,das, . . ., a,, ... approaches / as a limit if a, gets
close to and remains arbitrarily close to / as n becomes large. In this
case, we write

lim a,= 1

n->co

In precise terms, lim,_, a, = [ if, for every ¢ > 0, there is an N such
that |a, — /| < e forallm > N.

It is useful to think of the number ¢ in this definition as a tolerance, or
allowable error. The definition specifies that if / is to be the limit of the
sequence a,, then, given any tolerance, all the terms of the sequence beyond a
certain point should be within that tolerance of /. Of course, as the tolerance is
made smaller, it will usually be necessary to go farther out in the sequence to
bring the terms within tolerance of the limit. (See Fig. 11.4.5.)

The purpose of the e-N definition is to lay a framework for a precise
discussion of limits of sequences and their properties—just as the definitions
in Section 11.1.

Let us check the limit of a simple sequence using the ¢-N definition.

Prove that lim,_, ,(1/#) = 0, using the e-N definition.

To show that the definition is satisfied, we must show that for any e > 0 there
is a number N such that |[1/n — 0| < ¢ if n> N. If we choose N > 1/¢, we
get, forn > N,
i 1 _1

=~ —0l==><—<e

ln 0’ . < v <€

Thus the assertion is proved. A
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Calculator Discussion

Limits of sequences can sometimes be visualized on a calculator. Consider the
sequence obtained by taking successive square roots of a given positive
number a:

ap = a, a,=va, a2=\/\/3, a3=\/\/,\/_7,

and so forth. (See Fig. 11.4.6.)

prp——
Figure 11.4.6. Fora oA
recursively defined
sequence a, | = f(a,), the Press v
next member in the ﬂ key
sequence is obtained by / ays 1=

depressing the “f” key.
Here f= V.

For instance, if we start by entering a = 5.2, we get
ag = 5.2,

a, =y5.2 = 2.2803508,
a, =42.2803508 = 1.5100830,

a; =v1.5100830 = 1.2288544,

and so on. After pressing the y repeatedly you will see the numbers getting
closer and closer to 1 until roundoff error causes the number 1 to appear and
then stay forever. This sequence has 1 as a limit. (Of course, the calculation
does not prove this fact, but does suggest it.) Observe that the sequence is
defined recursively—that is, each member of the sequence is obtained from the
previous one by some specific process. The sequence 1,2,4,8,16,32, ... is
another example; each term is twice the previous one: a, ., = 2a,. A

Limits of sequences are closely related to limits of functions. For exam-
ple, if f(x) is defined for x > 0, then g, = f(n) is a sequence. If lim,_, , f(x)
exists, then lim,_, a, exists as well and these limits are equal. This fact can
sometimes be used to evaluate some limits. For instance,

. : 1 1
lim = lim = = =
x>0 x+1 x50 14+1/x 1+x11_1>20(1/x) [+0

>

and so lim,_, [n/(n + 1)] = 1, confirming our calculations in Example 2(a).
Limits of sequences also obey rules similar to those for functions.” We
illustrate:

2
Example4 Find (2) lim <_u1—)

©\ 3n+n
. 3 n

Solution (a) Write
. n2 + 1 T 1+1 / n2 e g . 2
nli)nc}o ( Eyesl b nli)nolo 31/ (dividing numerator and denominator by n<)

5 These are written out formally in Section 12.1.
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~ 2
_ 1+nll>nc}°(l/n)

== (quotient and sum rules)
3+ lim (1/n)
n—>00

3+0 3°
. __3_ n —1_ . ~1_ . 1
(b) nlgrgo(l n+n+1> I 3<n11>%n)+nll>rr<}o(___1+1/n)

=1-3-0+1=2 A

The connection with limits of functions allows us to use ’'Hopital’s rule to
find limits of sequences.

Example 5 (a) Using numerical calculations, guess the value of lim,_, Un. (b) Use
I'Hépital’s rule to verify the result in (a).

Solution (a) Using a calculator we find:

n n
1 1

5 1.37973
10 1.25893
50 1.08138
100 1.04713
500 1.01251
1000 1.00693
5000 1.00170
10,000 1.00092

Thus it appears that lim, . %n = 1.
(b) To verify this, we use I"Hépital’s rule to show that limx_,oox‘/ *=1. The
limit is in oo® form, so we use logarithms:

xl/x — e(ln x)/x.

Now lim,_,(Inx/x) is in & form, and ’'Hdpital’s rule gives

lim Inx _ lim I/_X =
x>0 X x>0w ]
Hence
lim x'/*= exp( lim ln_)g)
x>0 x> X
=exp(0) = 1,

confirming our numerical calculations. A

When we introduced limits of sequences in Example 1, we implicitly used
the fact that lim,_, ,(1/10") = 0. The following general fact is useful.

Limits of Powers

lim r"=
n—>o0

1, f r=1,

{oo, if r>1,
0, if 0<r<l1.
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To see this, first consider the case »r > 1. We write r as 1 + s where s > 0. If we
expand r" = (1 + 5)", we get r” = 1 + ns + (other positive terms.) Therefore,
r* > 1 + ns, which goes to o0 as n—> co. Second, if » = 1, then r" = 1 for all n,
so lim,_ 7" = 1. Finally, if 0 < r < 1, then excluding the easy case r =0,
we let p=1/r so p>1, and so lim,, p" = co. Therefore, lim,_,
lim,_,(1/p") =0 (compare the reciprocal test for limits of functions in
Section 11.1).

rt=

Example 6 Evaluate (a) lim,_,,,3", (b) lim,_,..e ", (¢) lim,_, ,(e + (2)")*

Solution (a) Here r =3 > 1, so lim,_, 3" = c0.
) e "=(/e),and 1/e < 1, so lim,_, e~ "=0.
(c) lim,_, [e + (%)"]4 =[e+lim, , (2) T =[e+0]'=¢* A
Another useful test is the comparison test: it says that if lim,, a, =0
and if |b,| <|a,|, then lim,_ b, =0 as well. This is plausible since b, is
squeezed between —|a,| and |a4,| which are tending to zero. We ask the reader
to supply the proof in Exercise 56.

Comparison Test

If lim,_, ,a, =0 and |b,| < |a,| then lim,_, b, = 0.

. -)'+n
Example 7 Find (2) lim -S{:—’i and (b) lim (——)-—.

Solution (a) If a,=1/n and b, = (sinn)/n, then a,—0 and |b,| <|a,|, so by the
comparison test, lim,_, (sinn)/n = 0.
) [(-1)"/n| < 1/n—>0, s0 (—1)"/n—0 by the comparison test. Thus

1im(¢)= lim((—l)n)+ lim 2=0+1=1 4

2> n—->c n n—oo R

Many questions in mathematics and its applications lead to the problem
of solving an equation of the form

f(x)=0, )
where f is some function. The solutions of equation (5) are called the roots or
zeros of f. If f is a polynomial of degree at most 4, one can find the roots of f
by substituting the coefficients of f into a general formula (see pp. 17 and
173). On the other hand, if f is a polynomial of degree 5 or greater, or a

function involving the trigonometric or exponential functions, there may be no
explicit formula for the roots of f, and one may have to search for the solution

numerically.
Newton’s method uses linear approximations to produce a sequence
Xg,X1,Xy, ... which converges to a solution of f(x)=0. Let x, be a first

guess. We seek to correct this guess by an amount Ax so that f(x; + Ax) = 0.
Solving this equation for Ax is no easier than solving the original equation (5),
so we manufacture an easier problem, replacing f by its first-order approxima-
tion at xy; that is, we replace f(x, + Ax) by f(xy) + f'(xp) Ax. If f(x,) is not
equal to zero, we can solve the equation f(xg) + f'(xg)Ax =0 to obtain
Ax = —f(xq)/f'(x), so that our new guess is

xp = Xp+ Ax = x5 — f(x0)/f'(%o)-
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Figure 11.4.7. The
geometry of Newton’s
method.

Example 8

Solution

Example 9

Geometrically, we have found x, by following the tangent line to the graph of
f at (xg, f(x,)) until it meets the x axis; the point where it meets is (x,,0) (see
Fig. 11.4.7).

y=fx)

R
B e ettt

X3x)

Now we find a new guess x, by repeating the procedure with x, in place
of x,; that is,

NN ()
2 1 f/( -xl) .
In general, once we have found x,, we define x,,, by

J(x2)
Xpo! =X, =~ 5 . 6
n+ f ( xn) ( )
Let us see how the method works in a case where we know the answer in
advance. (This iteration procedure is particularly easy to use on a programma-

ble calculator.)

Use Newton’s method to find the first few approximations to a solution of the
equation x? = 4, taking x, = 1.

To put the equation x* =4 in the form f(x) =0, we let f(x) = x*> — 4. Then
f/(x)=2x, so the iteration rule (6) becomes x,, = x, — (x2—4)/2x,,
which may be simplified to x,., = {(x, +4/x,). Applying this formula re-
peatedly, with x, = 1, we get (to the limits of our calculator’s accuracy)

x; =25

x, =2.05

x5 = 2.000609756

x4 = 2.000000093

X5=2

x6=2

and so on forever. The number 2 is, of course, precisely the positive root of
our equation x> =4. A

Use Newton’s method to locate a root of x° — x* — x + 2 = 0. Compare what
happens with various starting values of x;, and attempt to explain the phenom-
enon.
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Solution The iteration formula is
xo—xt—x,+2 4x}-3x}-2

5x%—4x2 -1 - Sxt—ax?-1"

Xpe1 = Xy

For the purpose of convenient calculation, we may write this as
(4x, —3)x3 -2
(5x, — 4)x; — 1 )

n+1

Starting at x, = 1, we find that the denominator is undefined, so we can go no
further. (Can you interpret this difficulty geometrically?)
Starting at x, = 2, we get

x; = 1.659574468,
x, = 1.372968569,
x3 = 1.068606737,
x4 = —0.5293374382,
x5 = 169.5250382.

The iteration process seems to have sent us out on a wild goose chase. To see
what has gone wrong, we look at the graph of f(x) = x° — x* — x + 2. (See
Fig. 11.4.8.) There is a “bowl” near x, = 2; Newton’s method attempts to take
us down to a nonexistent root. (Only after many iterations does one converge
to the root—see Exercise 59 and Example 10.)

204

to xs
Figure 11.4.8. Newton’s ,;/ + = ! .
method does not always -1 X4 0 1 \ X, X1 2=x
work. x;
Finally, we start with x, = —2. The iteration gives
Xo= =2, f(x0) = —44;

x, = —1.603603604,  f(x;) = —13.61361361;
x,= —1.323252501,  f(x;) = —3.799819057;
—1.162229582,  f(x5) = —0.782974790;
—1.107866357,  f(x,) = —0.067490713;
xs= —1.102228599,  f(xs) = —0.000663267;
x¢= —1.102172085,  f(x¢) = —0.000000061;
x;= —1.102172080,  f(x;) = —0.000000003.

X3

X4
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Since the numbers in the f(x) column appear to be converging to zero
and those in the x column are converging, we obtain a root to be (approx-
imately) —1.10217208. Since f(x) is negative at this value (where f(x)=
—0.000000003) and positive at —1.10217207 (where f(x) = 0.000000115), we
can conclude, by the intermediate value theorem, that the root is between
these two values. A

Example 9 illustrates several important features of Newton’s method.
First of all, it is important to start with an initial guess which is reasonably
close to a root—graphing is a help in making such a guess. Second, we notice
that once we get near a root, then convergence becomes very rapid—in fact,
the number of correct decimal places is approximately doubled with each
iteration. Finally, we notice that the process for passing from x, to x, , is the
same for each value of n; this feature makes Newton’s method particularly
attractive for use with a programmable calculator or a computer. Human
intelligence still comes into play in the choice of the first guess, however.

Newton’s Method

To find a root of the equation f(x)=0, where f is a differentiable
function such that f’ is continuous, start with a guess x, which is
reasonably close to a root. Then produce the sequence xg, x,,x,, ... by
the iterative formula:

N (€7
n+1 n f'(xn) .
If lim,,_, X, = X, then f(X)=0.

n—>o0'n

To justify the last statement in the box above, we suppose that lim,_, x, = X.
Taking limits on both sides of the equation x, ;= x, — f(x,)/f(x,), we
obtain % = % — im, [ f(5,)/f'(x)} or lim, [ f(x,)/f ()] = 0. Now let
a, = f(x,)/f'(x,). Then we have lim,_, (a, = 0, while f(x,) = a,f'(x,). Taking
limits as #—> co and using the continuity of f and f’, we find

nll)r{olo f(x") = nll{{olo a"nl—iénolo f/(x")’ S0

fx)=0-f(x)=0.
Newton’s method, applied with care, can also be used to solve equations
involving trigonometric or exponential functions.

Example 10 Use Newton’s method to find a positive number x such that sinx = x /2.
Solution With f(x) = sinx — x /2, the iteration formula becomes
sinx, — x,/2  2(x,c08x, — sinx,)
X = X, 6 - =
mHL T cosx, — 1/2 2cosx, — 1

Taking x, = 0 as our first guess, we get x, = 0, x, = 0, and so forth, since zero
is already a root of our equation. To find a positive root, we try another guess,
say x, = 6. We get

x, = 13.12652598 x5 = 266.0803351
x, = 30.50101246 x¢ = 143.3754278
x, = 176.5342378 :

x, = 448.4888306 Xy = —759.1194353

X0 = 3,572.554623
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method goes awry.

11.4 Limits of Sequences and Newton's Method 547

We do not seem to be getting anywhere. To see what might be wrong, we
draw a sketch (Fig. 11.4.9). The many places where the graph of sinx — x/2

y
X
¥=3
N, y
/ X
y=sinx
y 4
X Xg Xy X
. X
y=sinx ~ =

2

has a horizontal or nearly horizontal tangent causes the Newton sequence to
make wild excursions.® We need to make a better first guess; we try x, = 3.
This gives

x, = 2.08799541, x5 = 1.89549427,
x, = 1.91222926, xg = 1.89549427,
x; = 1.89565263, x, = 1.89549427,
x4 = 189549428, xg = 1.89549427.

We conclude that our root is somewhere near 1.89549427. Substituting this
value for x in sinx — x/2 gives 1.0 X 107!". There may be further doubt
about the last figure, due to internal roundoff errors in the calculator; we are
probably safe to announce our result as 1.8954943. 4

You may find it amusing to try other starting values for x, in Example 10. For
instance, the values 6.99, 7, and 7.01 seem to lead to totally different results.
(This was on a HP 15C hand calculator. Numerical errors may be crucial in a
calculation such as this.) Recently, the study of sequences defined by iteration
has become important as a model for the long-time behavior of dynamical
systems. For instance, sequences defined by simple rules of the form x,
= ax,(1 — x,) display very different behavior according to the value of the
constant a. (See the supplement to this section and Exercise 59.)

Supplement to Section 11.4
Newton’s Method and Chaos

The sequences generated by Newton’s method may exhibit several types of
strange behavior if the starting guess is not close to a root:

(a) the sequence x, x,, x,, . . . may wander back and forth over the real line
for some time before converging to a root;

S Try these calculations and those in Example 9 on your calculator and see if you converge to the
root after many iterations. You will undoubtedly get different numbers from ours, probably due to
roundoff errors, computer inaccuracies and the extreme sensitivity of the calculations. We got
four different sets of numbers with four calculators. (The ones here were found on an HP 15C
which also has a SOLVE algorithm which cleverly avoids many difficulties.)
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(b) slightly different choices of x, or the use of different calculators may lead
to very different sequences;

(c) the sequence x,,x,,x,, ... may eventually cycle between two or more
values, none of which is a root of the equation we are trying to solve;

(d) the sequence x,,x;,X,, ... may wander “forever” without ever settling
into a regular pattern.

Recent research in pure and applied mathematics has shown that the type of
erratic behavior just described is the rule rather than the exception for many
mathematical operations and the physical processes which they model (see
Exercise 59 for a simple example). Indeed, “chaotic” behavior is observed in
fluid flow, chemical reactions, and biological systems, and is responsible for
the inherent unpredictability of the weather.

Some references on this work on “chaos”, aimed at the nonexpert reader,
are:

M. J. Feigenbaum, “Universal behavior in nonlinear systems,” Los Alamos
Science 1 (Summer 1980), 4-27.

D. R. Hofstadter, “Metamagical themas,” Scientific American 245 (November
1981), 22--43.

L. P. Kadanoff, “Roads to chaos,” Physics Today 36 (December 1983), 46-53.

D. Ruelle, “Strange attractors,” Math. Intelligencer 2 (1980), 126-137.

D. G. Saari and J. B. Urenko, “Newton’s method, circle maps, and chaotic

motion,” American Mathematical Monthly 91 (1984), 3—17; see also 92 (1985)

157-158.

Exercises for Section 11.4

1. Ifa,=1/10+1/100+ - - - + 1/10", how large
must n be for § —a, to be less than 10~6?
2. Ifa,=7/10+7/100 + - - - +7/10" how large
must » be for 7 —a, to be less than 10787
Find the limits of the sequences in Exercises 3 and 4.
3.a,=1+1/2+1/4+ .- +1/27.
4. a, = sin(nw /2).
Write down the first six terms of the sequences in
Exercises 5-10.
5. k,=n>—2yn;n=0,12,....
6. a,=(=1y*"[(n~1/n}; n=01,2,...
O'=Lal=n(n-1.--3-2-1)
7. b,=nb,_,/(1+ n); by=1.
8 Cyay1 = —~¢,/2n@n+ ); ¢;=2.
9.ty =[1/(n+ DIZiooa; ag=13.
10. &, =\/3n2+2n ;n=12,3....

Establish the limits in Exercises 11-14 using the &-N

definition.
1. lim 3 =0 12. 1im(1—l)=1
n—oo n n=>o00 n
13. lim == =0 14. lim — 2 _ =0
" noe 2n+ 1 n—e 2pn+5
Evaluate the limits in Exercises 15-24.
15. lim —3" 16. lim 2" _
neo n+1 n>o0 8n — 1
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lm Pt I+ 1
n=>0 pt 4 8n +2

n(n+2) ]2

A2
17. lim 2237 18.
n->o0 n2+1

2
19. 1i In*=2n+1 _

> p(n+1) (n+ 1)(n+3)
n—oo (nz _ 2)/(n2+ 1)
21. lim (Sin n)z 22. lm W
n>w n+2 n—>c0 n? + 1
-2 cos(mn
23. lim —(—)———-— 24, lim ——(————)
n>00 p41 n—>oo n?

B Using numerical calculations, guess the limit as
n—> oo of the sequences in Exercises 25-28. Verify your
answers using I"Hépital’s rule.

25. Wn/2 26. "n/3
27. Yn(n+1)/4 28. An(n+3)/7

Find the limits in Exercises 29-34.

29. lim L 30. lim 7"
n—oo n n->»oo
n+(3/4) . . 3
31 Jim —5——= 32 Find lim (v + (3))
36+ (1/2)*"
3. fim | 22/ ]3; b constant
n—>co n2 —1

—2n
4. lim (2_":;_el_ )2; a constant

All rights reserved.
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B36.

g837.

f38.

§839.
840.

mAl.

g42.

* (b)

§43.

B44.

§@45.

§46.

(a) Use Newton’s method to find a solution of
x3—8x%2+2x + 1=0. (b) Use division and the
quadratic formula to find the othet two roots.”
Use Newton’s method to find all real roots of
X —x+ 4.
Use Newton’s method to locate a root of f(x)
= x*+ x?— 3 with starting values xo=0,
Xq=2.
Use Newton’s method to locate a zero for f(x)
= x*~2x3— 1. Use xg=2, 3, and —1 as start-
ing values and compare the results.
Use Newton’s method to locate-a root of tanx
=xin{#/2,37/2]
Use Newton’s method to find the following
numbers: (a) y2 ; (b) 32
The equation tan x = ax appears in heat conduc-
tion problems to determine values A, Ay, A, . ..
that appear in the expression for the temperature
distribution. The numbers A;,A,, ... are the
positive solutions of tan x = ax, listed in increas-
ing order. Find the numbers A, Ay, A; for a =2,
3,5, by Newton’s method. Display your answers
in a table.
(a) Use Newion’s method to solve the equation
x%2—2=0 to 8 decimal places of accuracy,
using the initial guess xo = 2.
Find a constant C such that |x, — 2|
< Clx,.; =2 *for n=1, 2, 3, and 4. (See
Review Exercise 101 for the theory of the
rapid convergence of Newton’s method.)
Experiment with Newton’s method for evalua-
tion of the root 1/e of the equation e~ = 1/e.
Enter the display value 1.0000000 on your
calculator and repeatedly press the “sin” key
using the “radian mode”. This process gen-
erates display . numbers a, = 1.0000000, a,=
0.84147, a; = 0.74562, . . . .
{a) Write a formula for a,, using function nota-
tion.
(b) Conjecture the value of lim,_,a,. Explain
with a graph.
Display the number 2 on your calculator. Re-
peatedly press the “x2” key. You should get the
numbers 2, 4, 16, 256, 65536, . .. . Express the
display value a, after » repetitions by a formula.
Let f(x) =1 + 1/x. Equipped with a calculator
with a reciprocal function, complete the follow-
ing:
(a) Write out f(f(f(f(f(f(2)))) as a division
problem, and calculate the value. We abbre-
viate this as f(®(2), meaning to display the
value 2, press the “1/x” key and add I,
successively six times.
Experiment to determine lim,_, [1/f(2)]
to five decimal places.

(®
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47.

48.

49.

50.

549

Suppose that lim,_, a,=a and that a > 0.
Prove that there is a positive integer N such that
a, >0 foralln>N.

Let a, =1 if nis even and —1 if n is odd. Does
lim,_, . a, exist?

If a radioactive substance has a half-life of T, so
that half of it decays after time 7, write a se-
quence a, showing the fraction remaining after
time n7. What is lim,,_, .a,?

Evaluate:
2 1
1T+ (=1)""'Gn+1) ”

+(—1)"+‘(%+;+?

(="
3

() lim

n—>o0

(@ ni%[
6n>—Sn+2

[+

Find the limit or prove that the limit does not exist in
Exercises 51-54.

51.

52.

[ )

53.

54,
*55.

*56.
*57.

*58.

. 1 nf 1 i
Jim (3% (3 4))

i ( (= 1)"sin(nm /2) )( n?+ 1 )
n-»co, n n+1

, 3n (—1)"sinn
nIgEO(4n+1+ n+1 ’

. {(L+ n)cosn

lim ——— .

n—>oo n

(a) Give an A-N definition of what lim,,a,
= oo means. {b) Prove, using your definition in
part (a), that lim,,_, . [(1 + n?/(1 + 8n)] = 0.

If a,—0 and |b,} < |a,|, show that b, —0.

Suppose that a,, b,, and ¢,, n=1,2,3, ..., are

sequences of numbers such that for each n, we

have a, < b, < c,.

(a) If lim,,,a,=L and if lim, b, exists,
show that lim,. b, > L. [Hint: Suppose
not!]

() If lim,, . a,=
lim,_, b, = L.

A rubber ball is released from a height 4. Each

time it strikes the floor, it rebounds with two-

thirds of its previous velocity.

(a) How far does the ball rise on each bounce?

(Use the fact that the height y of the ball at

time ¢ from the beginning of each bounce

is of the form y=ovr—}gr* during the
bounce. The constant g is the acceleration of
gravity.)

How long does each bounce take?

Show that the ball stops bouncing after a

finite time has passed.

How far has the ball travelled when it stops

bouncing?

How would the results differ if this experi-

ment were done on the moon?

L =lim,_, ¢e,, prove that

(b)
(©

@
(e)

7 For a computer, this method is preferable to using the formula for the roots of a cubic!
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B x59. (Research Problems) (b) Study the bizarre behavior of Newton’s
(a) Experiment with the recursion relation x,,,, method in Example 9 for various starting
= ax,(1 — x,) for various values of the pa- values xy. Can you see a pattern? Does x,,
rameter @ where 0 <a <4 and x; is in always converge?
[0,1]. How does the behavior of the se- (¢) Study the bizarre behavior of Newton’s
quences change when a varies? method in Example 10.

11.5 Numerical Integration

Integrals can be approximated by sequences which can be computed numerically.

The fundamental theorem of calculus does not solve all our integration
problems. The antiderivative of a given integrand may not be easy or even
possible to find. The integrand might be given, not by a formula, but by a
table of values; for example, we can imagine being given power readings from
an energy cell and asked to find the energy stored. In either case, it is
necessary to use a method of numerical integration to find an approximate
value for the integral.

In using a numerical method, it is important to estimate errors so that the
final answer can be said, with confidence, to be correct to so many significant
figures. The possible errors include errors in the method, roundoff errors, and
roundoff errors in arithmetic operations. The task of keeping careful track of
possible errors is a complicated and fascinating one, of which we can give only
some simple examples.®

The simplest method of numerical integration is based upon the fact that
the integral is a limit of Riemann sums (see Section 4.3). Suppose we are given
f(x) on [a,b], and divide [a, b] into subintervals a = x, < x, < - -+ < x,=b.
Then [%f(x)dx is approximated by S"_, f(c;)Ax,, where c; lies in [x;_;,x]-
Usually, the points x; are taken to be equally spaced, so Ax; = (b — a)/r and
x; = a+ i(b— a)/n. Choosing ¢; = x; or x;,, gives the method in the follow-

ing box.

Riemann Sums

To calculate an approximation to fbf(x) dx, let x;,=a+i(b—a)/n
a

and form the sum

bal )+ fxy+ -+ f(x-n)] (12)
or

b—a
n

o)+ )+ - + f(x)]- (1b)

8 For a further discussion of error analysis in numerical integration, see, for example, P. J. Davis,
Interpolation and Approximation, Wiley, New York (1963).
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Example 1 Let f(x)=cosx. Evaluate Z,’/ 2cosxdx by the method of Riemann sums,
taking 10 equally spaced points: x,=0, x; = 7/20, x, =27/20, ..., x5
= 107 /20 = 7 /2, and ¢; = x;. Compare the answer with the actual value.

Solution Formula (1a) gives

f”ﬂcosxdxzi(l +cos L +cos 2T 4 . .- +cos%-)
o

20 20 20 20
= '27’76 (1 +0.98769 + 0.95106 + - - - + 0.15643)

= 7 (6:85310) = 1.07648.

The actual value is sin(7/2) — sin(0) = 1, so our estimate is about 7.6% off. A

Unfortunately, this method is inefficient, because many points x; are
needed to get an accurate estimate of the integral. For this reason we will seek
alternatives to the method of Riemann sums.

To get a better method, we estimate the area in each interval [x;_,,x,]
more accurately by replacing the rectangular approximation by a trapezoidal
one. (See Fig. 11.5.1.) We join the points (x;, f(x;)) by straight line segments to
obtain a set of approximating trapezoids. The area of the trapezoid between
x;_; and x; is

A; =%{f(xi—1) +f(xi):l Ax;

since the area of a trapezoid is its average height times its width.

e y

X

a x3 X3 x5 b a X; X5 Xx3 b X

(a) Riemann sums method (b) Trapezeitii: @ cthod

Figure 11.5.1. Comparing
two methods of numerical
integration.

The approximation to [%f(x)dx given by the trapezoidal rule is
S f(x;_) + f(x)]Ax;. This becomes simpler if the points x; are equally
spaced. Then Ax; = (b — a)/n, x; = a + i(b — a)/n, and the sum is

(%) i 3 [FGamn) + )]

i=

which can be rewritten as

DG fxg) +2f(r) + -+ + 2 (Xamr) + F(%r)]

since every term occurs twice except those from the endpoints. Although we
used areas to obtain this.formula, we may apply it even if f(x) takes negative
values.
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552 Chapter 11 Limits, L’Hépital’s Rule, and Numerical Methods

Trapezoidal Rule

b
To calculate an approximation to f f(x)dx, let x;=a+ i(b—a)/n

and form the sum

BB o) +2f(x) + -+ +2(x0) + () ) @

Formula (2) turns out to be much more accurate than the method of Riemann
sums, even though it is just the average of the Riemann sums (1a) and (Ib).
Using results of Section 12.5, one can show that the error in the method (apart
from other roundoff or cumulative errors) is < [(b — a)/12]My(Ax)?,
where M, is the maximum of | f”(x)| on [a, b]. Of course, if we are given only
numerical data, we have no way of estimating M,, but if a formula for f is
given, M, can be determined. Note, however, that the error depends on (Ax)?,
so if we divide [a, b] into k times as many divisions, the error goes down by a
factor of 1/k?. The error in the Riemann sums method, on the other hand, is
< (b — a)M(Ax), where M, is the maximum of |f'(x)| on [a,b]. Here Ax
occurs only to the first power. Thus even if we do not know how large M, and
M, are, if n is taken large enough, the error in the trapezoidal rule will
eventually be much smaller than that in the Riemann sums method.

Example 2 Repeat Example 1 by using the trapezoidal rule. Compare the answer with the
true value.

Solution Now formula (2) becomes

m/2 T S a
7710 (cos0+2005—26 + +2cos2—0 +cos—2—)

~ L [ 1+ 2(0.9877 + 09511 + - - - +0.1564) + 0] ~09979.

The answer is correct to within about 0.2%, much better than the accuracy in
Example 1. A

Example 3 Use the trapezoidal rule with n» = 10 to estimate numerically the area of the
surface obtained by revolving the graph of y = x /(1 + x%) about the x axis,
0<x<L

Solution The area is given by formula (2) on p. 483:

A=zwf01(13x2)\[+{g;(l—+x;)r dx

_ 2’Tf01 x\/(l +x2) + (1 - x))° ,

3 .
1+ x2)

There is little hope of carrying out this integration, so a numerical approach
seems appropriate. We use the trapezoidal rule with the following values:

X; | 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
yi=f(xp) |() 0.13797 025713 0.34668 0.40650 0.44369 0.46684 0.48204 0.49216 0.49807 0.50000
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Figure 11.5.2. Hlustrating
Simpson’s rule.

11.5 Numerical Integration 553

where f(x) = x\ﬂl + x2)4 +(1- x2)2 / (1 + x?)°. Inserting these data in the
formula

[P dems (B8 fx0) + 26 + - +2f(x00) + (5]

with x, = a + [i(b — a)/n], a =0 and b = 1, gives

4 22
1x\/(1+x2 + (1 —x%)
f ) (3 dx~ 037811,
0 (1+ x?)
so the area is 4 ~ (27)(0.37811) = 2.3757. Of course, we cannot be sure how
many decimal places in this result are correct without an error analysis (see
Exercise 17).° A

There is a yet more powerful method of numerical integration called
Simpson’s rule,'® which is based on approximating the graph by parabolas
rather than straight lines. To determine a parabola we need to specify three
points through which it passes; we will choose the adjacent points

(Xi_ 13 f(x,'._1)); (x,-, f(xi))a (xi+1’ f(xi+ l))
It is easily proved (see Exercise 11) that the integral from x;_; to x;,, of the
quadratic function whose graph passes through these three points is

A, = BE[ fno ) + 4f(x) + fCren) )

where Ax = x; — x,_, = x;,; — X; (equally spaced points). See Fig. 11.5.2.

y

Xg=a X; X3 X3 X4 X5 Xg XyXxg=b

If we do this for every set of three adjacent points, starting at the left
endpoint a—that is, for {xg, x;,x,}, then {x,,x3,x,}, then {x,, x5, x4}, and so
on—we will get an approximate formula for the area. In order for the points
to fill the interval exactly, n should be even, say n = 2m.

As in the trapezoidal rule, the contributions from endpoints a and b are
counted only once, as are those from the center points of triples {x;_;,x;,
X1} (that is, x; for i odd), while the others are counted twice. Thus we are led
to Simpson’s rule, stated in the box on the next page.

This method is very accurate; the error in using formula (3) does not
exceed [(b — a)/180]M (Ax)*, where M, is the maximum of the fourth deriva-
tive of f(x) on [a,b]. As Ax is taken smaller and smaller, this error decreases
much faster than in the other two methods. It is remarkable that juggling the

9 The HP 15C has a clever integration program that is careful about errors. It gives 2.3832 for this
integral in a few minutes.

19 Tt was discussed by Thomas Simpson in his book, Mathematical Dissertations on Physical and
Analytical Subjects (1743).:
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554 Chapter 11 Limits, L’Hépital’s Rule, and Numerical Methods

coefficients to give formula (3) in place of formula (1) or formula (2) can
increase the accuracy so much.

Simpson’s Rule

To calculate an approximation to f bf(x) dx, let n=2m be even and
a

x; = a + i(b — a)/n. Form the sum
4 [f(xo) +4f(x)) + 2f(xy) + 4f(x5) + 2f(xg) + - - -
+ 2f(%,-2) + 4f(x,_1) + f(x,) ] (3)

Example 4 Repeat Example 1 using Simpson’s rule. Compare the answer with the true
value.

Solution Using a calculator, we can evaluate formula (3) by

7/2 27 3o Qqr
3770 (cosO + 4cos§6 + 2cos == 20 + 4cos =X 20 + 2cos == 20
S 67 T 87 Oq
+4cos =— 20 + 2cos = 20 + 4cos == 20 + 2cos 2~ 20 + 4cos§b— + cosi)
% (1+3.9507534 + - - - +0) = - 19.098658
=~ 1.0000034.

The error is less than four parts in a million. A

Example 5 Suppose that you are given the following table of data:

f(0)=0846  f(0.4)=1121  £(0.8)=2321
f(0.1)=0928  f(0.5=1221  f(0.9)=3.101
f(02)=0882  f(0.6)=1661  f(1.0)=3.010
f(0.3)=0953  f(0.7) =2.101

Evaluate [} f(x)dx by Simpson’s rule.
Solution By formula (3),

flf(x) dx~ % [f(O) + 4f(0.1) + 2£(0.2) + 4£(0.3) + 2f(0.4) + 4f(0.5)
0
+ 2f(0.6) + 4f(0.7) + 2f(0.8) + 4£(0.9) +f(1.0)}.
Inserting the given values of f and evaluating on a calculator, we get
1 1
fo f(x)dx= 35 (49.042) = 1.635.
This should be quite accurate unless the fourth derivative of f is very large. A

Example 6 How small must we take Ax in the trapezoidal rule to evaluate |’ 4e~*dx to
within 10™%? For Simpson’s rule?

Solution Let f(x)=e =¥ a =2, and b = 4. The error in the trapezoidal rule is no more
than [(b — a)/12]M,(Ax)?, where M, is the maximum of | f”(x)| on [a, b]. We
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find
f(x)= —2xe™*, and f"(x)= —2¢™ " +4x% X =2(2x - l)e_xz.
Now f(x)=(12x — 8x%)e™* = 4x(3 — 2x%)e ™ <0 on [2,4], so f"(x) is

decreasing. Also, f”(x)>0 on [2,4], so |[f"(x)|=f"(x)< f"(Q)= 14e~*
= M,, so the error is at most

b— 1 -
T My(Bx)'= ¢ - 14e HAx)™.

To make this less than 1076, we should choose Ax so that
1 14e~4(Ax)* < 1075,
(Ax)* < €*107¢ - 2 = 0.0000234,

Ax < 0.0048.

That is, we should take at least n = (b — @)/Ax = 416 divisions.
For Simpson’s rule, the error is at most [(b — a)/180]M (Ax)*. Here

f7(x) = 4(4x* — 12x2 + 3)e ™.
On [2, 4], we find that 4x* — 12x2 + 3 is increasing and e~* is decreasing, so

|f(x)] < 4(4- 4% — 1242 + 3)e ™

=61.17= M,.

Thus [(b — a)/180]M (Ax)* = & - 61.17(Ax)* = 0.68(Ax)*. Hence if we are to
have error less than 1079, it suffices to have

0.68(Ax)* < 1075,

Ax < 0.035.

Thus we should take at least # = (b — a)/Ax = 57 divisions. A

Exercises for Section 11.5

Use the indicated numerical method(s) to approximate
the integrals in Exercises 1-4.
I. [1(x*+ 1)dx. Use Riemann sums with

@2.

3.
4.
Bs.

B6.

87
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n =10 (that is, divide [—1, 1] into 10 subinter-

value.

data:
f(0)=1.384 f(0.4)=0.915 f(0.8)=0.935
fO.H) = 1179 f(0.5) =0.768 f(0.9) = 1.262
vals of equal length). Compare with the actual f(02)=0973  f(0.6) =0.511 f(1.0) = 1.425
f(0.3) = 1.000 f(0.7) = 0.693

{&8/%(x + sin x) dx. Use Riemann sums and the
trapezoidal rule with n = 8. Compare these two
approximate values with the actual value.
H(sinwx /2)/(x? + 2x — 1)]dx. Use the trape-
zoidal rule and Simpson’s rule with n = 12.

[3(1/yx* + 1)dx. Use the trapezoidal rule and
Simpson’s rule with n = 20.

proximate value for [§(x/yx> + 2 )dx.

x = u?, dx = 2udu.

H8.

£§9.

Numerically evaluate [{(x + f(x))dx by the

trapezoidal rule.

Numerically evaluate [§2f(x)dx by Simpson’s
rule, where f(x) is the function in Exercise 7.
Suppose that you are given the following table

of data:

Use Simpson’s rule with » = 10 to find an ap- f(0.0)=2.037  f(1.3) = 0819
7(02)=1980  f(1.4) = 1.026

Estimate the value of [3¢' dx, using Simpson’s fO4) = 1843 f(1.5) = 0.79

rule with n=4. Check your answer using f(06)=1372  f(1.6) = 0.662
f(0.8)=1.196  f(1.7) = 0.538

Suppose you are given the following table of f(1.0)=0977  f(1.8) =0.555
f(1.2) = 0.685
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556 Chapter 11 Limits, L'H6pital’s Rule, and Numerical Methods

Numerically evaluate [§%(x)dx by using
Simpson’s rule. [Hint: Watch out for the spac-
ing of the points.]

B10. Numerically evaluate [{*f(x)dx by using the
trapezoidal rule, where f(x) is the function in
Exercise 9.

11. Evaluate [4(px%+ gx + r)dx. Verify that
Simpson’s rule with n =2 gives the exact an-
swer. What happens if you use the trapezoidal
rule? Discuss.

12. Evaluate [5(px>+ gx®+ rx + s)dx by Simp-
son’s rule with » =2 and compare the result
with the exact integral.

B13. How large must n be taken in the trapezoidal
rule to guarantee an accuracy of 1072 in the
evaluation of the integral in Exercise 2? An-
swer the same question for Simpson’s rule.

14. Gaussian quadrature is an approximation
method based on interpolation. The formula
for integration on the interval [—1,1] is
SLif(dx =f(1/y3) + f(—1/y3) + R, where
the remainder R satisfies [R| < M /135, M be-
ing the largest value of f)(x)on —1 < x < 1.
(a) The remainder R is zero for cubic polyno-

mials. Check it for x3,x3 — 1,x>+ x + 1.
(b) Find [ [x*/(1 + x*)]dx to two places.
(c) What is R for [' x%dx? Why is it so
large?

B15. A tank 15 meters by 60 meters is filled to a
depth of 3.2 meters above the bottom. The time
T it takes to empty half the tank through an
orifice 0.5 meters wide by 0.2 meters high
placed 0.1 meters from the bottom is given by

@HT _ fwo dx
10° /1956 Y130 (x +20)%— X2’

Compute T from Simpson’s rule with n = 6.

*16. A metropolitan sports and special events com-
plex is circular in shape with an irregular roof
that appears from a distance to be almost
hemispherical (Fig. 11.5.3).

X — axis

=N

y =f(x)

y y — axis

Figure 11.5.3. The profile
of the roof of a sports
complex.

A summer storm severely damaged the
roof, requiring a roof replacement to go out for
bid. Responding contractors were supplied
with plans of the complex from which to deter-
mine an estimate. Estimators had to find the
roof profile y = f(x), 0 < x < H, which gener-

*17.

*18.

ates the roof by revolution about the x axis (x

and y in feet, x vertical, y horizontal).

(a) Find the square footage of the roof via a
surface area formula. This number deter-
mines the amount of roofing material re-
quired.

(b) To check against construction errors, a
tape measure is tossed over the roof and
the measurement recorded. Give a for-
mula for this measurement using the arc
length formula.

(c) Suppose the curve f is not given explicitly
in the plans, but instead f(0), f(4), f(8),
fQ2),..., f(H) are given (complex cen-
ter-to-ceiling distances every 4 feet). Dis-
cuss how to use this information to numer-
ically evaluate the integrals in (a), (b)
above, using Example 3 as a guide.

(d) Find an expression which approximates
the surface area of the roof by assuming it
is a conoid produced by a piecewise linear
function constructed from the numbers
£O), f4), f®), . . .. f(HD.

How many digits in the approximate value

A ~2.3757 in Example 3 can be justified by an

error analysis?

(Another numerical integration method)

(a) Let (xl’ )’1), (xZ, .y2)’ s (xrn .yn) be n
points in the plane such that all the x;’s are
different. Show that the polynomial of de-
gree no more than n — 1 whose graph pas-
ses through the given points is

P(x) =y, Ly(x) + yaLy(x)
o+ Ly (x),
where L;(x) = 4;(x)/A'(x,),
AG) =G x)(x = x2) . (x = %)
A(3) = A(X)/(x = x),

i=12,...,n

(P is called the Lagrange interpolation poly-
nomial.)

(b) Suppose that you are given the following
data for an unknown function f(x):

f0)=001,  f(0.3) =118,
f(0.1)=0.12,  f(0.4) =091
£(0.2) = 0.82,

Estimate the value of f(0.16) by using the
Lagrange interpolation formula.

(c) Estimate [Q%f(x)dx (1) by using the trape-
zoidal rule, (2) by using Simpson’s rule,
and (3) by integrating the Lagrange inter-
polation polynomial.

(d) Estimate | 7/2c0s x dx by using a Lagrange
interpolation polynomial with # = 4. Com-
pare your result with those obtained by
the trapezoidal and Simpson’s rules in Ex-
amples 2 and 4.
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Review Exercises for Chapter 11
Verify the limits in Exercises 1-4 using the e-6 defini-
tion. ; .
1 lim(2+x—D=1 35. lim ( : —_)
x->1 x>0+ \ SIn X X
2. lim(x*+3x+2)=2 36. lim ( I SR S l)
x>0 , x=1\Inx  x-1 2
3. lim (x"—8x +8) = —4 37, lim x%e 38, lim x3(nx)
. 2 _ - ) x>0+
4. lim (x* = 25)=0 39. lim x®n* 40. lim (sine ™)1/
Calculate the limits in Exercises 5-16. x=0+ ) \ k U
50 x+1 41. lim (1+sin2x)"/* 42. lm (cos2x)/*
. xl_{%tan( ~— 1 ) x—>0+(1 Xy 50+
6. lim cosl (X1 37 43. lim 44, fim X *x=6
g x+2)2 e 2 x7+2x —8
7. lim ( X+ } ) Decide which improper integrals in Exercises 45-54 are
x>0\ X —

8 & ( x2+2 )
. lim | ————
x>0\ 3x2 4+ 2x + 1

9. lim (2x2+1 —y2x)10. Jim (\/4x2 +1 - 2x)

1. lim —2L 12, lim SWX=2
x=>1= J1 — x x=2+ S =2
13. lim [xsin(3/x?)] 14. lim sin(yx2 +2 —x)
x—0 x—0
4
15. lim % + 8x 16. lim x +3
x—0 3x%+2 x—0 3x +8

17. Find the horizontal asymptotes of the graph
y= tan~'(3x + 2). Sketch.
18. Find the vertical asymptotes for the graph of
y =1/(x*—3x — 10)*. Sketch.
Find the horizontal and vertical asymptotes of the
functions in Exercises 19 and 20, and sketch.

19. f(x) = x211 20. f(x) = 2)‘1?

Find the limits if they exist, using 'Hoépital’s rule, in
Exercises 21-44.
1. lim x3+8x+9

x50 4x3 — 9x2 + 10 2. xlglgo x + 2
23. lim L= 08X 24. lim X1

x>0 3 -2

(759 )

=1 x—1

25. lim -
x>0 sinx x—>0
27. lim 03X 28, lim 10X
T o0 X x>0 x2
i - —x+2
29, fim 52 =2 z
x—2 (x —_ 2)
30. hm 24cosx — 24+ 12x% — x*
x—0 x5
tan(x + 3) —tan3
31. lim
x—>0

X
+
lim cosyx + 1

32. :
x—>72 X — 7

33. lim x cotx 34, lim SOtX
x—0 x>0+ Inx

Copyright 1985 Springer-Verlag.

convergent. Evaluate when possible.

1 o ginx
45, (% = ax. 46. dx.
f x? -0 x*+3
a1. [ x [Hint: Prove Inx < x for x > 2.]
2 Inx’
48. f°°_—‘12°———.
Toyx?+8x+ 12
49.[2 L 50f X+l
Pyx—1 Tyl — x?
Ze ™% dx.

1 dx
51— .
fo (1—-x)**

53. flxlnxdx.
0

52. fl

54. f ®(x + 2)e = gy
0

Evaluate the limits in Exercises 55 and 56.

55. lim [*—% 56 f‘ dt
x—> Jg t+t+1 x—>0+

57. The region under the curve y = xe™* on [0, 00)
is revolved about the x axis. Find the volume of
the resulting solid.

58. The curve y =sinx/x* on [l,00) is revolved
around the x axis. Determine whether the re-
sulting surface has finite area.

Evaluate the limits of the sequences in Exercises 59-72.

. 2 ms
59, nlggo(8+(§))

60. Lm 8n> —2n+1
=) n3+1

61. lim (1+§)" 62. lim (”‘3)”2"
n n—>co n '

n—>o0
63. lim P +3n+De "

64. lim 2 65. lim
n—>oo n2 n—oo
2
66. lLim "t2n Tim tan[ ]
n>0 3,2

68. lim [In(n? + 1) — In(3n? + 5)]
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558 Chapter 11 Limits, L’'Hopital's Rule, and Numerical Methods

sin 2
69. lim Ln/) 70. lim ncosé4nm
noe - w0 2n+ 1
71, lim 3227 72. lim (1— 2*”)
s> Sn n>oo 3n+1

Using I’Hé6pital’s rule if necessary, evaluate the limits of
the sequences in Exercises 73-76.

s 2nf : —

73. lim 3n 74. lim mlog(2™")

75 fim | L - 1

n=o | p2  (n+1)

Use Newton’s method for Exercises 77-80.

.
76. lim —2¢”
joo ¥ + 5

@77. Locate the roots of x> —3x2+ 8 =0.

#78. Find the cube root of 21.

#@79. Solve the equation e* =2 + x.

#80. Find two numbers, each of whose square is
ten times its natural logarithm.

@81. Evaluate [3(x?dx/ VxZ+ 1) by the trapezoi-
dal rule with n = 10.

f#82. Evaluate the integral in Exercise 81 by Simp-
son’s rule with n = 10.

f83. Use Simpson’s rule with # = 10 to calculate
the volume obtained by revolving the curve
y = f(x) on [1,3] about the x axis, given the

data:
f(1)=2.03 f(2.2) =3.16
f(12)=2.08  f(24)=3.01
f(1.4) =216  f(2.6) =2.87
f(1.6) =234  f(28)=2.15
f(1.8) =2.82 f(3)=196
f(2)=3.01

@84. (a) Evaluate (2/yr )fse " dt by using Simp-
son’s rule with 10 subdivisions.

(b) Given an upper bound for the error in
part (a). (See Example 6 of Section 11.5.)

(c) What does Simpson’s rule with 10 sub-
divisions give for (2/ )[i% =" dt?

(d) The function (2/ym )f3e ™" dt is denoted
erf(x) and is called the error function. Its
values are tabulated. (For example:
Handbook of Mathematical Functions, Na-
tional Bureau of Standards, Applied
Mathematics Series 55, June 1964, pp.
310-311.) Compare your results with the
tabulated results. Note: lim,_, erf(x)
=1, and erf(10) is so close to 1 that it
probably won’t be listed in the tables.
Explain your result in part (c).

85. Let f(x)=cosx for x >0 and f(x)=1 for
x < 0. Decide whether or not f is continuous
or differentiable or both.

86. Let f(x)= x'/s"*=D_ How should f(1) be
defined in order to make f continuous?

87. Find a function on [0, 1] which is integrable
(as an improper integral) but whose square is
not.
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88.

89.

14 — 1'
f"(x9) = lim

90.

S(x0) = lim
Ax~0

91.

92.

93.

94,

95.

*96.

*97.

Show that [§[(sinx)/(1+ x)]dx is conver-
gent. [Hint: Integrate by parts.]
(a) Show that

J(xo + h) = 2f(x0) + f(x0— h)
h2
if f” is continuous at x,. [Hint: Use I'H6pi-
tal’s rule.]
*(b) Find a similar formula for f'(x).

Show that
Sxq + 2Ax) + f(xq) — 2f(xo + Ax)
(Ax)*

if 7 is continuous at x,.
Use Riemann sums to evaluate

Jim igl (Inn ~Ini)/n.

Let

%]

Prove that lim,_,
sums.
Let

, =4 using Riemann

s (i, 21
= LN
" 12:1( no n? ) n

Prove that S, > £ as n—> oo by using Riemann
sums.

Expressing the following sums as Riemann
sums, show that:

) n . . \3/2 1_ 4.
(@ ”lglg",gl[\/;l:—(i) ];—T—S—’

L 3n 1

® "ll’n°1° igl Qn+i)? 2 '

P dollars is deposited in an account each day
for a year. The account earns interest at an
annual rate r (e.g., » = 0.05 means 5%) com-
pounded continuously. Use Riemann sums to
show that the amount in the account at the
end of the year is approximately

(365P/r) (e" — 1).

fim | —SmE
x—>a? (\/)_c_—'rf)(\/;+'n)

Limits can sometimes be evaluated by geo-
metric techniques. An important instance oc-
curs when the curve y = f(x) is trapped be-
tween the two intersecting lines through (a, L)
with slopes m and —m, 0<|x—a|l < h.
Then lim,,,f(x) = L, because points ap-
proaching y = f(x) from the left or right are
forced into a vertex, and therefore to the point
(a,L).

Evaluate:

+ tam/; .
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*99.

(a) The equations of the two lines are y
=L+ m(x—a), y=L—-m(x~—a)
Draw these on a figure and insert a repre-
sentative graph for f which stays between
the lines.

(b) Show that the algebraic condition that f
stay between the two straight lines is

f&x) - L

< m, 0<|x—ada|<h
xX—a

This is called a Lipschitz condition.

(c) Argue that a Lipschitz condition implies
lim,,,f(x) = L, by appeal to the defini-
tion of limit.

Another geometric technique for evaluation of

limits is obtained by requiring that y = f(x)

be trapped on 0 < |x — a| < & between two

power curves

y=L+m(x—a)°‘, y=L——m(x—a)“,

where a >0, m > 0. The resulting algebraic
condition is called a Hélder condition:

f -1 _

<m, O<|x—da|<h
|x —al*

(a) Verify that the described geometry leads
to the Holder condition.
(b) Argue geometrically that, in the presence
of a Hélder condition, lim,_,,f(x) = L.
(¢) Prove the contention in (b) by appeal to
the definition of limit.
Prove the chain rule for differentiable func-
tions, (f o g)(x0) = f'(g(x0)) - &'(xo), as fol-
lows:
(2) Let y = g(x) and z = f(y), and write Ay
= g'(xp) Ax + p(x). Show that
. p(x)
a3 ax 0
Also write Az = f'(yg)Ay + o(y), where
yo = g(x) and show that

im 29 o

(b) Show that

Az = f'(yo) g'(x0) Ax + f'(yo)o(x) + o(g(x))-

(¢) Note that a(g(x))=0 if Ay=20. Thus

show that
p x)) U(g(x)) A_y .
(i( _ _—_Ay Ax if Ay=0 50
X
0 if Ay=0
as Ax—>0.

(d) Use parts (a), (b), and (c) above to show
that limy,,o[Az /Ax] = f'(yo)g’(xg). (This
proof avoids the problem of division by
zero mentioned on p. 113))

Review Exercises for Chapter 11 559

#100. An alternative to Newton’s method for find-

ing solutions of the equation f(x)=0 is the
iteration scheme

)
f(x0) ’

sometimes known as Picard’s method. Notice
that this method requires evaluating f’ only at
the initial guess x, and so requires less compu-
tation at each step.
(a) Show that, if the sequence xg, X, X3, - - -

converges, then lim,_, . x, is a solution of

f(x)=0.

Xn+1= Xp

(b) Compare Picard’s method and Newton’s

method on the problem x> = x + 1, using
the initial guess x, =1 in each case and
iterating until the solution is found to six
decimal places of accuracy.

(¢) Suppose that f(g)=0 and in addition
that 0 <1 f(xg) < f'(x) <3 f'(xo) for all x
in the interval I = (g — a,q + a). Prove
that if x, is any initial guess in /, then
[X,+1— gl <3lx, — ¢, and so lim,_,,x,
= gq. [Hint: x,., = P(x,), where P(x)
= x — f (x)/fYco). Differentiate P(x)
and apply the mean value theorem.] (A
similar analysis for Newton’s method is
presented in the following Review Exer-
cise.)

*101. Newton’s method for solving f(x) = 0 can be

described by saying that x,,,, = N(x,), where

the Newton iteration function N is defined by

N(x)=x— f(x)/f'(x) for all x such that

fx)=0.

(a) Show that N(x)= x if and only if f(x)
=0

(b) Show that N'(x) = f(x)f"(x)/[f' (x)I

(c) Suppose that X is a root of f, that [a, 5] is
an interval containing ¥, and that there
are numbers p, ¢ and M such that

0<p< fi(x)<q and |f"(x)|< M

for all x in [a,b). Show that there is a
constant C such that

IN(x) — % < C|x — x?
for all x in [a,b]. Express C in terms of p,
q and M.

This establishes the “quadratic con-
vergence” of xg,x,x;, ... to X as soon
as some x; is in [a,b]. [Hint: Apply the
mean value theorem to N to conclude
N(x) - X = N'(§)(x — x) for some £ be-
tween x and %. Use the mean value theo-
rem again to show that [N'(§)] < D|¢| for
a constant D > 0.]

(d) How many iterations are needed to solve
x>—2=0 to within 20 decimal places,
assuming an initial guess in the interval
[1.4.1.5]7
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Chapter 12

Infinite Series

Infinite sums can be used to represent numbers and functions.

The decimal expansion { =0.3333 ... is a representation of § as an infinite
sum 5 + % + & + o9 T+ - - - In this chapter, we will see how to repre-
sent numbers as infinite sums and to represent functions of x by infinite sums
whose terms are monomials in x. For example, we will see that
1,1 1
ln2—1—§+—3———z+--~
and
3 5
23t TIsas
Later in the chapter we shall use our knowledge of infinite series to study
complex numbers and some differential equations. There are other important
uses of series that are encountered in later courses. One of these is the topic of

Fourier series; this enables one, for example, to decompose a complex sound
into an infinite series of pure tones.

sinx = x —

12.1 The Sum of an
Infinite Series

The sum of infinitely many numbers may be finite.

An infinite series is a sequence of numbers whose terms are to be added up. If
the resulting sum is finite, the series is said to be convergent. In this section, we
define convergence in terms of limits, give the simplest examples, and present
some basic tests. Along the way we discuss some further properties of the
limits of sequences, but the reader should also review the basic facts about
sequences from Section 11.4.

Our first example of the limit of a sequence was an expression for the
number 1:

1_ (3.3 . ...,.3
3 nl}»’?o(10+100+ +10")‘

This expression suggests that we may consider 1 as the sum
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562 Chapter 12 Infinite Series

3
10

3

* 00

“+ .-

-+

+ - -

3
10"

of infinitely many terms. Of course, not every sum of infinitely many terms
gives rise to a number (consider 14+ 1+ 1+ - :), so we must be precise
about what we mean by adding together infinitely many numbers. Following
the idea used in the theory of improper integrals (in Section 11.3), we will
define the sum of an infinite series by taking finite sums and then passing to
the limit as the sum includes more and more terms.

Let a,a,, ...

o0
Za,: S;
i=1

that is,

In summary:
i=1

i=1

be a sequence of numbers. The number S, =
=a +a,+ -+ +a, is called the nth partial sum of the a/s. If the
sequence §,,S,, . ..
say that the series a, + a, +

o
> a; is defined as
i=1

0
aseries > a; converges if

0
aseries > a; diverges if

Convergence of Series

n
i=1%

of partial sums approaches a limit S as n—> oo, we
-+ =372 a; converges, and we write

n

i, 2

and is called the sum of the series.

If the series 372 a; does not converge, we say that it diverges. In this
case, the series has no sum.

n
nll)nolo IZI a; exists (and is finite);

n
lim > a; does not exist (or is infinite).
n—>00 i=1

Example 1 Write down the first four partial sums for each of the following series:
) S I T
(a)1+2+4+8+16+ ;
L1 1,1 1. ..
G l=g5+3-g+ts-5+
eyl 41,1, ..
(c)1+5+52+53+54+ ;
< 3
(d)i202i+l'
Solution (a)Sl=1,sz=1+1/2=3/2,s3=1+%+%=:7{,
=1+1 41 41 _15
andS4—-1+2+4+8 g
®d $;=15,=1 > 2,S3 1 2+3 g
1y 117
and S, =1 I T4 To
= =1+1=6 g -14+1 41 _31
© $=18, 1+5 5’S3 +5+52 5
el 1 _ 15
andS4 l-f-5+25+125 135
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1 3 n I :
T T ¥ T T

0 S8 S S,
Figure 12.1.1. The term g;
of a series represents the
“move” from the partial
sum S;_; to S;. S, is the
cumulative result of the
first n moves.

Example 2

Solution

12.1 The Sum of an Infinite Series 563

> 3 _3.3 .3 .3 . .. _3 ¢ _3.,3_9
(d)§2‘ 2+22+23 24+ , 50 Si=35, =5 +5 =7,
gl 1 1y 21 =3l 1y 45
S3—3(2+4+8) R’ ,and S, = 3( +4+8+16 16"

Do not confuse a sequence with a series. A sequence is simply an infinite list of
numbers (separated by commas): a,,a,,ds, . . . . A series is an infinite list of
numbers (separated by plus signs) which are meant to be added together:
a,+ a,+ a;+ - - - . Of course, the terms in an infinite series may themselves
be considered as a sequence, but the most important sequence associated with
the series a, + a, + - - - is its sequence of partial sums: S, S,,S;, . . . —that
is, the sequence
a,a,*+a,a+ay+as,... .

We may illustrate the difference between the g;’s and the S,’s pictorially.
Think of a,,a,,a,,... as describing a sequence of “moves” on the real
number line, starting at 0. Then S, = a; + - -+ + a, is the position reached
after the nth move. (See Fig. 12.1.1.) Note that the term a; can be recovered as
the difference S, — S;_,

To study the limits of partial sums, we will need to use some general
properties of limits of sequences. The definition of convergence of a sequence
was given in Section 11.4. The basic properties we need are proved and used
in a manner similar to those for limits of functions (Section 11.1) and are
summarized in the following display.

Properties of Limits of Sequences

Suppose that the sequences a;,a,, ... and b,,b,, ...

and that ¢ is a constant. Then:

are convergent,

lim,_,(a, + b,) = lim,_,  a, + lim

lim, (ca,) =clim,_ a,.

lim,_, (a,b,) = (im,_, ,a,) - (lim,_,  b,).
If lim,_, b, 0 and b, # O for all », then

a, lim,, a,

lim,_, b,

n—>oo™n

b,.

n—>e0

Ealbadi sl

5. If fis continuous at lim then

Hom, f(a) =1 s, an)-
lim,_,  c=c.
lim, ,_(1/n) = 0.
If lim, ,, f(x) =/, then lim,_,, f(n) =L
If |r] <1, then lim,, r" =0, andif |r| > 1 orr = —1, lim,_, .»" does
not exist.

© % N o

Here are a couple of examples of how the limit properties are used. We will
see many more examples as we work with series.

3+n
Find (a) hm T 1 and (b) hm sm( o + I )
3+n _ 3/n+1_3lim,  1/n+lim, 1 3.041_1
@ T =AM 3T i/n T Tm, 24 Tm, .1 /n 240 2°
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564 Chapter 12 Infinite Series

This solution used properties 1, 2, and 4 above, together with the facts that
lim,_,1/n =0 (property 7) and lim,_, . c = ¢ (property 6).
(b) Since sin x is a continuous function, we can use property 5 to get

Jim sin( )" Si“{ Jim ( T )]
Sm[ nli»nélo( 2 +W1/n )}

sin(g)=1.A

We return now to infinite series. A simple but basic example is the geometric
series

a+ar+ar*+ - --

in which the ratio between each two successive terms is the same. To write a
geometric series in summation notation, it is convenient to allow the index i to
start at zero, so that ay = @, a, = ar, a, = ar?, and so on. The general term is
then 4, = ar’, and the series is compactly expressed as 3% ,ar’. In our
notation X% ,a; for a general series, the index i will start at 1, but in special
examples we may start it wherever we wish. Also, we may replace the index i
by any other letter; 3724, = 372 1@, = 37,4, and so forth.

To find the sum of a geometric series, we must first evaluate the partial

sums S, = S7_,ar’. We write
S,=a+ar+ar*+--- +ar,
rS,= ar+ar’+ - +ar"+ar"t.

Subtracting the second equation from the first and solving for S,, we find

a(l—r"*h

1—r

(if r = 1). (1)

n=

The sum of the entire series is the limit

o]
ar'= lim S,
=0

i n->» oo
. a(l B r"+1) a : n+l1
gy el gt 1 A G A
— a — h n+1
T i—v (1 nlggor )
(We used limit properties 1, 2, and 6.) If [r] <1, then lim,_, r"*'=0

(property 9), so in this case, > ;ar’ is convergent, and its sum is a /(1 — r). If
[7| >1 or r=—1, lim,, r"*! does not exist (property 9), so if a0, the
series diverges. Finally, if r =1, then S, =a+ar+ - - + ar"=a(n + 1), so
if a # 0, the series diverges.

Geometric Series

If |f|<1 and a is any number, then a+ ar+ ar’+ - -+ =32 jar’
converges and the sum is a/(1 — 7).

If |r] > 1 and a # 0, then 3% qar’ diverges.
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Example 3

Solution

Example 4

Figure 12.1.2. Find the
total distance travelled by
the bouncing ball.

Solution

12.1 The Sum of an Infinite Series 565

Sum the series: (a) 1 +4 +4 + L + & + , (b) 2 /2 , and (c) 2 5
i=1
(a) This is a geometric series with r =1 and a = 1. (Note that a is the first

term and r is the ratio of any term to the preceding one.) Thus

T+ gtgt 2( ) 1—11/3‘%'

(b) So[1/(6/H]=1+(1/V6)+(1/V6 )+ -+ =a/(1—r), where
a=1andr=1/V6,sothesumis 1/(1 — 1/Y6) = (6 +6)/5. (Note that the
index here is n instead of i.)

© X2,1/5=1/5+ 1/52 -=(1/5/(1—-1/5)=1/4. (We may also
think of this as the series 2,_01 /5" with the first term removed. The sum is
thus 1/[1 —(1/5)]—-1=1/4) A

The following example shows how a geometrlc series may arise in a physical
problem.

A bouncing ball loses half of its energy on each bounce. The height reached
on each bounce is proportional to the energy. Suppose that the ball is dropped
vertically from a height of one meter. How far does it travel? (Fig. 12.1.2.)

Each bounce is 1/2 as high as the previous one. After the ball falls from a height
of 1 meter, it rises to 1/2 meter on the first bounce, (1/2)* = 1/4 meter on the
second, and so forth. The total distance travelled, in meters, is 1 + 2(1/2) +
2(1/2)% + 2(1/2)® + - - -, which is

1/2

I_:T/E) = 3 meters. A

1423 (1/2)"=1+2(
=1

Two useful general rules for summing series are presented in the box on the
following page. To prove the validity of these rules, one simply notes that the
identities

Zn:(a +b)—2a+ Eb and an——CZa

are satisfied by the partial sums. Taking limits as n = o0 and applying the sum
and constant multiple rules for limits of sequences results in the rules in the
box.

Copyright 1985 Springer-Verlag. All rights reserved.



566 Chapter 12 Infinite Series

Algebraic Rules For Series

Sum rule
If 32,0, and 3% ,b; converge, then 3% (g, + b;) converges and

Z(a +b)—2a+ zb
i=1 i=1
Constant multiple rule
If 3% ,a; converges and c¢ is any real number, then 72 ca; converges
and

M8

I
—_

Example 5 Sum the series 2 3y-2 g 21
i=0

Solution We may write the ith term as

32 (LYo (LYo (Wi (LY

¢ o= (2)-(3)=(2)rn(3)
Since the series 3% (1/2) and 3% o(1/3) are convergent, with sums 2 and
respectively, the algebraic rules imply that

25552 () en(3)]
igo(%)i+(—1)i§0(%)i=2~%=—;—.A

Example 6 Show that the series 11 +332 + 72 + 1542 + . - - diverges. [Hint: Write it as
the difference of a divergent and a convergent series.]

Solution The series is 3% [2' — (4 )Y]. If it were convergent, we could add to it the
convergent series 3% (1), and the result would have to converge by the sum
rule; but the resulting series is 3% [2° — (1) + (1)1 = 3722/, which diverges
because 2 > 1, so the original series must itself be divergent. A

The sum rule implies that we may change (or remove—that is, change to zero)
finitely many terms of a series without affecting its convergence. In fact,
changing finitely many terms of the series 3% 4, is equivalent to adding to it
a series whose terms are all zero beyond a certain point. Such a finite series is
always convergent, so adding it to the convergent series produces a convergent
result. Of course, the sum of the new series is not the same as that of the old
one, but rather is the sum of the finite number of added terms plus the sum of
the original series.

Example 7 Show that

Lol Ly Ly

1+2+3+4+ R R

is convergent and find its sum.

Solution The series 1/4+ 1/4>+ 1/4*+ 1/4*+ - - - is a geometric series with sum
(1/4)/(1 — 1/4) = 1/3; thus the given series is convergent with sum 1 +2 +
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3+4+1/3=10 1. To use the sum rule as stated, one can write

1 1 1
1+2+3+4+4+42+43+

=(1+2+3+440+0+0+---)

1,11 .. ..
+(o+0+o+0+4+42+43+ ).A

We can obtain a simple necessary condition for convergence by recalling that
a,=S;,— S;_,. If lim,, . S; exists, then lim, , _ S, has the same value. Hence,
using properties 1 and 2 of limits of sequences, we find lim,, g, =
lim;_, ,S; — lim, , S;_, = 0. In other words, if the series 72,4, converges,
then, the “move” from one partial sum to the next must approach zero (see
Fig. 12.1.1).

The ith Term Test

If 3% ,a; converges, then lim; | a, = 0.
If lim,_, ,a; # 0, then 3% 4, diverges.
If lim; , a, =0, the test is inconclusive: the series could converge or

diverge, and further analysis is necessary.

The ith-term test can be used to show that a series diverges, such as the one in
Example 6, but it cannot be used to establish convergence.

Example 8 Test for convergence: (a S ——l—, b S —1"———L~—; C S l
p gence: @) 3 755 0 2V =03 (5)

i=1 i=1
i1

1+i 1/i+1

the series must diverge.

(b) Here |a,| = i/YT+ i =i /Y1/i+ 1 -> 0 as i —> co. Thus g, does not tend

to zero, so the series diverges.

(c) Here g, = 1/i, which tends to zero as i —> 00, so our test is inconclusive. A

Solution (a) Here g, = —> 1 as i — o0. Since a; does not tend to zero,

As an example of the “further analysis” necessary when lim,_, .a;, =0, we
consider the series

1,11, . .. 351
l+s+3+5+ g}i

from part (c) of Example 8, called the harmonic series. We show that the series
diverges by noticing a pattern:

—

+ +
Ol A

+
<

+
+ + +
Ol— |

Ol— W= W= N|—
0Ofpm

. :1~

+

o k-

v V. V V
e

and so on. Thus the partial sum S, is greater than 1+ +§=1+3,
Sg>1+1+1+1=1+3% and, in general S,.>1+ n/2, which becomes
arbitrarily large as »n becomes large. Therefore, the harmonic series diverges.
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568 Chapter 12 Infinite Series

Example 9 Show that the series (a) L + 4 +1 +4 + --- and (b) 352,1/(1 + i) diverge.

Solution (a) This series is >3 (1/24). If it converged, so would twice the series
3% ,2-(1/2i), by the constant multiple rule; but 32 ,(2-1/2i) =37 ,1/4,
which we have shown to diverge.

(b) This series is 4+ +1 + 1 + - - -, which is the harmonic series with the first
term missing; therefore this series diverges too. A

Supplement to Section 12.1:
Zeno’s Paradox

Zeno’s paradox concerns a race between Achilles and a tortoise. The tortoise
begins with a head start of 10 meters, and Achilles ought to overtake it. After
a certain elapsed time from the start, Achilles reaches the point 4 where the
tortoise started, but the tortoise has moved ahead to point B (Fig. 12.1.3).

Figure 12.1.3. Will the
runner overtake the
tortoise?

After a certain further interval of time, Achilles reaches point B, but the
tortoise has moved ahead to a point C, and so on forever. Zeno concludes
from this argument that Achilles can never pass the tortoise. Where is the
fallacy?

The resolution of the paradox is that although the number of time
intervals being considered is infinite, the sum of their lengths is finite, so
Achilles can overtake the tortoise in a finite time. The word forever in the
sense of infinitely many terms is confused with “forever” in the sense of the
time in the problem, resulting in the apparent paradox.

Exercises for Section 12.1

Write down the first four partial sums for the series in Sum the series in Exercises 5-8.
Exercises 1-4.
Loi4+i+d+i+-- 5,1+%+_15+L3+.
201 —L+i—t4+k—--- o1
® o 6.2+2+ 242 4.
3. 2 (—3—) 9 9 9
i=1
o0 o0 =]
v 2 - 2(5) ()
"z=:1 ¥ 7 igl 8 ’ ngl 15
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9. You wish to draw $10,000 out of a Swiss bank
account at age 65, and thereafter you want to
draw 3 as much each year as the preceding one.
Assuming that the account earns no interest, how
much money must you start with to be prepared
for an arbitrarily large life span?

A decaying radioactive source emits % as much
radiation each year as the previous one. Assum-
ing that 2000 roentgens are given off in the first
year, what is the total emission over all time?
Sum the series (if they converge) in Exercises 11-20.

10.

o 0
1 4 \k
1. > — 12. (_)
jgl 137/ ,Z:] 5
*© Q3i+4 ) 44+2
13. igO s 14. 2
< 1Y}/ ks 1\i+1/2
15 > (—) 16. 5(_)
j=-3 3 iS4 \3
& 274 3" ® 3% 4 q
17. 18.
ngl 6n kgl 27k
19 f: 2n+!
: nes 3n—2
ki 1\ 112 13!
20. = = £l
2[(2)+() ()|
21. Show that % (1 + 1/2°) diverges.
22. Show that 3% o(3‘ + 1/3') diverges.
23. Sum 2+4+3+L 44+
24, Sum 1 +1/2+1/3+1/32+1/33+---.

Test the series in Exercises 25-30 for convergence.

o) .
pAR—

i=1 i+1
o
26 S0+
=1 i +8
o©
3
27 i§,5+5i
©
6
2. i§17+7i
29 1+3+5+4+5+i++4+E+ -
NS . S
2 4 8
30 1+4+5+5+H+E+E+45+5+ -
N —~ \ v e v o
2 4 8
31. Show that the series 2172 (1 — 27/)/j diverges.

32. Show that the series § +{+4+4+ -+ di-
verges.

Give an example to show that 3% (a; + b;) may
converge while both > %2 14, and 32 |b; diverge.
Comment on the formula 1+2+4+8+ ---
=1/1-2)=—1

A telescoping series, like a geometric series, can
be summed. A series > n_ 4, is telescoping if its

33.
34.

35.
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nth term g, can be expressed as a, = b,,., — b,

for some sequence b,,.

(a) Verify that ¢, +a,+az3+ -+ +a,=

b, . — by; therefore the series converges ex-

actly when lim,_, b, exists, and > 5%_1a,

=lim, b, 41 — by

Use partial fraction methods to write a,

=1/[n(n+1)] as b,,,— b, for some se-

quence b,. Then evaluate the sum of the

series S3%_,1/[n(n + 1)].

36. An experiment is performed, during which time
successive excursions of a deflected plate are
recorded. Initially, the plate has amplitude b,.
The plate then deflects downward to form a
“dish” of depth b, then a “dome” of height b,,
and so on. (See Fig. 12.1.4.) The a’s and b’s are
related by a;=by— bj,a,= b, — by,a3=b; —
bsy ... . The value g, measures the amplitude
“lost” at the nth oscillation (due to friction, say).

(®

Figure 12.1.4. The
deflecting plate in Exercise 36.

Find X%_,a,. Explain why by — 37_ 4, is
the “average height” of the oscillating plate
after a large number of oscillations.
Suppose the “dishes” and “domes”™ decay to
zero, that is, lim,_,.b,,; =0. Show that
Se_1a, = by, and explain why this is physi-
cally obvious.

The joining of the transcontinental railroads oc-
curred as follows. The East and West crews were
setting track 12 miles apart, the East crew work-
ing at 5 miles per hour, the West crew working at
7 miles per hour. The official with the Golden
Spike travelled feverishly by carriage back and
forth between the crews until the rails joined. His
speed was 20 miles per hour, and he started from
the East.

(a) Assume the carriage reversed direction with
no waiting time at each encounter with an
East or West crew. Let 7, be the carriage
transit time for trip k. Verify that f,,,,
=r"*1.(12/13), and 5, =r"+(12/27),
where r=(13/27)-(15/25), n=0,1,2,
3,....

Since the crews met in one hour, the total
time for the carriage travel was one hour,
ie, lim, o (t;+ 1+ t3+ 14+ - + 1)
= 1. Verify this formula using a geometric
series.

(®)

37.

®)

. ‘All'rights reserved. .
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12.2 The Comparison Test
and Alternating Series

A series with positive terms converges if its terms approach zero quickly enough.

Most series, unlike the geometric series, cannot be summed explicitly. If we
can prove that a given series converges, we can approximate its sum to any
desired accuracy by adding up enough terms.

One way to tell whether a series converges or diverges is to compare it
with a series which we already know to converge or diverge. As a fringe
benefit of such a “comparison test,” we sometimes get an estimate of the
difference between the nth partial sum and the exact sum. Thus if we want to
find the sum with a given accuracy, we know how many terms to take.

The comparison test for series is similar to that for integrals (Section
11.3). The test is simplest to understand for series with non-negative terms.
Suppose that we are given series >, .- 4; and 372 b, such that 0 < q; < b, for
all i:

o0 [=2]
if > b; converges, then so does >, a;.

i=1 i=1
The reason for this is easy to see on an intuitive level. The partial sums
S, = >%_.a, are moving to the right on the real number line since a, > 0.
They must either march off to oo or approach a limit. (The proof of this
sentence requires a careful study of the real numbers, but we will take it for
granted here. Consult the Supplement to this section and the theoretical
references listed in the Preface.) However, 37,4, < 3715, < 3% ,b;, since
a; < b; and the partial sums >_,b; are marching to the right toward their
limit. Hence all the S,’s are bounded by the fixed number 352 ;5;, and so they
cannot go to co.

Example 1 Show that >, 3 converges.
i=12+4

Solution We know that 3% ,(3/2) is convergent since it is a geometric series with
a=3and r=1 <1; but

_3 3

2+4 2

so the given series converges by the comparison test. A

H

For series 3.2 ,a; with terms that can be either positive or negative, we replace
the condition 0 < ¢; < b; by |a;| < b;. Then if 3% b, converges, so must
3% 1la;], by the test above. The following fact is true for any series:

o0
20,-

i=1

* [oo]
if > |a| converges,sodoes >, a;, and

i=1 i=1

oo}

< layl.

=

A careful proof of this fact is given at the end of this section; for now we
simply observe that the convergence of 3% |a,| implies that the absolute
values |q,| approach zero quickly, and the possibility of varying signs in the
a’s can only help in convergence. Therefore, if 0 < |q] < b; and 3b; con-
verges, then 3)|q;| converges, and therefore so does > a;. (We sometimes drop
the “i = 1” and “oc0” from 3 if there is no danger of confusion.) This leads to
the following test.
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12.2 The Comparison Test and Alternating Series 571

Comparison Test

Let 3% ,a; and 3% b, be series such that |q;| < b;. If 3% b, is conver-
gent, then so is 32 ,q4;.

i

Example 2 Show that > 3T converges.
i=11

Solution We can compare the series with 5% ,1/3" Let a,=(—1)'/(i3'*") and b,
= 1/3". Since i3'*! = (3i) - 3’ > 3, we have
1 1
|a]

Tty
Therefore, since 352 b, converges (it is a geometric series), so does 352 ,4;. A

If the terms of two series 3 a; and > b, “resemble” one another, we may expect
that one of the series converges if the other does. This is the case when the
ratio a,/b; approaches a limit, as can be deduced from the comparison test.
For instance, suppose that lim,_, (|a,|/5;) = M < oo, with all b, > 0. Then for
large enough i, we have |aq;|/b; < M + 1, or |g| < (M + 1)b,. Now if 3b,
converges, so does >(M + 1)b;, by the constant multiple rule for series, and
hence S a; converges by the comparison test.!

[}

Example 3 Test for convergence: >, il

=12 -

Solution We cannot compare directly with 31%2,1/2/, since 1/(2' — i) is greater than
1/2'. Instead, we look at the ratios a;/b; with a;=1/(2' — i) and b, =1/2".
We have
. a; T 1 - 1 -
il—lfgob,-_il—l)r{.lol_i/zi 1-0 !
(lim,_,.(i/2") = 0 by 'Hépital’s rule). Since 3}32,(1/2) converges, so does
/@ -9l a
The following tests can both be similarly justified using the original compari-
son test.

Ratio Comparison Tests
Let 3% 4, and 332 ,b; be series, with b; > 0 for all i.
If (1) |a;| < b; for all i, or if lim,_,(|a;|/b;) < oo and
(2) 3% b, is convergent, then 372 a, is convergent.

i=1

If (1) a; > b, for all i, or if lim,_, (a;/b;) > 0 and
(2) 3% b, is divergent, then 372 q; is divergent.

To choose b, in applying the ratio comparison test, you should look for the
“dominant terms” in the expression for g;.

! Strictly speaking, to apply the comparison test we should have |a;] < (M + 1)b; for all i, not just
sufficiently large i; but, as we saw earlier, the convergence or divergence of a series >, a; is not
affected by the values of its “early” terms, but only the behavior of ¢; for large i. Of course, the
sum of the series depends on all the terms.
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572 Chapter 12 Infinite Series

Example 4 Show that >, Z-2¥-_z diverges .
i=1

Solution As i— oo, the dominant term in the denominator 4 + { is i, that is, if / is very
large (like 10%), 4 is very small by comparison. Hence we are led to let
a;=2/(4+1i),b,=1/i. Then

. . 2/ (4 + i) . 2i - 2 2

fm oy =l — = T G T o

Since 2> 0, and 3%,1/i is divergent, it follows that 3% ,[2/(4 + i)] is
divergent as well. A

The next example illustrates how one may estimate the difference between a
partial sum and the full series. We sometimes refer to this difference as a tail
of the series; it is equal to the sum of all the terms not included in the partial
sum.

3 (—1)
Example 5 Find the partial sum >, (‘3'_+ -
i=1 i

between this partial sum and the sum of the entire series.

(see Example 2) and estimate the difference

Solution The sum of the first three terms is
B 1 _ 1,1 1 __ 47
32.1 * P.2 34.3 5 "3 243 486 0.0967.
The difference between the full sum of a series and the nth partial sum is given
by 3% 4, — > _a;, =%, .1a;- To estimate this tail in our example, we
write

® (-1 2 (=1
- — (—0.0967)| = -
2; 3ty ( ) 2; 3ty
o 1 )
< 124 o (smce lZa,-' <> ]ai|)

(since i > 1)

< 1

<i§43i+1

S Uy P DI S
—35(1+3+32+ )

=L1l(_1 ~1.3_1 -
"35(1—1/3) ¥ 2" Te ~ 00082

Thus the error is no more than 0.0062. We may therefore conclude that
© [(—=1Y/(3*')] lies in the interval [—0.0967 — 0.0062, —0.0967 + 0.0062]
=[—0.103, —0.090]. A

The second kind of series which we will treat in this section is called an
alternating series. To illustrate, recall that we saw in Section 12.1 that the
harmonic series

T+i4+d+1+ ...
is divergent even though lim,, (1/i) = 0. If we put a minus sign in front of
every other term to obtain the series

R ARt R
we might hope that the alternating positive and negative terms “neutralize”

one another and cause the series to converge. The alternating series test will
indeed guarantee convergence. First we need the following definition.
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Example 6

Solution

0 S, S, \S5 S S

-
S = Z a; is somewhere in here
i=1

Example 7

Solution

12.2 The Comparison Test and Alternating Series 573

Alternating Series

A series 3% a; is called alternating if the terms g, are alternately positive
and negative and if the absolute values |g;| are decreasing to zero; that
is, if:

1.a;, >0,a,<0,a;>0,a,<0,and soon (ora,; <0,a,>0,...);

2. ay| > |ag| > |ag| > - - -

3. im,, |a] =0.

Conditions 1, 2, and 3 are often easy to verify.

Is the series 1 —4 +4 — % - - - alternating?

The terms alternate in sign, + — + — - - -, so condition 1 holds. Since the ith
term g, = (— 1)"*!(1 /i) has absolute value 1/i, and 1/i > 1/(i + 1), the terms
are decreasing in absolute value, so condition 2 holds. Finally, since lim,_, |a;|
=lim, . (1/i) = 0, condition 3 holds. Thus the series is alternating. 4

Later in this section, we will prove that every alternating series converges. The
proof is based on the idea that the partial sums S, = 37_,a; oscillate back and
forth and get closer and closer together, so that they must close in on a
limiting value S. This argument also shows that the sum S lies between any
two successive partial sums, so that the tail corresponding to the partial sum
S,, is less than |a,, |, the size of the first omitted term. (See Fig. 12.2.1.)

Figure 12.2.1. An alternat-
ing series converges, no
matter how slowly the
terms approach zero. The
sum lies between each two
successive partial sums.

Alternating Series Test

1. If 2% 4, is a series such that the g, alternate in sign, are decreasing in
absolute value, and tend to zero, then it converges.

2. The error made in approximating the sum by S, = 37_,q;, is not
greater than |a, |

Show that the series 1 —1 + 1 —

1 +1— ... converges, and find its sum
with an error of no more than 0.04.

By Example 6, the series is alternating; therefore, by the alternating series test,
it converges. To make the error at most 0.04 = -, we must add up all the
terms through 5. Using a calculator, we find

Spu=1—l4lo et — 106727,

N|—

(Since the sum lies between S,, and S,;~0.7127, an even better estimate is
the midpoint (S, + S,5) = 0.6927, which can differ from the sum by at most
0.02.) A
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Example 8 Test for convergence:

@S U

i=1 (1 + l)

B)3—f+3-3+3 b3+l

Solution (a) The terms alternate in sign since (— 1)’ = 1 if i is even and (— 1) = —1if i
is odd. The absolute values, 1/(1 + i)% are decreasing and converge to zero.
Thus the series is alternating, so it converges.
(b) The terms alternate in sign and tend to zero, but the absolute values are
not monotonically decreasing. Thus the series is not an alternating one and
the alternating series test does not apply. If we group the terms by twos, we
find that the series becomes

G-H+E-DHE-D+E-+ - =3+i+itir

which diverges. (Notice that the nth partial sum of the “grouped” series is the
2nth partial sum of the original series.) A

We noted early in this section that a series 2 ° ,a; always converges if its
terms go to zero quickly enough so that the series 322 |a;| of absolute values
is convergent. Such a series > 52 1a is said to be absolutely convergent. On the

other hand, a series like 1 —1 +1 —1 4+ ... is convergent only due to the
alternating signs of its terms; the series of absolute values, 1 +4 + 1 + - - is
divergent (it is the harmonic series). When 3% ,4; converges but S la)
diverges, the series 3,72 4, is said to be conditionally convergent.

- 1) i

Example 9 Discuss the convergence of the series 2 i
i=1

Solution Let a, = (—1)i /(i + 4). We notice that for i large, |a,| appears to behave like
b, = 1/4i . The series 2, 1b; diverges by comparison with the harmonic series.
To make the comparison between |a| and b, precise, look at the ratios:
lim,, (la)|/b) =lim,, [i/(i +4)] =1, so 3% |a| diverges as well; hence
our series is not absolutely convergent.
The series does look like it could be alternating: the terms alternate in
sign and lim, , _a; = 0. To see whether the absolute values |a;| form a decreas-

ing sequence, it is convenient to look at the function f(x) =x /(x +4). The
derivative is

(1/2Vx )(x +4) —Vx - 1 2k /2 4—x

f(xy=
(x + 4)? (x + 4y 2% (x + 4)?
which is negative for x > 4, so f(x) is decreasing for x > 4. Since || = f(i),
we have |a,| > |as| > |ag| > - - - which implies that our series Yq;, with its

first three terms omitted, is alternating. It follows that the series is convergent;
since it is not absolutely convergent, it is conditionally convergent. 4

Absolute and Conditional Convergence

A series > 2 4, is called absolutely convergent if 3% ||a;| is convergent.
Every absolutely convergent series converges.

A series may converge without being absolutely convergent; such a
series is called conditionally convergent.
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| Noa,’s
above M
(b)
Figure 12.2.2. (a) An
increasing sequence;
(b) a sequence bounded
above by M.

Figure 12.2.3. The partial
sums of the series 372 ,4;
are increasing and bounded
above by T.
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Supplement to Section 12.2:
A Discussion of the Proofs of the Comparison and
Alternating Series Tests

The key convergence property we need involves increasing sequences. It is
similar to the existence of lim,_, ., f(x) if f is increasing and bounded above,
which we used in Section 11.3 to establish the comparison test for integrals.

A sequence a,,a,,... of real numbers is called increasing in case
a; < a, < - - - . The sequence is said to be bounded above if there is a number
M such that a, < M for all n. (See Fig. 12.2.2.)

For example, let a, = n/(n + 1). Let us show that a, is increasing and is
bounded above by M if M is any number > 1. To prove that it is increasing,
we must show that a, < a,, ,—that is, that

n_.__n+l

2
1 \(n+1)+1 or n(n+2)<(n+1)

n+2n<nt+2n+1 or 0<1.
Reversing the steps gives a proof that a, < a,,; i.e., the sequence is increas-
ing. Sincen < n+1,wehavea,=n/(n+1)<1l,s0a, < Mif M > 1.

We will accept without proof the following property of the real numbers
(see the references listed in the Preface).

Increasing Sequence Property

If a, is an increasing sequence which is bounded above, then a, con-
verges to some number a as n—> co. (Similarly, a decreasing sequence
bounded below converges.)

The increasing sequence property expresses a simple idea: if the sequence is

increasing, the numbers a, increase, but they can never exceed M. What else

could they do but converge? Of course, the limit a satisfies a, < a for all .
For example, consider

a,=03, a,=033, a,=0333

and so forth. These g,’s are increasing (in fact, strictly increasing) and are
bounded above by 0.4, so we know that they must converge. In fact, the
increasing sequence property shows that any infinite decimal expansion con-
verges and so represents a real number.

To prove the comparison test for series with positive terms, we apply the
increasing sequence property to the sequence of partial sums. If 3772 14, is a
series with a; > 0 for each i, then since the partial sums S, satisfy S, — S, _,
= g, > 0, they must be an increasing sequence (see Fig. 12.2.3). If the partial
sums are bounded above, the sequence must have a limit, and so the series
must converge.

P
az e
e g @
o
a °
>°
o
aQ :
—
} [ i Il i
T 1 1 L 1]
Sl SZ S3 S4
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Now we may simply repeat the argument presented earlier in this section.
If0< g < b foralliand T, =31 ,b,, then S, < T,. If the partial sums 7,
approach a limit 7, then they are bounded above by T, and so S, < T for all
n. Thus lim,_, S, exists and is less than or equal to 7, i.e., 3.7 a, < 372 ,b,.

To complete the proof of the general comparison test, we must show that
whenever 3% ,|a;| converges, so does 332 a;; in other words, every absolutely
convergent series converges. Suppose, then, that 3}|a,| converges.

We define two new series, 3% b, and 372 ¢, by the formulas

b—{"‘f’ if “i>0}_{a,- if ai>0}

0 if a,<0 0 if a,<0

|a] if a,<0 —-a, if 4,<0
Cc = = s
! 0 if a,>0 0 if a>0

These are the “positive and negative parts” of the series 3% ,a,. It is easy to
check that a; = b, — ¢;. The series 372 ,b;, and 3% |¢; are both convergent; in
fact, since b; <|q], we have >7_b; < J7_,la] < % |a;|, which is finite
since we assumed the series .22 4, to be absolutely convergent. Since b; > 0
for all i, 372 ,b; is convergent. The same argument proves that 3% ,c; is
convergent. The sum and constant multiple rules now apply to give the
convergence of 272 1a, = > b, — 372 ¢,

Finally, we note that, by the triangle inequality,
14

n 0]
2 a;| < 2 |la;| < 2 |a;]-

i=1 i=1 i=1
Since this is true for all n, and

o0
> al=

= lim
i=1 neo

n
Zai
i=1

n
h .
n—)qolo izl %

(the absolute value function is continuous), it follows that |[31% ,a,| < 32 |4,

(Here we again used the fact that if b, < M for all » and b, converges to b,
then b < M).

We conclude this section with a proof that every alternating series converges.

Let 3% ,a, be an alternating series. If we let b, = (— 1)’ *'q,, then all the b,
are positive, and our series is b, — b, + b; — b, + b5 - - - . In addition, we have
by>b,>b;> -+, and lim,, b, = 0. Each even partial sum S,, can be
grouped as (b, — b))+ (b;— b))+ - -+ +(b,_, — b,), which is a series of
positive terms, so we have S, < S, < Sg < - - -. On the other hand, the odd
partial sums S,,,, can be grouped as b, — (by— by) —(by— bs) — - - - —
(by, = by, 1), which is a sum of negative terms (except for the first), so we
have S, > §;> S5 > ---. Next, we note that S,,,, =S5, + b3, > S5,
Thus the even partial sums S,, form an increasing sequence which is bounded
above by any member of the decreasing sequence of odd partial sums. (See
Fig. 12.2.1.) By the increasing sequence property, the sequence S,, approaches
a limit, S,.,. Similarly, the decreasing sequence S,,,, approaches a limit,
Sodd'

Thus we have S, < 8§, < Sg< ---8,, < -+ < Seen < Soaqa- " <
Sons1 < - £ 8;< 8. Now S, — S,, 1S g, 1, Which approaches zero as
n—> oo; the difference S 44 ~ Seyeq 18 less than S, | — S, so it must be zero;
1.6, Sogq = Seven- Call this common value S. Thus |S,, — S| < |S,, — S,,41
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= bypi1 = @] a0d |8y, = S| < 8541 = Sapral = bagsa = a2,49) 8
each difference |S, — S| is less than |a,,,|. Since q,,;—>0, we must have

S,~> S as n—> 0.
This argument also shows that each tail of an alternating series is no
greater than the first term omitted from the partial sum.

Exercises for Section 12.2

Show that the series in Exercises 1-8 converge, using 33. —1§ + lg + 1§ + %7 + 31—3 + 61_5 + -+
the comparison test for series with positive terms. 1
© 0 ———
LS 8 2 3 2 2 +1
i=13+2 i=14+6 1 1 1 1
Mold gt gt
© © 5 _ 3 15 2" —1
30> Fr— 4. > i Find the sum of the series in Exercises 35-38 with an
i=1 2>~ =1 error of no more than 0.01.
© (—1) © (-1
5. - 6. - 35. —
,-g 3+2 ,-; 4+ 1 gl ja/
© o ; > k 2
7 S sini 5. 3 cos(m) 36. kgo-z—— [Hint: Compare with 2 (—5) ]
i=12'—1 i=1 3'—1 ® o
. 37. 3 2 -1
Show that the series in Exercises 9-12 diverge, by using )" +1
the comparison test. © (—1)f
5, 53 0. § 2T
,_]2+z T A ST p=1 =
s 3 Test the series in Exercises 39-50 for convergence and
2:‘ 61 = 12. igl 371 absolute convergence.
. 39. 2 - 2 (=1
Test the series in Exercises 13-34 for convergence. et ‘[’ -
=
b k 00
3 " 4. > S ~D'%
14.
13- nzl4"+2 ,,21(2"+3) ikl 22 T
X 1 kad (1/2) 0 . o —
15 S —— 16. 3~ cos 7i D"
= 21 + 31 i=1 I+ 6 43 ié:l 21_ 44 ngl 8n +2
o
2
v 3 B2 51 45 1= 4334t
© an . zn ) S N LI T
19, 24'.15."5 20. 2\/34’-1;1 46. 1m2+4 8.+,(S
s 273 it A 47. S (—1y
2 1+ (-1 © (-2) i=1 241
21. :gl 84 2+ 22. ié:‘ 341 48. % (a;, where a; =1/} if i is even and g;
- o =1/iif i is odd.
23 3 1 24. > 1 49. >%_(—1)Y'In[(n + 1)/n]. [Hint: First prove that
i~ Vi+2 i=1 i+ 1 In(1 + @) > a/2 for small a > 0.]
. o0 i
25. S §2_’ 26. 3 % 50. S (= 1y"*'In[(n + 3)/n]. (See the hint in 49.)
':1 3 / :1 Estimate the sum of the series in Exercises 51-54 with
2.3 (l + % + 3) 28. > 3 i an error of no more than that specified.
=\ i i =1 1 +3 © (_])i
o0 0 .
20 3 sin j 30 S e 51. ‘21 o 0.01
j=1 2 n=1 '; n
2 iy 2.3 0™ 0005
31 Ezm 32 21(142) it 4n 417
2 ((=D"
53. — 4+ =1;002
ngl( 2n 5 )
54 1—-4 41 -1+ ...,002
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55. Test for convergence: $ + L —4 —4+%+1%
_% _% 4 e
56. Does the series § +3 —f—++4+4— ...
converge?
Exercises 57 and 58 deal with an application of the
increasing sequence test to inductively defined se-
quences. For example, let a, be defined as follows:

al=\/§a
a2=\/3+a1 =V3+J3_ 5

a3=w/3+a2=v3+\/3+\/37 s

and, in general, a, =y3 + a,_, . If we attempt to write
out a, “explicitly,” we quickly find ourselves in a nota-
tional nightmare. However, numerical computation sug-
gests that the sequence may be convergent:

a0=0,

a;=173205  a,=2.17533 a3 =1227493
ay=229672  a5=230146  ag= 230249
a;=230271  ag=230276  ay= 230277

a=230278 a;; =230278 a,,=2.30278...

The sequence appears to be converging to a number
1~2.30278 . . ., but the numerical evidence only sug-
gests that the sequence converges. The increasing se-
quence test enables us to prove this.

57. Let the sequence a, be defined inductively by the

rules a4 =0, a, =vy4 +a,_, .

(a) Write out ay, a,, and a; in terms of square
roots.

Calculate a, through a;, and guess the value
of lim,_, . a, to four significant figures.
Prove by induction on » that for the se-
quence in Exercise 57, we have g, > a,_,
and a, < 5.

(b) Conclude that the limit / = lim,,_, ., exists.
(c) Show that / must satisfy the equation
I=y4+1.

Solve the equation in (c) for / and evaluate /
to four significant figures. Compare the re-
sult with Exercise 57(b).

Show that the sequences in Exercises 59-62 are increas-
ing (or decreasing) and bounded above (or below).

(®

*38. (a)

(€Y

2n
n+3

n

*59. a, =
n?+1

*60. a, =

*61.

*63.

*64.

*65.

*66.

*67.

*68.

*69.

*70.

-1 *62. b, = nsin(l)
n

a=
n+1

1
" 2n

Let B >0 and ag=1; a,,,=%(a,+ B/a,).
Show that a, >VB .

Let @, =3 —(1/4a,); ag= 1. Prove that the se-
quence is increasing and bounded above. What is
lim,_, a,?

Let a,,, =1a, ++a,; a;= 1. Prove that q, is in-
creasing and bounded above. What is lim,,_, .a,?
Let a,,,=%(1+a,), and ay=1. Show that
lim, ,a, = 1.

Give an alternative proof that lim,_,r" =0 if
0 < r < 1 as follows. Show that »” decreases and
is bounded below by zero. If the limit is /, show
that r/ = ! and conclude that / = 0. Why does the
limit exist?

Suppose that ¢y =1, g, =1+ 1/(1 + a,). Show
that a, converges and find the limit.

The celebrated example due to Karl Weierstrass
of a nowhere differentiable continuous function f(x)
in —oo < x < o0 is given by

o 3 n
fx) = 3 (7)o@,
n=0 4
where ¢(x +2) = ¢(x), and ¢(x) on 0 < x <2 is
the “triangle” through (0,0),(1,1),(2,0). By con-
struction, 0 < ¢(4"x) < 1. Verify by means of the
comparison test that the series converges for any
value of x. [See Counterexamples in Analysis by
B. R. Gelbaum and J. M. H. Olmsted, Holden-
Day, San Francisco (1964), p. 38 for the proof
that f is nowhere differentiable.]
Prove that a,=(1+ 1/n)" is increasing and
bounded above as follows:
(@) If 0 < a< b, prove that

bn+l . an+
b—a
That is, prove b"[(n + D)a — nb] < a™*!.
(b) Let a=1+[1/(n+1)] and b=1+(1/n)
and deduce that a, is increasing.
(¢) Let a=1 and b=1+(1/2n) and deduce
that (1 + 1/2n)*" < 4.
(d) Use parts (b) and (c) to show that a, < 4.
Conclude that a, converges to some number (the
number is e—see Section 6.3).

1
<(n+1)b".
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Figure 12.3.1. The area
under the graph of f is less
than the shaded area, so
0 < i f(x)dx < 24

12.3 The Integral and Ratio Tests 579

Ratio Tests

The integral test establishes a connection between infinite series and improper
integrals.

The sum of any infinite series may be thought of as an improper integral.
Namely, given a series 3% ,4;, we define a step function g(x) on [1, ) by the
formulas:

g(x)=gq (i<x<i+]l)

Since {i*'g(x) dx = a;, the partial sum ) -, a; is equal to |} 'g(x)dx, and the
sum 3P g =lim, > _a; exists if and only if the integral [{°g(x)dx
=lim,_,, [% g(x)dx does.

By itself, this relation between series and integrals is not very useful.
However, suppose now, as is often the case, that the formula which defines the
term a; as a function of i makes sense when i is a real number, not just an
integer. In other words, suppose that there is a function f(x), defined for all x
satisfying 1 < x < oo, such that f(i) = a; when i =1,2,3,... . Suppose fur-
ther that f satisfies these conditions:

1. f(x) > 0 for all x in [1, 00);
2. f(x) is decreasing on [1, co0).
For example, if @, = 1/, the harmonic series, we may take f(x) = 1/x.
We may now compare f(x) with the step function g(x). When x satisfies
i< x<i+ 1, wehave
0 < f(x) < f(i) = a; = g(x)-
Hence 0 < f(x) < g(x). (See Fig. 12.3.1.)

y

a 4
ay
az 4
ay 1

It follows that, for any n,

0<f1n+1f(x)dx<fln+lg(x)dx=iélai. )

We conclude that if the series 3% ¢, converges, then the integrals []*'f(x)dx
are bounded above by the sum Y ,a;, so that the improper integral
[7f(x)dx converges (see Section 11.3).

In other words, if the integral [{°f(x)dx diverges, then so does the series

DIRT
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Example 1

Solution

Figure 12.3.2. The area
under the graph of

fis greater than the
shaded area, so

0< 3iaa < [T f(x)dx.

Example 2

Solution

Show that

R §
I+5++>In(n+1)

and so obtain a new proof that the harmonic series diverges.

We take our function f(x) to be 1/x. Then, from formula (1) above, we get

1
Lo+ 4

SRR

d 1 n+1 1
=i§1 7 >j; ; dx=ln(n + 1)

Since lim,,_, In(n + 1) = oo, the integral [{°(1/x)dx diverges; hence the series
2..(1/9) diverges, too. A

We would like to turn around the preceding argument to show that if
Tf(x)dx converges, then 3% ,a; converges as well. To do so, we draw the

i=1
rectangles with height g; to the left of x = i rather than the right; see Fig.
12.3.2. This procedure defines a step function 2(x) on [1, co) defined by

h(x)=a;,; F<sx<it+ )

Now we have [*'h(x)dx = a;,,, so 37_,a; = [th(x)dx. If x satisfies i < x
< i+ 1, we have

fxX) = fi+1)y=a,,=h(x)>0.
Hence f(x) > h(x) > 0. (See Fig. 12.3.2.) Thus

flnf(x) dx >J;nh(x) dx= é}za,) 0. 2)

X

If the integral [{°f(x)dx converges, then the partial sums 37_,q, = a, +
>i=2a; are bounded above by a, + [°f(x)dx, and therefore the series 352 ,a;
is convergent (see the Supplement to Section 12.2).

integral Test

,o0
To test the convergence of a series , a; of positive decreasing terms,

i=1
find a positive, decreasing function f(x) on [1, o) such that f(i) = q;.
o0
If f * f(x)dx converges, so does 2 a;.
] i=1

If f *f(x)dx diverges, so does S a;.
1 i=

Show that 1+ +{ + & + - - - converges.
This series is 3% ,(1/i%). We let f(x) = 1/x%; then

w© | Y bl T _l -
]; 2dx-—- lim dx llm(l b) 1.

x b—>oo J] x2 b oo

The indefinite integral converges, so the series does, too. A
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Example 3 Show that > diverges, but 2 1

converges.
m=2 mylnm m=2 m(lnm)

2

Solution Note that the series start at m = 2 rather than m = 1. We consider the integral

[* L de= lim Pnx) 7 L dx
2 x(lnx) b0 J2 X

Inx)?
= lim (lnx)

b0 “p+1

2

- 1 —p+1 _ —p+l

—— Jim [(Inb) (In2)~#*1].

The limit is finite if p =2 and infinite if p = 1, so the integral converges if

p =2 and diverges if p = 1. It follows that 3 7_,[1 /(mylnm )] diverges and
_,[1/m(lnm)?] converges. A

Examples 1 and 2 are special cases of a result called the p-series test, which
arises from the integral test with f(x) = 1/x?. We recall that [{°x"dx con-
verges if n < —1 and diverges if n > —1 (see Example 2, Section 11.3). Thus
we arrive at the test in the following box.

p-Series
If p<1,then > zl diverges.
i=1

If p > 1, then 2 —1; converges.

The p-series are often useful in conjunction with the comparison test.

Example 4 Test for convergence:

@ Sl m EoIHL @ 32

P = -3+ 10 = 20?242

Solution (a) We compare the given series with the convergent p series 312 ,1/i%. Let
a,=1/(1+i% and b,=1/i% Then 0< a@; <b; and 3?7 b, converges, so
% 1a; does, too.
(b) Let a; = (j* + 2j)/(j* — 3/> + 10) and b; = j*/j* = 1/j°. Then

a.

b

1——3/1 +10/j*

Since 3}72,b; converges, so does 372 ,4;, by the ratio comparison test.
(c) Take a, = (3n ++n)/@2n** + 2) and b, = n/(n*/*) = 1/Yn . Then

3+ (1/Vn) 3

m ——— = .
n—co 2 4 (2/n3/2) 2

= lim
j—-)OQ

Since X°%_,b, diverges, so does >n_1a,. A
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What is the error in approximating a p-series by a partial sum? Let us show
that S¥_ (1/n”) approximates 33°_ (1/n?) with error which does not exceed
1/[(p — DN?].
Indeed, just as in the proof of formula (2), we have
S A < f @1 dx
n=N+1 n? N x? ‘
The left-hand side is the error:

00 N
1o l_$ 1 (=1, _ 1
n=%+l n? —ngl n? ngl n¥ \J;V xP & (p— I)Np_l '
Thus, error < — L 3)
(p— N7t

Example 5 It is known that 32 ,(1/n%) = #2/6. Use this equation® to calculate 72/6
with error less than 0.05.

Solution By equation (3), the error in stopping at N terms is at most 1/N. To have
error < 0.05 = 45, we must take 20 terms (note that 100 terms are needed to
get two decimal places!). We find:

1=1,
144=125,

1+ 1+1=136,
1+41+3+& =142,
l+1+4+ & +%=146,

and so forth, obtaining 1.49, 1.51, 1.53, 1.54, 1.55, 1.56,... . Finally,
I+3+ - +45=159%.... (Notice the “slowness” of the convergence.)
We may compare this with the exact value 72/6 = 1.6449 . .. . A

'The idea used in the preceding example can be used to estimate the tail of a
series whenever convergence is proven by the integral test. (See Exercise 11.)

Another important test for convergence is called the ratio test. This test
provides a general way to compare a series with a geometric series, but it
formulates the hypotheses in a way which is particularly convenient, since no
explicit comparison is needed. Here is the test.

Ratio Test
a.
Let 312 1a; be a series. Suppose that lim | —— | exists.
i—>o00 i—1
a.
1. If lim | ——| < 1, then the series converges (absolutely).
im0 g
a.
2. If Him | ——| > 1, then the series diverges.
i=eo | G;_y
a.
3. If lim | —— | =1, the test is inconclusive.
i—»oo| G;_4

2 For a proof using only elementary calculus, see Y. Matsuoka, “An Elementary Proof of the
Formula $%_,1/k? = 72/6,” American Mathematical Monthly 68(1961): 485-487 (reprinted in
T. M. Apostol (ed.), Selected Papers on Calculus, Math. Assn. of America (1969), p. 372). The
formula may also be proved using Fourier series; see for instance J. Marsden, Elementary
Classical Analysis, Freeman (1974), Ch. 10.
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Do not confuse this test, in which ratios of successive terms in the same series
are considered, with the ratio comparison test in Section 12.2, where we took
the ratios of terms in two different series.
Proof of By definition of the limit, |a;/q;_,| will be close to its limit / for i large. To
the ratio prove part 1, let / < 1 and let r = (/ + 1) /2 be the midpoint between / and 1,
test so that / < r < 1. Thus there is an N such that

a;

a4y

<r if i>N.

We will show this implies that the given series converges.

We have |ay,,/ay| <rsolay,,| <lay|r, |ays/ay4 | <r; hence |2y 42
<layii|r <lay|r® and, in general, |ay, | <|ay|r/; but % |ay|r/ =
lay|S 7217/ is a convergent geometric series since r < 1. Hence, by the compar-
ison test, 3% j|ay,,| converges. Since we have omitted only |a],
layl, . . ., |ay], the series 3772 |a;| converges as well and part 1 is proved.

For part 2 we find, as in part 1, that |ay. ;| > |ay|r/, where r = (I + 1)/2
is now greater than 1. As j—>o0, ¥ >0, 50 |ay, |—>oco. Thus the series
cannot converge, since its terms do not converge to zero.

To prove part 3, we consider the p-series with @; = i?. The ratio is
la;/ @,y =1i/(i — D, and lim,, ,[i/( = D = [lim,, (/i — D) = 17
= 1 for all p > 0; but the p-series is convergent if p > 1 and divergentif p < 1,
so the ratio test does not give any useful information for these series. B

Example 6 Test for convergence: 2 + 2z + 2 + 2 +oo=2+ L 4 8 41
’ 28 0 38 48 64 = 6561 = 4096
+ - .-

Solution We have g, = 2/i®. The ratio a,/q,_, is

S 8
2 (-1 ___2,(5—1)8
i8 2i—1 i ?
SO
. a; . i—1\1® 8
lim -—=2[ hm(—,-)] —2.18=2
i»oo 4;_ i=>o0 1
which is greater than 1, and so the series diverges. A
Example 7 Test for convergence:
(a) 23:1?,1?’ where nl=n(n—1)---3-2-1
®) 272 %, b any constant

Solution (a) Here a, = 1/n!, so
a 1/n(n—1y---3-2-1

n

a,_, 1/(n=1)(n-2)---3-2-1
Thus |a,/a,_,| =1/n->0 < 1, so we have convergence.
(b) Here g, = b/ /j!, so
B ./
G VG- T
Thus |a;/a;_,| = b/j—>0, so we have convergence. In this example, note that

the numerator b/ and the denominator j! tend to infinity, but the denominator
does so much faster. In fact, since the series converges, b/ /j!—>0as j—>c0. A

1
n
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584 Chapter 12 Infinite Series

Let us show that if |a,/a,_,| <r <1 for n> N, then the error made in

[+ o]

approximating 3%°_,a, by S_,a, is no greater than |ay|r/(1 — r). In short,

la|r

1—r" *
Indeed, 3% ,a, — SV _ia,=3%_y,18,. As in the proof of the ratio test,
|aw+ 1| < lay|r, and, in general, |ay ;| <|ay|r/, so 3% |ay . | < |aylr/(1 = r)
by the formula for the sum of a geometric series and the comparison test.
Hence the error is no greater than |ay|r/(1 — r).

error <

]

4
Example 8 What is the error made in approximating >, 7,1T by > ;1'- ?
n=1""* n=1 """
Solution Here |a,/a,_,| = 1/n, which is <1 if n >4 = N. By inequality (4), the error
is no more than a,/5(1 — 1/5) = 1/4-4!=1/96 < 0.0105. The error becomes
small very quickly if N is increased. 4

Our final test is similar in spirit to the ratio test, in that it is also proved by
comparison with a geometric series.

Root Test

Let > a; be a given series, and suppose that lim |a;|'/’ exists.
i=1 i—>o0

o0
1. If lim |a|"/' <1, then 3 a; converges absolutely.
1> 00 i=
. WI
2. If lim|q|'/ > 1, then > g diverges.
imew i=1

3. If lim |a|'/" = 1, the test is inconclusive.
i—>o0

To prove 1, let / =lim,_,_(la,|'/") and let r = (1 + I)/2 be the midpoint of 1
and [, so / < r < 1. From the definition of the limit, there is an N such that
la,|'/" < r < 1if n> N. Hence |a,| < r" if n > N. Thus, by direct comparison
of 37_n.ila,] with the geometric series 3%_,, 7", which converges since
r<l1, 3% y+ila,l converges. Since we have neglected only finitely many
terms, the given series converges.

Cases 2 and 3 are left as exercises (see Exercises 37 and 38).

) 0 ap
Example 9 Test for convergence: (a) >, —1,; and (b) > 3—2
n

n=1 " n=1

Solution (a) Here a,=1/n", so |a,|'/"=1/n. Thus lim,_,|a,|'/” = 0 < 1. Thus, by
the root test (with / replaced by n), the series converges (absolutely). [This
example can also be done by the comparison test: 1/n" < 1/n* for n > 2.]
(b) Here a, =3"/n? so |a,|'/" = 3/n*"; but lim,_, n*" = 1, since In(n>/")
=2(Inn)/n—>0 as n—> oo (by 'Hépital’s rule). Thus lim,_, |a,|"/" =3 > 1, so
the series diverges. A

The tests we have covered enable us to deal with a wide variety of series. Of
course, if the series is geometric, it may be summed. Otherwise, either the ratio
test, the root test, comparison with a p-series, the integral test, or the alternat-
ing series test will usually work.
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Example 10  Test for convergence: (a) >, "
= n! n=1 N —lnn

12.3 The Integral and Ratio Tests 585

n

and (b) 2

Solution (a) We use the ratio test. Here, a, = n"/n!, so

n

a, | n (=1 na? .1_< n )""1
a4, @@= mw  @-D"ta \n—1
_ 1 _ 1-1/n
(1-1/m""  (1-1/n)

The numerator approaches 1 while the denominator approaches e~ ' (see
Section 6.4), so lim,,_m|a,, /a,_;| = e>1, and the series diverges.

(b) We expect the series to behave like >
comparison test, with @, = 1/(;> — Ini) and b, = 1/i%
terms in the two series is

i2

_(1/ nz), so we use the ratio
The ratio between the

a
by ?—Ini

1—Ini/?

Since lim, , [(Ini)/i*] = 0 (by 'Hépital’s rule), lim,_,  a;/b, = 1. The p-series
2;‘9_,b. = 3% ,(1/i%) converges, so the series

Sa=3 !

i=1 i=1i“—1Ini

converges, t00. A

Exercises for Section 12.3

Use the integral test to determine the convergence or
dxvergence of the series in Exer01ses 1-4.

1. i
i§l i2+1 i=1i +4
o0 o0
1 1
' i§2 1'(1111')3/2 =) i(lni)*?

Use the p-series test and a comparison test to test the
series in Exercises 5-8 for convergence or divergence.

X cosn S sinn
5. - 6. 22
ngl n2 ngl n3/2
o] o0
n 8. n
no1 n>+4 nei n+4
Estimate the sums in Exercises 9 and 10 to within 0.05.
& 9. 2 cosn & 10. 2 sinn
n=1 n n=1 n*

11. Let f(x) be a positive decreasing function on
(1, o0) such that | i’°f(x) dx converges. Show that

El fln) = El fn)| < fN f(x)dx.

B 12. Estimate S%_[(1 + n®)/(1 + n%)] to within 0.02.
(Use the comparison test and the integral test.)

Use the ratio test to determine the convergence or

divergence of the series in Exercises 13—16.

371
14. 2
n=1 n= 12\/_
2n?% + n!
15. 2-3 L
;gl ngl n’ + (3n)!

Estimate the sums in Exercises 17 and 18 to within 0.05.

‘ (/)2n+l
B17. 2(2 +1)v Bi1s. 2 CQn+ )

@19. Estimate >%_,(1/n!): (a) To within 0.05.
(b) To within 0.005. (¢) How many terms would
you need to calculate to get an accuracy of five
decimal places?

@20. (a) Show that 3

S Sin(Wn/z) converges
— 7 converges.

n=1 N
(b) Estimate the sum to within 0.01.
Use the root test to determine the convergence or
divergence of the series in Exercises 21-24.

oo 3n o0 n"
21. — 22. —
ng n" ngl 2
0 an s 2
2. 3 = 4. S g—
n= n=1

Test for convergence in Exercises 25-36.

) ) 2 .
5. 3 L 2. 3 L)
i=11 j=3 j tsinj
® (——1)"(n +1) * —l)m(m +1)
217. - 7 28. - -z
ngl 2n+1 mgl m2+ 1
29, S coskn 30. S (= 1)/sin( 7.
Py ng( )/sin( 4,)
00 4 1 0 3/2
31 2 (J ) 32 2 yn+n+n

1 \/_+n+ns/2+n3
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e 2 S s—Ins
33, = 34,
2’0 243 E, s+ Ins
o -1 ® (-1 !
35, (b 36. > (=D

= (In)'/? =1 1174

In Exercises 37 and 38, complete the proof of the root

test

*37.
*38.

*39.

*40.

*41.
*42.

*43.

by showing the following.

If lim,_, o|@,|'/” > 1, then %, a, diverges.

If lim,,_, ,o|@,|'/" = 1, the test is inconclusive. (You
may use the fact that lim,_,n'/" = 1.

For which values of p does {2 [sin(1/i)}? con-

verge?

For which values of p does 3. ,[1/n(In n)?] con-

verge?

For which p does 37_,(1/#n”1n n) converge?

For which values of p and g is the series
®_21/[n?(ln n)?] convergent?

(a) Let f(x) be positive and decreasing on [, o),

and suppose that f(i)=aq; for i=1,2,3,....

Show that

S—-;—f(n)<§a,-< S+%f(”)’

i=1

where
_ 2 i l n+l - 0
S——iglf( ) + 2fn f(x)d +J;+‘f(x)dx.

[Hint: Look at the proof of the integral test; show
that [, f(0)dx < D2 ,410 < [2f(x)dx.]

(b) Estimate S%_,1/n* to within 0.0001. How
many terms did you use? How much work do you
save by using the method of part (a) instead of the
formula: error < 1/(p — DN?™1?

*44. Using Fourier analysis, it is possible to show that

at 1 1 1

12.4 Power Series

(a) Show directly that the series on the right is
convergent, by means of the integral test.

(b) Determine how many terms are needed to
compute 7*/96 accurate to 20 digits.

*45. A bar of length L is loaded by a weight W at its

midpoint. At ¢ =0 the load is removed. The de-
flection y(f) at the midpoint, measured from the
straight profile y = 0, is given by

2 9 cos(25r
2WL cosr+cos( r)+ ( )+"'
a? 34 54

2 f
where r = ( % %& )t. The numbers E, 1, g,

v, Q, L are positive constants.

(a) Show by substitution that the bracketed
terms are the first three terms of the infinite
series

y(0) =

0 cos[(2n+1)2r]
o @n+1)P

(b) Make accurate graphs of the first three par-
tial sums

$1(r) = cos(r),

S,(r) = cos(r) + %cos(%),

S5(1) = cos(r) + L cos(9r) + 37 cos(251).

Up to a magnification factor, these graphs
approximate the motion of the midpoint of
the bar.

(¢) Using the integral test and the comparison
test, show that the series converges.

Many functions can be expressed as “polynomials with infinitely many terms.”

A series of the form 332 oa,(x — xg)’, where the a;’s and x,, are constants and x
is a variable, is called a power series (since we are summing the powers of
(x — xg)). In this section, we show how a power series may be considered as a
function of x, defined on a certain interval. In the next section, we begin with
an arbitrary function and show how to find the power series which represents

it (if there is such a series).

We first consider power series in which x, = 0; that is, those of the form

0
f(x)=ay+ax+ a2x2 + a3x3 + ... = 2 aixi,
i=0
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12.4 Power Series 587

where the a; are given constants. The domain of f can be taken to consist of
those x for which the series converges.

If there is an integer N such that g, = 0 for all i > N, then the power
series is equal to a finite sum, S%_,a,x’, which is just a polynomial of degree
N. In general, we may think of a power series as a polynomial of “infinite
degree”; we will see that as long as they converge, power series may be
manipulated (added, subtracted, muitiplied, divided, differentiated) just like
ordinary polynomials.

The simplest power series, after a polynomial, is the geometric series

f(x)=1+x+x2+---,

which converges when |x| < 1; the sum is the function 1/(1 — x). Thus we
have written 1/(1 — x) as a power series:

—1—%;=1+x+x2+x3+~-- if |x|] <L

Convergence of general power series may often be determined by a test
similar to the ratio test.

Ratio Test for Power Series

Let 3% ;a,x’ be a power series. Assume that
a;

a;_

exists. Let R=1//; if /=0, let R = o0, and if / = o0, let R = 0. Then:

lim =1
i—>o

1. If |x| < R, the power series converges absolutely.
2. If |x| > R, the power series diverges.
3. If x = * R, the power series could converge or diverge.

To prove part 1, we use the ratio test for series of numbers; the ratio of
o0

successive terms for >, a;x’ is
i=0

a;

| x|

a;_y

series converges if

x is in this interval ffe;‘elss iil‘l’f;i%e: By hypothesis, this converges to /- |x| < /- R = 1. Hence, by the ratio test, the

series converges absolutely when |x| < R. The proof of part 2 is similar, and
the examples below will show that at x = = R, either convergence or diver-
gence can occur.

b—r—e o . .
The number R in this test is called the radius of convergence of the series
Figure 12.4.1. R is the (see Fig. 12.4.1). One can show that a number R (possibly infinity) with the
radius of convergence of three properties in the preceding box exists for any power series, even if
Zoax'. lim,, |a;/a;_,| does not exist.
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[ee]

Example 1 For which x does >, i-+l; 7 x' converge?
i=0

Solution Here g, = i/(i + 1). Then

a, _i/(i+]) 2
a_, (-0/i (@+D@E-1)

as i—oo.

1
Sarimna-imy !

Hence /= 1. Thus the series converges if |x| < 1 and diverges if |x| > 1. If
x =1, then lim,, [i/(i + 1)]x’ =1, so the series diverges at x = 1 since the
terms do not go to zero. If x = —1, lim,_, .|[i/(i + D]x’| = lim,, [/(i + 1)]
= ], so again the series diverges. A

o0 5
Example 2 Determine the radius of convergence of > Kk ik,
o (k+ 1)

Solution To use the ratio test, we look at

. a;
/= lim .
koo | Q|

Here a, = k°/(k + 1)}, so

- 1 Kk
l_-kl}ango (k+1)! (k—1)5

= lim(-—k—)5~ lim —— =1-0=0
k—>o0 k—l k—>ook+1 ’

Thus /=0, so R = co and the radius of convergence is infinite (that is, the
series converges for all x). A

xi

| i

Ms

Example 3 For which x do the following series converge? (a) > —’;—I (b)

i=1 i

© 2 %i (By convention, we define 0!=1.)
i=o &

Solution (a) We have g, =1/, so

/= lim i\=lim(i—_,——l-)=l;

i~>00

a;_, i—>o0 4

the series therefore converges for |x| <1 and diverges for |x| > 1. When
x=1, 3% x'/i is the divergent harmonic series; for x = — 1, the series is
alternating, so it converges.

(b) We have ¢, =1/ so0

i— 1)
l=lim( )=1

i—>o0 i2

and the radius of convergence is again 1. This time, when x = 1, we get the

p-series 352 (1/i%), which converges since p =2 > 1. The series for x = — 1,
® [(— 1)/}, converges absolutely, so is also convergent.

(c) Here g, =1/i!, so |a;/a,_\|=(G— 1)!/i!l=1/i—>0 as i—> 0. Thus [ =0,

so the series converges for all x. A
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12.4 Power Series 589

Series of the form 5% .a,(x — x,)’ are also called power series; their theory is
essentially the same as for the case xO =0 already studied, because
® o(x — xo) may be written as 332 a;w’, where w = x — x,.

Example 4 For which x does the series >, &

n=0 v2n +5

Solution  This series is of the form 3% qa,(x — xo), with a; =4'/y2i + 5 and x,= —5.

(x + 5)" converge?

We have
) i V2(i—-1D+5
I=lim -2 = lim —2% . D70 iy /2
ibw &y o Hiy§ 41 i>o0 2i+5
so the radius of convergence is 1. Thus the series converges for |x + 5| <}
and diverges for |x+5/>1. When x= -5}, the series becomes

® f(—1)/y2i + 5], which converges because it is alternating. When
x = —432, the series is 37 ([1/v2i + 5], which diverges by the ratio compari-

son test with 3% (1/42i) (or by the integral test). Thus our power series
converges when —51 < x < —43. A

In place of the ratio test, one can sometimes use the root test in the same way.

Root Test for Power Series

[>0)

Let > a;x' be a given power series. Assume that hm la,|'/" = p exists.
i=0 i

Then the radius of convergence is R = 1/p.

Indeed, if |x| < R, lim,, |a;x'|"/" = lim,, ,|a;]"/"|x| = p|x| < pR =1, so the
power series converges by the root test.
Example 5 Find the radius of convergence of the series », ——— X
=1 (2+1/ 1)
Solution p = lim,,|a|"/" = lim,, (1/Q2 + 1 /D))  =lim,, {1/[2+ (1/)]} =, so
the radius of convergence is R =2. A

Let f(x) = 32 qa;x’, defined where the series converges. By analogy with
ordinary polynomials, we might guess that

f(x)= ,éo:] ia;x'™!

and that
i+1

ff(x)dx— ;0 ——+C.

In fact, this is true. The proof is contained in (the moderately difficult)
Exercises 41-45 at the end of the section.

- n
Example 6 If f(x)= > 3’;—' , show that f'(x) = f(x). Conclude that f(x) = e”.
n=0 **

Solution By Examplg 3(c), the serie; for f(x) converges fqr all x. Then f'(x)
=S/ =32lx T/ - D =T o(x/i) = f(x). By the
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uniqueness of the solution of the differential equation f'(x) = f(x) (see Section
8.2), f(x) must be ce* for some c. Since f(0)=1, ¢ must be 1, and so
f(x)=e". A

Differentiation and Integration of
Power Series

To differentiate or integrate a power series within its radius of conver-
gence R, differentiate or integrate it term by term: if |x — x| < R,

a S a;(x — xg) = > ia;(x — x0)' !,
dx =9 i=
a;

and a;(x — xo)' |dx =D, - x—x0)t'+ C.
=0 .=01+1(

(The resulting series converge if |x — x5 < R.)

Example 7 Let f(x) = > -l—_::—l x'. Find a series expression for f'(x). Where is it valid?
i=0

Solution By Example 1, f(x) converges for |x| < 1. Thus f’(x) also converges if |x| <1,
and we may differentiate term by term:

0 2 ]
f(x)=> i-li— I x |x] < 1 (this series diverges at x = x1).
i=0

(Notice that f’(x) is again a power series, so it too can be differentiated.
Since this can be repeated, we conclude that f can be differentiated as many
times as we please. We say that f is infinitely differentiable.) A

Example 8 Write down power series for x/(1 + x?) and In(l + x?. Where do they
converge?

Solution  First, we expand 1/(1 + x?) as a geometric series using the general formula
1/0=r)=1+4r+r*+ -, with r replaced by — x?, obtaining 1 — x? +
x*— - ... Multiplying by x gives x/(1+ x?)=x— x>+ x’— - -+, which
converges for |x| < 1. (It diverges for x = +1.)
Now we observe that (d/dx)In(1 + x%) = 2x /(1 + x?), so

1n(1+x2)=2flfxzdx=2f(x———x3+x5—_...)dx
o Xt xS Nt xS X
_2(2 7% )"" I T SR

(The integration constant was dropped because In(1 + 0% =0.) This series
converges for |x| < 1, and also for x = * 1, because there it is alternating. A

The operations of addition and multiplication by a constant may be per-
formed term by term on power series, just as on polynomials. This may be
proved using the limit theorems. The operations of multiplication and division
proceed by the same methods one uses for polynomials, but are more subtle to
justify. We state the results in the following box.
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Solution

Example 10

Solution
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Algebraic Operations on Power Series

[ee]

Let f(x) = > a;x’, with radius of convergence R.
i=0
o0

Let g(x) = >, b,x’, with radius of convergence S.
i=0
If T is the smaller of R and S, then

f(x)+g(x) = go(a,. +b)x'  for |x|<T;
cf(x) = igo(cai)x" for |x| < R;

f(x)g(x) = 20( Zoa,-bi_,-)x" for |x|<T.
j=
If by 5 0, then f(x)/g(x) = 3% oc;x " for x near zero, where the ¢;’s may
be determined by long division. The determination of the radius of
convergence of f/g requires further analysis.

Write down power series of the form % qa,x’ for 2/(3 — x), 5/(4 — x), and
(23 — 7x)/[(3 — x)(4 — x)]. What are their radii of convergence?

We may write

2 _2 1 _2a(xV_= 2
3—-x—3(1—x/3)_§l.§0(3)_i§03+1x

The ratio of successive coefficients is (1/3'*")/(1/3") = 1/3, so the radius of
convergence is 3.
Similarly,

Z

; 4x+l

with radius of convergence 4. Finally, we may use partial fractions (Section
10.2) to write (23 — 7x)/[(3 — x)(4 — x)] =2/(3 — x) + 5/(4 — x), so we have

i=0

By the preceding box, the radius of convergence of this series is at least 3. In
fact, a limit computation shows that the ratio of successive coefficients
approaches 1, so the radius of convergence is exactly 3. A

In practice, we do not use the formula for f(x)g(x) in the box above, but
merely multiply the series for f and g term by term; in the product, we collect
the terms involving each power of x.

Write down the terms through x* in the series for e* /(1 — x).

We have e* =1+ x + x2/2+ x*/6 + x*/24 + - - - (from Example 6) and
1/A=x)=1+x+ x>+ x>+ x*+ - --. We multiply terms in the first se-
ries by terms in the second series, in all possible ways.
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592 Chapter 12 Infinite Series

1 x? x* x*
2 6 24
x2 x3 x*
! ! ) 3 %
x* x*
x x 5 €
4
2 2 x*
x x >
x3 x3
x4 x*

(Since we want the product series only through x*, we may neglect the terms
in higher powers of x.) Reading along diagonals from lower left to upper right,
we collect the powers of x to get

ex
1—x

2 3
=1+(x+x)+(x2+x2+x )+(x3+x3+x—+%)

Exercises for Section 12.4

For which x do the series in Exercises 1-10 converge?

0 ) X x .
1. _ x! 2. i+ Dx!
i§0 i+1 i§0 )
0 o0 Ran
3 -2
3.3 3 43—
El n2 E, n(n+1)
o0 . 0
i=1 ! r=0 3%
0 1 ®  i(i+3) .
7. —_x" 8. — x !
,,gz n!sin(7 /n) i=1a P —4i+7
=) n o 5 3/2
24+ 1
9 = _x"_ 10. ( ) s
E, 2" + 4" sgl 8s7 *

Find the radius of convergence of the series in Exercises
11-14.

11.x+’2‘_!2 +i3‘!3+...

12. 1+325+‘21—§x2+%§-x3+---

13, 3% 4 106 157 $ 202,
14.1+32‘-+%2+3‘Z3+---

Find the radius of convergence R of the series
S n=o0d,x" in Exercises 1518 for the given choices of
a,. Discuss convergence at = R.
15. a,=1/(n+ 1)"
17. a, = (n?+ n® /(1 + n)°

16. @, =(=1)"/(n+1)

18. a,=n

Copyright 1985 Springer-Verlag

Use the root test to determine the radius of convergence
of the series in Exercises 19-22.

§ x" ad Loy
19. e — 20.
n=1 (3-&-1/n)'l ngl n"

0 0 25
21. —1)'n"x" 22.

ngl( ) e ,,g, 1+5"

23. Let ftx)=x — x3/3'+x°/5!— - . - . Show that
[ is defined and is differentiable for alt x. Show
that f”(x) + f(x) = 0. Use the uniqueness of so-
lutions of this equation (Section 8.1) to show that
f(x)=sinx.

24. By differentiating the result of Exercise 23, find a
series representation for cos x.

25. Let f(x) =>2.,(i + Dx'.

(a) Find the radius of convergence of this series.

(b) Find the series for [§f(¢)dkr.

(c) Use the result of part (b) to sum the series
f(x).

(d) Sum theseries 2 +2 +4+3%+ .-,

26. (a) Write a power series representing the integral
of 1/(1 — x) for |x| < 1. (b) Write a power series
for Inx = [ (dx/x) in powers of 1 — x. Where is
it valid?

Write power series representations for the functions in
Exercises 27-30.

27. e, (Use Example 6.)

28. (d/dx)e™*

.All rights reserved.



29. tan~'x and its derivative. [ Hint: Do the deriva-
tive first.]
30. The second derivative of 1/(1 — x).

31. Find the series for 1/[(1 — x)(2 — x)] by writing
1 A B

T-xC-x 1-x 7-x
and adding the resulting geometric series.

32. Find the series for x/(x* — 4x + 3). (See Exer-
cise 31).

33. Using the result of Exercise 23, write the terms
through x® in a power series expansion of sin’x.

34. Find the terms through x® in the series for
sin’x / x.

35. Find series f(x) and g(x) such that the series
f(x) + g(x) is not identically zero but has a
larger radius of convergence than either f(x) or
g(x).

36. Find series f(x) and g(x), each of them having
radius of convergence 2, such that f(x) + g(x)
has radius of convergence 3.

37. (a) By dividing the series for sinx by that for

cos x, find the terms through x> in the series
for tan x.

(b) Find the terms through x* in the series for
sec’x = (d/dx) tanx.

(¢) Using the result of part (b), find the terms
through x* in the series for 1/sec’x.

38. Find the terms through x° in the series for

e —e *

tanh x = pr e
39. Find a power series which converges just when
-l<x< .
40, Why can’t x'/ be represented in the form of a
series 5% oa;x ', convergent near x = 07
Exercises 41-45 contain the proof of the results on the
differentiation and integration of power series. For sim-
plicity, we consider only the case xo = 0. Refer to the
following theorem.

Theorem Suppose that S qa;x’ converges for some par-
ticular value of x, say x = xo. Then:

1. There is an integer N such that Y|a;| < 1/|xo| for all
i>N.
2. If |y| < |xol, then S oa;y’ converges absolutely.

Copyright 1985 Springer-Verlag.
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Proof For part 1, suppose that la| > 1/|x,| for arbi-
trarily large values of i. Then for these values of i we
have |a;] > 1/|xo}, and |a;x{| > 1; but then we could
not have a;x,—0, as is required for convergence.

For part 2, let r = | y|/| x|, so that |r| < 1. By part
1, |ay = |a||xolr’ < r' for all i > N. By the compari-
son test, the series 312 ya;p' converges absolutely; it
follows that the entire series converges absolutely as
well. &

#41. Prove that the series f(x) =3 a;x’, g(x)
=% igx' "}, and h(x) = 32 ola;/( + D]x’!
all have the same radius of convergence. [Hint:
Use the theorem above and the definition of radius
of convergence on p. 587.1

#42. Prove that if 0 < R, < R, where R is the radius of
convergence of f(x) =% qa;x’, then given any
¢ > 0, there is a positive number M such that, for
every number N greater than M, the difference
| f(x) = =¥ oax| is less than & for all x in the
interval [— R,, R,]. [Hint: Compare 3% v, a:x’
with a geometric series, using the theorem above.]

*43. Prove that if |xo| < R, where R is the radius of
convergence of f(x) = 3% ¢a,x’, then f is continu-
ous at xq. [Hint: Use Exercise 42, together with
the fact that the polynomial 3% ,a;x’ is continu-
ous. Given ¢ > 0, write f(x) — f(xo) as a sum of
terms, each of which is less than /3, by choosing
N large enough and |x — x| less than some §.]

x44. Prove that if |x| < R, where R is the radius of
convergence of f(x) = 3% 4a,x’, then the integral
[3f(1)dr (which exists by Exercise 43) is equal to

® oda; /(i + D]x "+, [Hint: Use the result of Ex-
ercise 42 to show that the difference |[§ f(#)dt —

® ola;x*/(i + 1] is less than any positive num-
ber &.]

#45. Prove that if f(x)=3%ea;x’ and g(x)=
% jig;x‘~! have radius of convergence R, then
f/(x)=g(x) on (~ R, R). [Hint: Apply the result
of Exercise 44 to [§g(f)dt; then use the alterna-
tive version of the fundamental theorem of calcu-
lus.]
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594 Chapter 12 Infinite Series

12.5 Taylor’s Formula

The power series which represents a function is determined by the derivatives of
the function at a single point.

Up until now, we have used various makeshift methods to find power series
expansions for specific functions. In this section, we shall see how to do this
systematically. The idea is to assume the existence of a power series and to
identify the coefficients one by one.

If f(x) = 3% ga:(x — x,) is convergent for x — x, small enough, we can
find the coefficient a, simply by setting x = x,: f(x0) = S 0@ (xo — Xo) = ao.
Differentiating and then substituting x = x,, we can find a,. Writing out the
series explicitly will clarify the procedure:

f(x) = ag+ a;(x = xo) + ay(x — x)> + az(x — x0)> + - - -, 50 f(x0) = ap;
(%) = ay + 2a,(x — xg) + 3a3(x — x0)* + day(x — xo)> + - - -,
so f(xp)=a.-
Similarly, by taking more and more derivatives before we substitute, we find
f7(x)=2a, + 3 2a3(x — x;)

+4-3ay(x — x)*+ - - s0 f"(x0) =2ay;
f(x)=3:2a;+4-3-2a,(x— xp) + - - so  f"'(xo)=3"2a,;
f(x)y=4-3-2a,+ - -- so f""(xq)=4"3-2a,;

etc.

Solving for the g’s, we have a, = f(x,), a, = f'(xg), a,= f"(x0)/2, a5
= f"(xg)/2 -3, and, in general, a, = fV(x,)/i!. Here f) denotes the ith
derivative of f, and we recall that i!=i- (i —~1)---3-2- 1, read “/ factorial.”
(We use the conventions that f© = f and 0!= 1.)

This argument shows that if a function f(x) can be written as a power
series in (x — x,), then this series must be

0 (f)xo
S f i(' )

i=

(x — xp)"

For any f, this series is called the Taylor series of f about the point x = x,.
(This formula is responsible for the factorials which appear in so many
important power series.)

The point x, is often chosen to be zero, in which case the series becomes

w  FOQ .
zf() i

X
4

and is called the Maclaurin® series of f.

3 Brook Taylor (1685-1731) and Colin Maclaurin (1698—1746) participated in the development of
calculus following Newton and Leibniz. According to the Guinness Book of World Records,
Maclaurin has the distinction of being the youngest full professor of all time at age 19 in 1717. He
was recommended by Newton. Another mathematician-physicist, Lord Kelvin, holds the record
for the youngest and fastest graduation from college—between October 1834 and November
1834, at age 10.

Copyright 1985 Springer-Verlag. All rights reserved.



12.5 Taylor's Formula 595

Taylor and Maclaurin Series

If f is infinitely differentiable on some interval containing x,, the series

© f(')(x )

(x — x0)
i=0

is called the Taylor series of f at x,.
When x, = 0, the series has the simpler form

fO0) o
igo il
and is called the Maclaurin series of f.

Example 1 Write down the Maclaurin series for sin x.
Solution We have
f(x) =sinx, f(0)=0;
f(x) =cosx, =1
f7(x)= —sinx, f7(0)=0;
fO(x)= —cosx, fO0)=—1;
FO(x) = sinx, F4©0) =0;

and the pattern repeats from here on. Hence the Maclaurin series is

f0) 0 Jf (0) f(z)(o) x* XX
o X+ 5 24 Ex— b oSt A

®

W

Example 2 Find the terms through cubic order in the Taylor series for 1/(1 + x?) at x, = 1.

Solution Merhod 1. We differentiate f(x) three times:

=1 =1 _ 1.
=13 fH=5. G=f(1)=7;
x____2x_ (= - L =f(y=-1.
f(x) 0ty f)=-3 Q) 5
ppon o 6X2—2 vy < 1 _fSM
f(x)—m, =5, B="Zr =7
=222t pryng =L 0 g
(1+x) :
so the Taylor series begins
1+1x =1 -+ -0 -1

Method 2. Write
1 1 _ 1
L+x? 1+[(x—1)+1] 2+2x—1)+(x—1)

1
T+ (x— 1) +1(x—1)

]

[T
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[1 - ((x — 1)+ %(x - 1)2>

+ ((x -D+ x _2 1)2>2 - ((x -D+ > _2 1)2>3 + -+ (geometric series)

D[ e

|:1—(x——1)—%(x—1)2+(x—1)2+(x—1)3—(x—1)3+"']

1
2

DO

(x—1)+%(x—-1)2+0-(x——1)3+~~.A

DI

Notice that we can write the Taylor series for any function which can be
differentiated infinitely often, but we do not yet know whether the series
converges to the given function. To understand when this convergence takes
place, we proceed as follows. Using the fundamental theorem of calculus,
write

f00) = fxo) + [ f (o M

We now use integration by parts with # = f'(¢) and v = x — ¢. The result

[y [“udo= —(uvx —f"odu)
= f(xo)(x = x0) + [ “(x = (D).
Thus we have proved the identity
f30) = flox) + f (o) (x = 50) + [ (x = O (1) @)

Note that the first two terms on the right-hand side of formula (2) equal the
first two terms in the Taylor series of f. If we integrate by parts again with

is

A2
u=f"(t) and o= (x 5 9 ,
we get
fx(,x = Hf"(de= —fxudv= —uv ) +fxvdu
” 2
f (xo) (x — Xg) +f fr(as
so, substituting into formula (2),
560 = 1x0) + FCex = )+ T (5 i f CoD oy
&)
Repeating the procedure » times, we obtain the formula
_ , f "(’CO) 5
J(x) = f(x0) + f'(x0)(x — x0) + (X = Xo)"+ - -+
n) x
L 00 (s f G R @
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which is called Taylor’s formula with remainder in integral form. The expres-

sion
Ry(x) = [ D D" vy ®)
is called the remainder, and formula (4) may be written in the form
f(l)( 0) .
f(x)= 2 5 (X T X0)' Ry (x). (©)

By the second mean value theorem of integral calculus (Review Exercise 40,
Chapter 9), we can write

R,(x) =f‘"""(0)[ L

for some point ¢ between x, and x. Substituting formula (7) into formula (6),
we have

} f(n+1)( ) ( (n +01))' (7)

<=0
n!

n fO(xg (n+1)
f i(! ) S0 s ®)

f(x)=i§0 (x = Xo)'+ T (n+1)! (x =

Formula (8), which is called Taylor’s formula with remainder in derivative form,
reduces to the usual mean value theorem when we take n = 0; that is,

J(x) = f(x0) + f/()(x — xo)
for some ¢ between x, and x.
If R,(x)—>0 as n—> oo, then formula (6) tells us that the Taylor series of f

will converge to f.
The following box summarizes our discussion of Taylor series.

Convergence of Taylor Series

L If f(x) = 3% 4a:(x — xo) is a convergent power series on an open
interval I centered at xg, then f is infinitely differentiable and a;

= fD(xg)/ 1!, so

oo (£
f=% / ( °)<x— Xo)'

2. If f is infinitely differentiable on an open interval I centered at x,,
and if R,(x)—>0 as n—> o0 for x in I, where R,(x) is defined by
formula (5), then the Taylor series of f converges on I and equals f:

0 ()
o= 3 L

(¥ = xo)"

Example 3 (a) Expand the function f(x) = 1/(1 + x?) in a Maclaurin series.
(b) Use part (a) to find f"(0) and f""""(0) without calculating derivatives of f
directly.
(c) Integrate the series in part (a) to prove that

3 s T
tan"'x=x—%+x?—x7+--~ for |x|<1.
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#*(d) Justify the formula of Euler:

=1—

L_ 1, ...
g omto

A3
W—

Solution (a) We expand 1/(1 + x?) as a geometric series:

11
1+x* 1-(—x%

=1+ (—x)+ (=X + (=) + - - -
=1-x2+x*—xt+ ...

which is valid if | — x*| < 1; that is, if |x| < 1. By the box above this is the
Maclaurin series of f(x) = 1/(1 + x?).

(b) We find that f*/(0)/5! is the coefficient of x°. Hence, as this coefficient is
zero, f"'(0) = 0. Likewise, f"/(0)/6! is the coefficient of x%; thus f"/(0)
= —6!. This is much easier than calculating the sixth derivative of f(x).

(c) Integrating from zero to x (justified in Section 12.4) gives

x dr X x X
Frsa= - 5+5 -5+

but we know that the integral of 1/(1 + %) is tan™ ¢, so

3 5 7
1 X x x

+ 4+ oo .
X=X 3 5 7 for |x| <1

(d) If we set x =1 and use tan™'l = 7 /4, we get Euler’s formula:

tan—

ﬂ=1_l+_l_._l+...;

4 35 7
but this is not quite justified, since the series for tan~'x is valid only for
|x| < 1. (It is plausible, though, since 1 =1 +1 —1 + ... being an alternat-

ing series, converges.) To justify Euler’s formula, we may use the finite form of
the geometric series expansion:

1 2, .4 n.2n R
=1—2++ -+ (=) (-

1+ ¢ =D =D 1+ ¢
Integrating from 0 to 1, we have

T -1 1,1 (-1 nt1 (1 2112 d

—_= = — —_—— e s s pa— t

T=tanl=1-5+1 + 5 (- ]) foth
We will be finished if we can show that the last term goes to zero as n—> co.
We have :

L 1onsa 1
< < = .

0 01+t2dt fot dt 73

Since lim,, [1/(2n + 3)] = 0, the limit of

n+1 1 tn+2
(=1 fo1+t2 a

is zero as well (by the comparison test on p. 543). A
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There is a simple test which guarantees that the remainder of a Taylor series
tends to zero.

Taylor Series Test

To prove that a function f(x) equals its Taylor series

oo (i)xo
5

i=0

(x —x)"  on I,

it is sufficient to show:

1. f is infinitely differentiable on I;
2. the derivatives of f grow no faster than a constant C times the powers
of a constant M; that is, for x in 1,

[Pl < Mt n=0,123,... .

To justify this, we must show that R,(x)—>0. By formula (7),

(x . xo)n+1 CMn+1!x _ x0|n+1
— (n+1) <
R (=170 5y n+1)!

For any number b, however, b"/n!—>0, since 32 (b'/i!) converges by
Example 7, Section 12.3. Choosing b = M|x — x|, we can conclude that
R,(x)~>0, so the Taylor series converges to f.

Example 4 - Prove that:

2 3
() eX=1+x+x7+23‘T+ .-« for all x.

3 5 W7
(b) sinx=x——§!—+-’5€—!———’7c—!— + - -+ for x in (— o0, 00).
(C)1=£ ‘773 ’775 777

2 P P 2o

Solution (a) Let f(x) = e*. Since f"(x) = €%, f is infinitely differentiable. Since all the
derivatives at x, =0 are 1, the Maclaurin series of e* is 35 o(x"/n!). To
establish equality, it suffices to show | f("’(x)| < CM" on any finite interval I;
but f((x) = e*, independent of #, so in fact we can choose M = 1 and C the
maximum of e* on I.
(b) Since f(x) = cosx, f"(x) = —sinx, ..., we see that f is infinitely differ-
entiable. Notice that f(")(x) is £ cosx or *sinx, so | f"(x)| < 1. Thus we can
choose C =1, M = 1. Hence sinx equals its Maclaurin series, which was
shown in Example 1 to be x — x3/3!1+x°/5!— - - ..
(c) Let x = 7 /2 in part (b). A

Some discussion of the limitations of Taylor series is in order. Consider,
for example, the function f(x)=1/(1 + x?), whose Maclaurin series is 1 —
x%+ x*— x®+ - - - . Even though the function f is infinitely differentiable on
the whole real line, its Maclaurin series converges only for |x| < 1. If we wish
to represent f(x) for x near 1 by a series, we may use a Taylor series with
xg = 1 (see Example 2).
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600 Chapter 12 Infinite Series

Another instructive example is the function g(x)=e~!/ * where g
= 0. This function is infinitely differentiable, but all of its derivatives at x =0
are equal to zero (see Review Exercise 123). Thus the Maclaurin series of g is

® o0 x’, which converges (it is zero) for all x, but not to the function g.
There also exist infinitely differentiable functions with Taylor series having
radius of convergence zero.* In each of these examples, the hypothesis that
R, (x)—> 0 as n—> oo fails, so the assertion in the box above is not contradicted.
It simply does not apply. (Functions which satisfy R,(x)—>0, and so equal
their Taylor series for x close to x,, are important objects of study; these
functions are called analytic).

The following box contains the most basic series expansions. They are
worth memorizing.

Some Important Taylor and
Maclaurin Series
Geometric: —11— =l+x+x2+---=>x, R=1.
- i=0
afa—1
Binomial: (1+x)°‘=l+ax+—£7!——)x2+-
® agfa—1) - (a—i+1) |
SpeeThEni
i=0 :
. 3 5 l)ix2i+|
Sine: 51nx—x—§~'-+5'—---—2 (2z+1)' , R=w
. x2 x4 ® ; xZi
Cosine: cosx=1-— 2' + m — =i§0(—1) ik R = o0.
X3 X i
2. = — X =
Exponential: eX=1+x+ 2% 31 3! + - _1207’ R = 0.
x— 1) x—1)
Logarithm: lnx=(x—1)—( 5 ) +( 3 ) — e
® . x—1)
=2(—1)’“(—i—), R=1.
i=1
x? x> < i+l x!
ln(1+x)=x—7+-3——~~-=2(—1) = R=1.
i=1

The only formula in the box which has not yet been justified is the binomial
series. It may be proved by evaluating the derivatives of f(x) = (1 + x)* at
x =0 and verifying convergence by the method of the test in the box entitled
Taylor series test. (See Review Exercise 124.) If a = n is a positive integer, the
series terminates and we get the binomial formula

(I+x)'=1+ ('ll)x + (;)x2 + -+ (Z)x",
where
n nn=1)---(n—k+1)
(k) B k!
is the number of ways of choosing k objects from a collection of n objects.

4 See B. R. Gelbaum and J. M. H. Olmsted, Counterexamples in Analysis, Holden-Day, San
Francisco (1964), p. 68.
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12.5 Taylor's Formula 601
Example 5 Expand y1 + x? about x,=0.
Solution The binomial series, with @ =1 and x? in place of x, gives

1)1_-1 L)L —1)(i-2
(1 +x2)1/2= 1 +%x2+ (2)(22' )x4+ (2)(2 )(2 )x6+ s

3!
=1+dx2-Lxap L6 o yalid for x| <1. A
2 8 16 ’ )
Taylor’s formula with remainder,
n f(i)( xo) .
f(x)= ‘ZO i (x — x0)'+ R,(x)

can be used to obtain approximations to f(x); we can estimate the accuracy of
these approximations using the formula

f(n+ 1)(c)
ICED

n+1

R,(x) =

(for some ¢ between x and x,) and estimating f(**" on the interval between x
and x,. The partial sum of the Taylor series,

n (i)xo
5 L

=

(x— xo)i

is a polynomial of degree n in x called the nth Taylor (or Maclaurin if x, = 0)
polynomial for f at x,, or the nth-order approximation to f at x,. The first
Taylor polynomial,

J(x0) + f'(%o)(x — Xo)
is just the linear approximation to f(x) at x,; the formula for the remainder
Ry(x) =[f"(¢)/2](x — x,)* shows that we can estimate the error in the Tirst-
order approximation in terms of the size of the second derivative f” on the
interval between x and x,.

A useful consequence of Taylor’s theorem is that for many functions we

can improve upon the linear approximation by using Taylor polynomials of
higher order.

Example 6 Sketch the graph of sin x along with the graphs of its Maclaurin polynomials
of degree 1, 2, and 3. Evaluate the polynomials at x = 0.02, 0.2, and 2, and
compare with the exact value of sin x.

Solution The Maclaurin polynomials of order 1, 2, and 3 are x, x + 0x?, and x — x>/6.
They are sketched in Fig. 12.5.1. Evaluating at x = 0.02, 0.2, 2, and 20 gives
the results shown in the table below.

Y X | x—x/6 l sin x
yex=x 4032 0.02 0.0199986667 0.0199986667
0.2 0.1986666 0.1986693
+ y=sinx 2 0.666666 0.909

\_ ' ~\ 20 1313 0.912

o

N R

Figure 12.5.1. The first-
y=x—=x3e and third-order approxima-
tions to sin x.
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602 Chapter 12 Infinite Series

The Maclaurin polynomials through degree 71 for sinx are shown in Fig.
12.5.2.3 Notice that as » increases, the interval on which the nth Taylor
polynomial is a good approximation to sin x becomes larger and larger; if we
go beyond this interval, however, the polynomials of higher degree “blow up”
more quickly than the lower ones.

y
1 5/9 13 17 21 [25 f29 |33 [37 4/45 49 [53 |57 |61 65 |69
(7
"
X
3 17 11 5\\9 23 |27 31 135 |39 143 47 st |55 {59 |63 67\7
Figure 12.5.2. The

Maclaurin polynomials for
sin x through order 71. (The
graphs to the left of the y
axis are obtained by
rotating the figure through
180°.)

The following example shows how. errors may be estimated.

Example 7 Write down the Taylor polynomials of degrees 1 and 2 for ¥x at x,=27. Use

these polynomials to approximate 28, and estimate the error in the second-
order approximation by using the formula for R,(x).

Solution Let f(x) = x'/?, xo =27, x = 28. Then f'(x) = 1 x~2/3, f"(x) = — 2x~*/3, and
f(x) =10 x=3%3 Thus fQ7) =3, f27) =4, and f"(27) = —(2/3), so the
Taylor polynomials of degree 1 and 2 are, respectively,

1 1 1 2
3+ﬁ(x—27) and 3+-27(x—27)-§7(x—27).
Evaluating these at x = 28 gives 3.0370 ... and 3.0365798 ... for the first-

and second-order approximations. The error in the second-order approxima-
tion is at most 1/3! times the largest value of (10/27)x =%/ on [27, 28], which

627 3 32 - 0.00001. (Actually, ¥28 =3.0365889... ) A

5 We thank H. Ferguson for providing us with this computer-generated figure.
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12.5 Taylor’s Formula 603

Example 8 By integrating a series for e~ calculate f (‘)e”’cz dx to within 0.001.

Solution Substituting — x2 for x in the series for e* gives

X _ 2o x* Xt Xt
e =] x“+ —27!— - ﬁ E
Integrating term by term gives
X g X ﬁ _ x7
j(; e dt=x 3 + Y + )

This is an alternating series, so the error is no greater than the first omitted
term. To have accuracy 0.001, we should include 5. Thus, within 0.001,

1 1 1 1 1
foe diml = 3 + 15— 25 + 1g ~ 0747,
This method has an advantage over the methods in Section 11.5: to increase
accuracy, we need only add on another term. Rules like Simpson’s, on the
other hand, require us to start over. (See Review Exercise 84 for Chapter 11.)
Of course, if we have numerical data, or a function with an unknown or
complicated series, using Simpson’s rule may be necessary. A

Example 9 Calculate sin(w/4 + 0.06) to within 0.0001 by using the Taylor series about
xo = 7 /4. How many terms would have been necessary if you had used the
Maclaurin series?

Solution With f(x) = sinx, and x, = 7 /4, we have

f(x) = sinx, F(x0) = é ;
"(x) = cosx, ’x0=—1—;
f(x) F'(%0) 7
”(x) = —sinx, " x0=——l—;
(%) J"(x0) 5
A

>

fr(x)= —cosx, ()=~

IS

. / 1
f/’// x) = Slnx, fl/’ x — 1 ;
() (%o) 7
and so on. We have
f(n+ l)(c)(x _ xo)n+1
Ru(x) = (n+ D)
for ¢ between /4 and 7 /4 + 0.06. Since f("*V(c) has absolute value less than

1, we have |R,(x)| < (0.06)""!/(n + 1)!. To make |R,(x)| less than 0.0001, it
suffices to choose n = 2. The second-order approximation to sin x is

EF NISHIRF
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604 Chapter 12 Infinite Series

Evaluating at x = 7 /4 + 0.06 gives 0.7483.

If we had used the Maclaurin polynomial of degree n, the error estimate
would have been |R,(x)| < (/4 + 0.06)"*'/(n + 1)I. To make |R,(x)| less
than 0.0001 would have required n = 6. 4

Finally, we show how Taylor series can be used to evaluate limits in indetermi-
nate form. The method illustrated below is sometimes more efficient than
I"'Hépital’s rule when that rule must be applied several times.

Example 10 Evaluate 1in(1) SMX = X yusing a Maclaurin series.
x> X
Solution Since sinx = x — x3/3!+x°/5!— - .-, sinx —x = —x3/31+x°/5!— - - -,
and so (sinx — x)/x*= —1/6 + x*/5!— - - - . Since this power series con-

verges, it is continuous at x =0, and so

lim sinx —x _ _

3 - A
x>0 X

|

Example 11 Use Taylor series to evaluate
(a) lim sinx — x
x-0 tanx — x
(compare Example 4, Section 11.2) and
(b) lim —BX_

x>l e*—e’

Solution (a) sinx — x _ (smx.)(cosx) — X COSX
tanx — x SInX — X COSX
(x=x3/6+ - )1=x¥/2+ - )= x(1=x}/2+ )

(x—x*/6+ - )—x(1—x*/2+--)

Xx—=x3/2=x )64 - —x+ X3 /24 - --
x—x3/6+---—x+x3/2+...
—-x3/6+--- __1/6+...
= - dividing by x°).
a3+ 134 (dividing by x”)
Since the terms denoted “+ - - - ” tend to zero as x >0, we get
sinx—x _ _1/6 _ 1
x>0 tanx — x 1/3 2
(b) lim BX — jjm —Inx
x->1 €~ — € x->1 e(ex— __1)
=1 im (x=1)=(1/2(x—1)*+ -
ex—»11+(x—1)+(1/2)(x_1)2+___1
_1 iml—(1/2)(x—1)+...
ex>1 1+(1/2)(x—~1)+---
11,1,
e 1 e

For the last example, ’'Hdpital’s rule would have been a little easier to use.
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Exercises for Section 12.5

Write down the Maclaurin series for the functions in
Exercises 1-4.

1. sin3x 2. cosdx

3. cosx + e ¥ 4. sin2x — e~
Find the terms through x in the Taylor series at xy =1
for the functions in Exercises 5-8.

5.1/(1+ x*+ x% 6. 1/y2 - x?

7. e* 8. tan(wx/4)

9. (a) Expand f(x)=1/(1+ x>+ x% in a
Maclaurin series through the terms in x, using a
geometric series. ) Use (a) to calculate f"(0).

10. Expand g(x) = e*" in a Maclaurin series as far as
necessary to calculate g®(0) and g (0).
Establish the equalities in Exercises 11-14 for a suitable

domain in x.
1L In(1 + x)=x— x2/2+x3/3— - - -.
2
12 e’+x=e+ex+% +%!3 + -
13. x =1+ 5(x~D=Lx—-1P+ L(x-1°-

4x

, oy (x—7/4)

14. smx=-\/§i—[l+(x—z)—-——2!—
(= /9’

~T+...]

15. (a) Write out the Maclaurin series for the
function 1/41 + x? .(Use the binomial series.)
(b) What is (d2°/dx)(1/y1 + x?)|c=¢?

16. (a) Using the binomial series, write out the Mac-
laurin series for g(x) =1+ x +I—x .
(b) Find g (0) and g% (0).

17. Sketch the graphs of the Maclaurin polynomials
through degree 4 for cos x.

18. Sketch the graphs of the Maclaurin polynomials
through degree 4 for tan x.

@19. Calculate In(1.1) to within 0.001 by using a
power series.

§20. Calculate ¢™2+%% to within 0.0001 using a Tay-
lor series about x,=In2. How many terms
would have been necessary if you had used the
Maclaurin series?

#21]. Use the power series for In(l + x) to calculate
In21L, correct to within 0.1. [Hint: 24 =3 -3 ]

§22. Continue the work of Example 7 by finding the
third-, fourth-, fifth- (and so on) order approxi-
mations to %28 . Stop when the round-off errors
on your calculator become greater than the re-
mainder of the series.

B23. Using the Maclaurin expansion for 1/(1 + x),
approximate [¥/%dx /(1 + x)] to within 0.01.

24. Use a binomial expansion to approximate

(841 + x* dx to within 0.01.

25. (a) Use the second-order approximation at xg to
derive the approximation

2f"(xo)

3
3 R-.

f X0+ R ¢ x) dxas 2Rf(x) +
xo— R

Find an estimate for the error.
(b) Using the formula given in part (a), find an

approximate value for ['/%,,(dx/y1+ x?).
Compare the answer with that obtained from

Simpson’s rule with n = 4.

26. (a) Can we use the binomial expansion of
VT ¥ x to obtain a convergent series for 2 .
Why or why not?

(b) Writing 2 =% - &, we have {2 =28/9 . Use
this equation, together with the binomial
expansion, to obtain an approximation to
Y2 correct to two decimal places.

(¢c) Use the method of part (b) to obtain an
approximation to y3 correct to two decimal

series.

places.
Evaluate the limits in Exercises 27-30 using Maclaurin
. in2x —2
27. hmx_,o%)i
28. lim 0__________Vl+x"l_x
X —> x

29. lim,_,, 1 - L (use a common de-
X sin x x2

nominator).
30. lim, . JLtC0sX

X7

(x —m)*

Expand each of the functions in Exercises 31-36 as a
Maclaurin series and determine for what x it is valid.

1 1
3 2.

11 11 1
3. 1—x 1+ x 34. 2(1—x+1+x)

1 11
35. — 36. — T =

37. Find the Maclaurin series for f(x) = (I + x?? in
two ways:
(a) by multiplying out the polynomial;
(b) by taking successive derivatives and evaluat-
ing them at x = 0 (without multiplying out).
38. Write down the Taylor series for Inx at xg = 2.
39. Find a power series expansion for [{ln¢dt. Com-
pare this with the expansion for xInx. What is
your conclusion?
40. Using the Taylor series for sinx and cosx, find
the terms through x® in the series for (sinx)? +
(cos x)%.
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606 Chapter 12 Infinite Series

Let f(x) = ag+ a;x + ax> + - - - . Find ay, a;, a,, and
a; for each of the functions in Exercises 41-44.

41. secx 4. J1-x?
43. (d/dx)1 — X2 44, 't

Find Maclaurin expansions through the term in x° for
each of the functions in Exercises 45-48.

45. (1 — cos x)/ x* 46, X sin3x
X

47 1= g, 421
1+ x dx? m

49. Find the Taylor polynomial of degree 4 for Inx
at: (a) xo=1; (b) xg=¢; (c) xg=2.

50. (a) Find a power series expansion for a function
f(x) such that f(0)=0 and f'(x)— f(x) = x.
(Write f(x) = aq + a;x + a;x* + -+ and solve
for the a;’s one after another.) (b) Find a formula
for the function whose series you found in part (a).

Find the first four nonvanishing terms in the power
series expansion for the functions in Exercises 51-54.

51. In(1 + ) 52, eX*x
53. sin(e™) 54. e*cosx

55. An engineer is about to compute sin(36°), when
the batteries in her hand calculator give out. She
quickly grabs a backup unit, only to find it is
made for statistics and does not have a “sin” key.
Unperturbed, she enters 3.1415926, divides by 5,
and enters the result into the memory, called “x”
hereafter. Then she computes x(1 — x2/6) and
uses it for the value of sin(36°).

(a) What was her answer?

(b) How good was it?

(c) Explain what she did in the language of
Taylor series expansions.

(d) Describe a similar method for computing
tan(10°).

56. An automobile travels on a straight highway. At
noon it is 20 miles from the next town, travelling
at 50 miles per hour, with its acceleration kept
between 20 miles per hour per hour and —10

Copyright 1985 Springer-Verlag.

*57.

*58.

*59.
#60,

miles per hour per hour. Use the formula x(¢)
= x(0) + x"(0)¢ + [((+ — s)x"(s)ds to estimate
the auto’s distance from the town 15 minutes
later.

(a) Let
f(x) = { (sinx)/ x, x7#0,
1, x =0,
Find f'(0), f"(0), and f"'(0).
(b) Find the Maclaurin expansion for (sinx)/x.
Using Taylor’s formula, prove the following in-
equalities:
(a) e*—1>xforx>0.
(b) 6x — x>+ x°/20 » 6sinx » 6x — x* for
x>0
(©) x?—x*/12<2—-2cosx < x* for x > 0.
Prove thatin2=1—-4{+41 -4+ ---.
(a) Write the Maclaurin series for the

functions 1/y1 — x? and sin~'x. Where do
they converge?

(b) Find the terms through x3 in the series for
sin”!(sinx) by substituting the series for
sinx in the series for sin~lx; that is, if

sin~lx = gy + a;x + ayx*+ - - -, then
sin~ !(sin x)
3 5
= XX
-a0+al(x 31 + ] )
2
3 5
x x
bafx- BT
4o

(c) Use the substitution method of part (b) to
obtain the first five terms of the series for
sin” 'x by using the relation sin~!(sin x) = x
and solving for a, through as.

(d) Find the terms through x° of the Maclaurin
series for the inverse function g(s) of f(x)
= x% 4 x. (Use the relation g(f(x)) = x and
solve for the coefficients in the series for g.)
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12.6 Complex Numbers 607

12.6 Complex Numbers

Complex numbers provide a square root for — 1.

This section is a brief introduction to the algebra and geometry of complex
numbers; i.e., numbers of the form a + b/—1. We show the utility of
complex numbers by comparing the series expansions for sinx, cosx, and e*
derived in the preceding section. This leads directly to Euler’s formula
relating the numbers 0, 1, e, 7, and V-1 : el 4 1=0. Applications of
complex numbers to second-order differential equations are given in the next
section. Section 12.8, on series solutions, can, however, be read before this
one.

If we compare the three power series
3 5

1 — -—-x x —_— . s .
sinx = x §T+§ s (1)
_ x2 | x*
cosx—l—-i!—+ﬁ—"', ()
TSI SOTE ST 3
2! 3t ’ G)

it looks as if sinx and cosx are almost the “odd and even parts” of e*. If we
write the series

2 3

e"=1—x+%—§!—+--- 4
subtract equation (4) from equation (3) and divide by 2, we get

ef—e ¥ x> x°

——‘—2-————x+§!—+~5—!~+-~-. (5)
Similarly, adding equations (3) and (4) and dividing by 2, gives

e*+e ™ _ x2 . x*

ERE— =l Sk T (6)

These are the Maclaurin series of the hyperbolic functions sinh x and cosh x;
they are just missing the alternating signs in the series for sinx and cos x.

Can we get the right signs by an appropriate substitution other than
changing x to — x? Let us try changing x to ax, where a is some constant. We
have, for example,

ax —ax 2 4 6

—ei+2—e=1+a2%—+a4%+a6%+
This would become the series for cosx if we had a>=a%=a%= ... = —1
and a*=a*=q"?= ... = 1. In fact, all these equations would follow from
the one relation g% = — 1.

We know that the square of any real number is positive, so that the
equation a® = — 1 has no real solutions. Nevertheless, let us pretend that there
is a solution, which we will denote by the letter i, for “imaginary.” Then we

would have coshix = cosx.

coshax =

Example 1 What is the relation between sinh ix and sin x?

2 3 ;6

Solution Since i*= —1, we have ’= —i, i*=(=i)-i=1, =14, i
substituting ix for x in (5) gives

= -1, etc., so
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ix _ ,—ix 3 5 7
Ll -SSP AT I R P ST
2 31 5! 7!

Comparing this with equation (1), we find that sinhix = isinx. A

sinhix =

The sum of the two series (5) and (6) is the series (3), i.e., e* = cosh x + sinh x.
Substituting ix for x, we find

e = coshix + sinhix

or
e™ = cosx + isinx. )
Formula (7) is called Euler’s formula. Substituting = for x, we find that
e = —1,

and adding 1 to both sides gives
e +1=0, (®)

a formula composed of seven of the most important symbols in mathematics:
0,1, +, =, e, i, and 7.

Example 2 Using formula (7), express the sine and cosine functions in terms of exponen-
tials.

Solution  Substituting — x for x in equation (7) and using the symmetry properties of
cosine and sine, we obtain

e ™ =cosx — isinx.
Adding this equation to (7) and dividing by 2 gives

eix + e—ix
Cosx = bt
2
while subtracting the equations and dividing by 2/ gives
K eix . e—ix
sinx = ~——% |
2 A

Example 3 Find ¢ "/? and ™.

Solution Using formula (7), we have

=1

e"/D =cos T +isinZ
2 2
and

e’ =cos2w + isin27 = 1. A

Since there is no real number having the property i = —1, all of the
calculations above belong so far to mathematical “science fiction.” In the
following paragraphs, we will see how to construct a number system in which
—1 does have a square root; in this new system, all the calculations which we
have done above will be completely justified.

When they were first introduced, square roots of negative numbers were
deemed merely to be symbols on paper with no real existence (whatever that
means) and therefore “imaginary.” These imaginary numbers were not taken
seriously until the cubic and quartic equations were solved in the sixteenth
century (in the formula in the Supplement to Section 3.4 for the roots of a
cubic equation, the symbol Y—3 appears and must be contended with, even if
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Figure 12.6.1. A complex
number is just a point (a, b)
in the plane.
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all the roots of the equation are real.) A proper way to define square roots of
negative numbers was finally obtained through the work of Girolamo
Cardano around 1545 and Bombelli in 1572, but it was only with the work of
L. Euler, around 1747, that their importance was realized. A way to under-
stand imaginaries in terms of real numbers was discovered by Wallis, Wessel,
Argand, Gauss, Hamilton, and others in the early nineteenth century.

To define a number system which contains i = V-1 , we note that such a
system ought to contain all expressions of the form a + b/—1 = a + bi,
where a and b are ordinary real numbers. Such expressions should obey the
laws

(a+biy+(c+diy=(a+c)+ (b+d)i
and
(a + bi)(c + di) = ac + adi + bci + bdi® = (ac — bd) + (ad + bc)i.

Thus the sum and product of two of these expressions are expressions of the
same type.

All the data in the “number” aq + bi is carried by the pair (a,b) of real
numbers, which may be considered a point in the xy plane. Thus we define
our new number system, the complex numbers, by imposing the desired
operations on pairs of real numbers.

Complex Numbers

A complex number is a point (a, b) in the xy plane. Complex numbers are
added and multiplied as follows:

(a,b) + (c,d)=(a+ ¢,b+d),

(a,b)(c,d) = (ac — bd,ad + bc).
The point (0, 1) is denoted by the symbol i, so that i* = (—1,0) (using

a=0,c=0,b=1,d=1in the definition of muliplication). The x axis is
called the real axis and the y axis is the imaginary axis. (See Fig. 12.6.1.)

It is convenient to denote the point (a,0) just by a since we are thinking of
points on the real axis as ordinary real numbers. Thus, in this notation,
2

i“= —1. Also,

(a,b) = (a,0) + (0,b) = (a,0) + (5,0)(0, 1)
as is seen from the definition of multiplication. Replacing (a,0) and (5,0) by a
and b, and (0, 1) by i, we see that

(a,b) = a + bi.

Since two points in the plane are equal if and only if their coordinates are
equal, we see that

a+ib=c+id ifandonlyif a=c¢ and b=4d.

Thus, if a + ib =0, both a and b must be zero.

We now see that sense can indeed be made of the symbol a + ib, where
i? = — 1. The notation a + ib is much easier to work with than ordered pairs,
so we now revert to the old notation a + ib and dispense with ordered pairs in
our calculations. However, the geometric picture of plotting a + ib as the
point (a,b) in the plane is very useful and will be retained.

2
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Example 4

Solution

imaginary axis

—6i 1 ® 8-6i

Figure 12.6.2. The point
8-6i plotted in the xy
plane.

Example 5

Solution

It can be verified, although we shall not do it, that the usual laws of algebra
hold for complex numbers. For example, if we denote complex numbers by
single letters such as z = a + ib, w = ¢ + id, and u = e + if, we have

zZ(w+ u) = zw + zu,
z(wu) = (zw)u,

etc.

(a) Plot the complex number 8 — 6. (b) Simplify (3 + 4i)(8 + 2/). (c) Factor
x2+ x + 3. (d) Find Vi .
(a) 8 — 6/ corresponds to the point (8, —6), plotted in Fig. 12.6.2.

(®) B+4)HB+2))=3-8+3-2i+4-8i+2-4
=24+6i+32i -8
= 16 + 38i.

(¢) By the quadratic formula, the roots of x?>+ x +3 =0 are given
by (—1+y1—=12)/2=(—1/2) = (/11 /2)i. We may factor using these two
roots: x? + x + 3 =[x + (1/2) — (Y11 /2)i][x + (1/2) + (1T /2)i]. (You may
check by multiplying out.)

(d) We seek a number z = a + ib such that z> = i; now z% = a®> — b + 2abi,
so we must solve a®> — b =0 and 2ab = 1. Hence a = + b, so b= =(1/y2).
Thus there are two numbers whose square is i, namely, +[(1/v2) + (i/V2)],
ie, Vi = x(1/V2)1 + i)= =2 /2)1 + i). Although for positive real num-
bers, there is a “preferred” square root (the positive one), this is not the case
for a general complex number. A

(a) Show that if z = a + ib #= 0, then
a—ib _ a b

1 .
.. = I
z @2+b a2+bp A2+

is a complex number whose product with z equals 1; thus, 1/z is the inverse
of z, and we can divide by nonzero complex numbers.

(b) Write 1/(3 + 4i) in the form a + bi.

(a) ( a—ib )(a +ib) = (—L——)(a — ib)(a + ib)

a’+ b? a’+ b?
1

= ( e )(a2 + aib — iba — b%%)
a
1
=(a2+b2)(a2+b2)= 1.
Hence z( az; ’Z’z ) =1, s0 (a — ib)/(a* + b*) can be denoted 1/z. Note that
a

z # 0 means that not both a and b are zero, so a? + b 7 0 and division by the

real number a® + b? is legitimate.

(b) 1/ +4i)=(3—4i)/(3 + 4% = (3/25) — (4/25)i by the formula in (a).
A
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Figure 12.6.3. Illustrating
various quantities attached
to a complex number.

Example 6

Solution
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Terminology for Complex Numbers
If z=a + ib is a complex number, then:

(i) a is called the real part of z;

(ii) b is called the imaginary part of z (note that the imaginary part is
itself a real number);

(ili) a — i is called the complex conjugate of z and is denoted Z;

(iv) r =ya*+ b* is called the length or absolute value of z and is
denoted |z|;

(v) @ defined by a = rcosf and b = rsind is called the argument of z.

The notions in the box above are illustrated in Fig. 12.6.3. Note that the real
and imaginary parts are simply the x and y coordinates, the complex conju-
gate is the reflection in the x axis, and the absolute value is (by Pythagoras’
theorem) the length of the line joining the origin and z. The argument of z is
the angle this line makes with the x axis. Thus, (r,8) are simply the polar
coordinates of the point (a, ).

y

r = absolute value

imaginary part

@ = argumen
1

real part

z=a~—ib
= complex
conjugate of z

The terminology and notation above simplify manipulations with com-
plex numbers. For example, notice that

z-Z=(a+ ib)(a—ib)=a’+ b*= |z},

so that 1/z = z/|z|* which reproduces the result of Example 5(a). Notice that
we can remember this by:

(a) Find the absolute value and argument of 1 + i.

(b) Find the real parts of 1/, 1/(1 + i), and (8 + 24)/(1 — i).

(a) The real part is 1, and the imaginary part is 1. Thus the absolute value is
Y12 + 12 =2, and the argument is tan™~'(1/1) = 7 /4.

(b) 1/i=(1/iX—i/—i)= —i/l = —i, so the real part of 1/i= —i is zero.
1/(0+ =0 -i/(+ DA~ i)y=(1—1i)/2, so the real part of 1/(1+ i) is
1/2. Finally,

8+2i _(8+2) 14 _8+410i—2 _6+10i
T—i (=0 1+i 2 2

so the real part of (8 +2i)/(1 —1)is 3. A

=3+ 5,
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Example 7

Solution

Example 8

Solution

Figure 12.6.4. The number
iz is obtained from z by a
90° rotation about the
origin.

Example 9

Solution

Properties of Complex Numbers

0) Z7,=2,'7,  21/2=%1/%;

(ii) z is real if and only if z = Z;
(iiD) |z,25] = 21| - |23, |2,/ 25| = |21|/|2,l; and
(iv) |z, + z,| < |z,| + |2,| (triangle inequality).

The proofs of these properties are left to the examples and exercises.

(a) Prove property (i) of complex numbers.
(b) Express (1 + 1')'0O without a bar.

(@) Let z,=a+ib and z,=c+id, so Z,=a — ib, Z,= ¢ — id. From z,z,
= (ac — bd) + (ad + bc)i, we get 7,2, = (ac — bd) — (ad + bc)i; we also have
Z7:Z; = (a — ib)(¢c — id) = (ac — bd) — ibc — aid = Z1z,. For the quotient,
write z, - z,/z, = z, so by the rule just proved, Z; - (z,/z,) = Z,. Dividing by Z,
gives the result.

(b) Since the complex conjugate of a product is the product of the complex
conjugates (proved in (a)), we similarly have z,z;z; =777,z = Z,Z,Z, and so
on for any number of factors. Thus z” = 7", and hence 1+ i)IOO =
(I—H)mo — (1 _ i)lOO. A

Given z = a + ib, construct iz geometrically and discuss.

If z=a+ib, iz=ai— b= —b+ ia. Thus in the plane, z = (a,b) and iz
= (— b, a). This point (— b, a) is on the line perpendicular to the line Oz since
the slopes are negative reciprocals. See Fig. 12.6.4. Since iz has the same
length as z, we can say that iz is obtained from z by a rotation through 90°. A

y

iz=-b+ia )
atib=z

Using the algebra of complex numbers, we can define f(z) when f is a rational
function and z is a complex number.

If f(z)=(1+z)/(1 — z) and z = 1 + i, express f(z) in the form a + bi.
Substituting 1 +  for z, we have

T+ —i - 1T iTTlviaA

flaiy= Lt 24 2

How can we define more general functions of complex numbers, like ¢?? One
way is to use power series, writing

z 22 3 ooz
ef=1+z+ 35+ !+~--=2—!.

1N

W
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12.6 Complex Numbers 613

To make sense of this, we would have to define the limit of a sequence of
complex numbers so that the sum of the infinite series could be taken as the
limit of its sequence of partial sums. Fortunately, this is possible, and in fact
the whole theory of infinite series carries over to the complex numbers. This
approach would take us too far afield,® though, and we prefer to take the
approach of defining the particular function e™, for x, real, by Euler’s formula

e™ = cosx + isinx. )

Since e**” = e*e”, we expect a similar law to hold for e™.

Example 10 (a) Show that
e’ = ghrgV (10
(b) Give a definition of e® for z = x + iy.
Solution (a) The right-hand side of equation (10) is
(cosx + isinx)(cos y + isin y)
= cosxCOs y — sinxsin y + i(sinxcos y + sin y cosx)
= cos(x + y) + isin(x + y) = e**

by equation (9) and the addition formulae for sin and cos.

(b) We would like to have e”'*?2 = e“le’2 for any complex numbers, so we
should define e**% = e* - e”, i, e**¥ = e*(cos y + isin y). [With this defi-
nition, the law e®' "2 = ¢“¢” can then be proved for all z, and z,.] A

FEquation (10) contains all the information in the trigonometric addition
formulas. This is why the use of e™ is so convenient: the laws of exponents are
easier to manipulate than the trigonometric identities.

Example 11 (a) Calculate e” and |e?|. (b) Calculate e/ and e™. (c) Prove that

1 . 1 (cosnb —cos(n+ 1)
1+cos€+cos20+---+cosn0=—-+—( )

2 2

by considering 1 + e + &2 + - - - + ™,

1—cosé

Solution (a) ¢” = cosf + isind, so by definition of the complex conjugate we should
change the sign of the imaginary part:

e® = cosf — isind = cos(— @)+ isin(—8) = e ¥

since cos(— @) = cos# and sin(—8) = —sinf. Thus |e?| =cos? + sin® =1
using the general definition |z| =Va® + b?, where z = a + ib.

(b) e™/* = cos(m/2) + isin(n/2) = i and e = cos7 + isin7 = — 1.

(c) Since cosnf is the real part of ™, we are led to consider 1+ e” +
e + ... + ¢ Recalling that 14+ r+ .-+ +r"=1—r"")/(1-7r), we
get

1— ei(n+l)9

1___ei0

l+e?+e+ .. M=

— pint )8 _ -8
_1l—e Ll—e
i i

1—e 1—e”

6 See a text on complex variables such as J. Marsden, Basic Complex Analysis, Freeman, New
York (1972) for a thorough treatment of complex series.
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614 Chapter 12 Infinite Series

1— e—iﬂ___ ei(n+])3+ ein0

2—(e?+e )

1-— e—i&_ ei(n+1)€+ ein(}'
2(1 — cosf)

Taking the real part of both sides gives the result. A

Y Let us push our analysis of e a little further. Notice that e” = cos# + isin 8
represents a point on the unit circle with argument 4. As 8 ranges from 0 to
2, this point moves once around the circle (Fig. 12.6.5). (This is the same
basic geometric picture we used to introduce the trigonometric functions in
Section 5.1).

Recall that if z = @ + ib, and r, 8 are the polar coordinates of (a, b), then
a=rcosf and b = rsinf. Thus

sin 8

z=rcosf + irsinf = r(cost + isinf) = re”.

Figure 12.65. As 6 goes Hence we arrive at the following.

from 0 to 27, the point e

goes once around the unit Polar Representation of Complex Numbers

circle in the complex plane.

If z=a+ ib and if (r,6) are the polar coordinates of (a,b), i.e., the
absolute value and argument of z, then

z=re

This representation is very convenient for algebraic manipulations. For exam-
ple,

02
b4

if z,=re?, z,=r,e €O+

then z,z,=rire

which shows how the absolute value and arguments behave when we take
products; i.e., it shows that |z,z,| = |z,||z,| and that the argument of z,z, is the
sum of the arguments of z, and z,.

Let us also note that if z = re®, then z” = r"e’. Thus if we wish to solve
z" = w where w = pe’®, we must have r" = p, i.e., r = }p (remember that r,p
are non-negative) and e™ = e, ie, e/~ =1, ie., nf = ¢ + 27k for an
integer k (this is because e = 1 exactly when ¢ is a multiple of 27—see Fig.
12.6.5). Thus § = ¢/n+2wk/n. When k=n, 8 =¢/n+ 2, so e = e™/",
Thus we get the same value for e when k =0 and k = n, and we need take
only k=0,1,2,...,n— 1. Hence we get the following formula for the nth
roots of a complex number.

De Moivre’s Formula’

The numbers z such that z” = w = pe’®, i.e., the nth roots of w, are given
by

Wp ei¢/n¥2mk/m) g =0 1,2 ..., n— 1.

7 Abraham DeMoivre (1667~1754), of French descent, worked in England around the time of
Newton.
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Figure 12.6.6. The ninth
roots of 1.

Example 12

Solution

Example 13

Solution

AW
W
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For example, the ninth roots of 1 are the complex numbers e/, for
k=0,1,...,8, which are 9 points equally spaced around the unit circle. See
Fig. 12.6.6.

It is shown in more advanced books that any nth degree polynomial
ag+ a;z+ -+ + a,z" has at least one complex root® z, and, as a conse-
quence, that the polynomial can be completely factored:

agtaz+ - +az"=(z—z) (22,
For example,
zz+z+1=(z+ 1+2‘/§i)(z+ 1—2‘/51),

although z% + z + 1 cannot be factored using only real numbers.

(a) Redo Example 8 using the polar representation. (b) Give a geometric
interpretation of multiplication by (1 + 7).

(a) Since i = /2, iz = re"®*"/Dif 7z = re®. Thus iz has the same magnitude

as z but its argument is increased by = /2. Hence iz is z rotated by 90°, in
agreement with the solution to Example 8.

(b) Since (1 + i) =42 /4, multiplication of a complex number z by (1 + i)
rotates z through an angle 7 /4 = 45° and multiplies its length by V2. A

Find the 4th roots of 1 + i.

1+i=y2e™* since 1l +ihas r=y2 and § == /4. Hence the fourth roots
are, according to DeMoivre’s formula,

8\/’2—ei((w/16)+(wk/2))’ k=0,1,2,3,
ie.,

Sﬁeiﬂ'/lﬁ’ 8‘/-2—ei7r9/l6, 8 h ei7r~l7/l6’ and 8‘/iei'n'-25/16. A

Exercises for Section 12.6

Express the quantities in Exercises 1-4 in the form

T 2, e 1o, (L+DG=20) @rase

3 Gn/D)i 4 o—in 8+ (1+2)(—4))
Plot the complex numbers in Exercises 5-12 as points Write the solutions of the equations in Exercises 21-26
in the xy plane. in the form a + bi, where a and b are real numbers and

5. 4+2i 6. —1+i i=y=T.

7. 3i 8. —Q2+1) 21. 22 +3=0

9. —3i 10. 3+7i 2. 22-22+5=0

11. 0.1 + 0.2 12. 0+ 1.5 23. 22+-;-Z+%=0
Simplify the expressions in Exercises 13-20. 24. 23 +22% + 2z + 1 = 0 [Hint: factor]

13. (1+20) =35 -2) 25.22-7z—-1=0

14, 4-3H)B+H+(G—10) 26. 23— 3z% + 3z — 1 = 0 [Hint: factor]

15. 2 + iy 16. 1 Using the method of Example 4(d), find the quantities

(B+1i) in Exercises 27-30.
g 18 2 27. 87 28. 97
5-3i r—i 29. V=161 30. VWP

8 See any text in complex variables, such as J. Marsden, op. cit. The theorem referred to is called the “fundamental theorem of
algebra.” It was first proved by Gauss in his doctoral thesis in 1799.
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616 Chapter 12 Infinite Series

Find the imaginary part of the complex numbers in
Exercises 31-36.

1+ 2—3i
31 = 2. 175
10 + 5i . 1.\~
33, — 120 34. (1 =82+ i
(1+20)? ( 4 )
1/2 + (3/5)i 26 (3/4)i
T7/8—i © 974+ (1/5)i

Find the complex conjugate of the complex numbers in
Exercises 37-46.

37.5+2i 38. 1— bi

39. V3 +1i 40. 1/i

41. 2;,’ 4. i(1+ i)
3-5; 11+

3. T 44. E(_’"l—i)

10+ i
45.3 .
> . T

Find the absolute value and argument of the complex
numbers in Exercises 47-58. Plot.

47, —1—1i 48. 7+ 2
49. 2 50. 4i

514 —3i 52.3—2i
53. —5+7i 54, —10+4i
55. —8—2i 56. 5+ 5i
57. 12+ 0.7 58. 50 + 10i

59. Prove property (iii) of complex numbers.
60. Prove property (iv) of complex numbers.

61. Express (8 — 3i)* without a bar.

62. Express (2 + 3i)’(8 — i)* without a bar.
In Exercises 63—66, draw an illustration of the addition
of the pairs of complex numbers, i.e., plot both along
with their sums.

63. 1+3i,3—1i 64. —8—2i,5—1i

65. —3 +4i,6i 66. 7,4i

67. Find |(1 + )2 — HE2 D).
68. If z=x+ iy, express x and y in terms of z
and z.
69. If z = x + iy with x and y real, what is |¢*| and
the argument of e*?
70. Find the real and imaginary parts of (x + iy)®
as polynomials in x and y.
Write the numbers in Exercises 71-76 in the form
a + bi.

71. e™/3 72, e~ ™3

73. el—-vri/2 74. e1+2i

75. e]+7ri/2 76. e(l—vr/ﬁ)i

77. If f(z)=1/z% express f(2+ i) in the form
a+ bi.

78. Express f(i) in the form a + bi, if f(z) = 22 +
2z + 1.

79. (a) Using a trigonometric identity, show that
e®e~™* = 1. (b) Show that e ?=1/e” for all
complex numbers z.

80. Show that €% = (e?)? for all complex z.

Copyright 1985 Springer-Verlag

81. Prove that e/ (®+37/2) = —jg®,
82. Prove that

sinf +sin20 + - - - 4 sinnf
_ gr( 1 1/ sinnd —sin(n+ 1)8
‘(°°ti)(5+i( Snd ) '
83. Prove that (cosf + isin@)" = cosnfl + isinnf,

if n is an integer.
84. Use Exercise 83 to find the real part of

. \3
(-1-— + —l—) and the imaginary part of

22
(% +i—\/—2_3——)9.

Find the polar representation (i.e., z = re’?) of the com-
plex numbers in Exercises 85-94.

85, 1+ i 86. %

87. 2+ i)~ 88. 3

89. 7—3i 90. 4+ §°

9. —1 -3 92 (2 +59)
C? (-4

93. (3 + 4i)? 94, —1+14i

95. Find the fifth roots of § —4y3i and 1+ 2i.
Sketch.

96. Find the fourth roots of i and i . Sketch.

97. Find the sixth roots of y5 +3i and 3 +5 i.
Sketch.

98. Find the third roots of 1/7 and i/7. Sketch.

99. Give a geometric interpretation of division by
11—

100. (a) Give a geometric interpretation of multipli-
cation by an arbitrary complex number z
= re®,

(b) What happens if we divide?

101. Prove thatif z6=1and z'°=1, then z = £ 1.

102. Suppose we know that z7 = 1 and z%' = 1. What
can we say about z?

103. Let z = re®. Prove that z = re ™.

104. (a) Let f(2) = az® + bz® + cz + d, where g, b, ¢,
and d are real numbers. Prove that f(2) = f(z).
(b) Does equality still hold if a, b, ¢, and d are
allowed to be arbitrary complex numbers?

Factor the polynomials in Exercises 105~108, where z is
complex. [Hint: Find the roots.]

105. 22+ 2z +i 106. z2+2iz — 4

107. 22 +2iz — 4 —4i 108. 322 4+ z — /3

109. (a) Write tan i in the form a + bi where a and
b are real functions of 4.

(b) Write tan 8 in the form re.

110. Let z = f(f) be a complex valued function of the
real variable t. If z=x+ iy = g(¢) + ih(2),
where g and h are real valued, we define dz/ dt
= f'(¢) to be (dx/dt)+ i(dy/dt)=g'(t)+
ih'(0).

(a) Show that (d/df)(Ce™") = iwCe™, if C is

.- All-rights reserved.
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12.7 Second Order Linear Differential Equations
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any complex number and « is any real (b) Show that, if z* '+ 2" 2+ .. +z+1
number. =0, then z" = 1.

(b) Show that z= Ce’' satisfies the spring (¢) Find all the roots of the equation 2> + z% +
equation (see Section 8.1): z” + w’z = 0. z+1=0.

(c) Show that z= De™ ™ also satisfies the 114. Describe the motion in the complex plane, as
spring equation. the- real num’t)er t goes from — oo to oo, of the
(d) Find C and D such that Ce’ + De ™ pont z =.ew’ when .
= f(1) satisfies f(0) = A4, f'(0) = B. Express @) w=i, . (b) w=1+i .
the resulting function f(#)in terms of sines (©) w=-i, @ w=-1-4
and cosines. (&) w=0, ® w=1,
(® w=-1

(¢) Compare the result of (d) with the results

in Section 8.1.

Let z; and z, be nonzero complex numbers.

Find an algebraic relation between z; and z,

which is equivalent to the fact that the lines

from the origin through z; and z, are perpendic-

ular.

Let w = f(z) = (1 + (2/2))/(1 = (2/2)).

(a) Show that if the real part of z is 0, then
[w|=1.

(b) Are all points on the circle |w| =1 in the

range of f? [Hint: Solve for z in terms of

w.]

(a) Show that, if z” =1, n a positive integer,

then either z"~'+z"" 2+ - - +z+1

=0orz=1

12.7 Second-Order Linear

115.

116.
*117.

*118.

Describe the motion in the complex plane, as
the real number ¢ varies. of the point given by
z = 93,000,000 ¢2"<(*¥2¢)1 1,000,000£27¢!/2%),
What astronomical phenomenon does this rep-
resent?

What is the relation between e® and e*?

(a) Find all complex numbers z for which
e*= —1. (b) How might you define In(—1)?
What is the difficulty here?

(a) Find A such that the function x = e satis-
fies the equation x” —2x'+2x=0; x’
=dx/dt.

Express the function e + e~ in terms of
sines, cosines, and rea/ exponents.

Show that the function in (b) satisfies the
differential equation in (a).

(b)
©

Differential Equations

The nature of the solutions of ay” + by’ + cy = 0 depends on whether the roots
of ar’ + br + ¢ =0 are real or complex.

We shall now use complex numbers to study second-order differential equa-
tions more general than the spring equation discussed in Section 8.1.
We begin by studying the equation

ay” + by’ + ¢y =0, )
where y is an unknown function of x, y’' = dy/dx, y” = d%/dx?, and a,b,c
are constants. We assume that g % 0; otherwise equation (1) would be a
first-order equation, which we have already studied in Sections 8.2 and 8.6.

We look for solutions of equation (1) in the form

y=e", r a constant. )
Substituting equation (2) into equation (1) gives

ar¥e’™ + bre™ + ce™ =0,
which is equivalent to

ar* + br+ ¢ =0, 3)

since e™ == 0. Equation (3) is called the characteristic equation of equation (1).
By the quadratic formula, it has roots

pe —b +b? — dac

2a ’
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618 Chapter 12 Infinite Series

which we shall denote by r; and r,. Thus, y = ¢"* and y = " are solutions
of equation (1).

By analogy with the spring equation, we expect the general solution of
equation (1) to involve two arbitrary constants. In fact, y = c;e”* + c,e’ is a
solution of equation (1) for constants ¢, and ¢,; indeed, note that if y, and y,
solve equation (1), so does ¢, y; + ¢, y, since

a(eyyyt ) +bh(eyt ey) + (e y + ey)
=ci(@yi + byi+ oyi) + ex(ay; + byy + opy) = 0.
If r, and r, are distinct, then one can show that y = ¢e”* + c,e™ is the

general solution; i.e., any solution has this form for particular values of ¢, and
¢,. (See the Supplement to this section for the proof.)

Second-Order Equations: Distinct Roots

If ar* + br + ¢ = 0 has distinct roots 7, and r,, then the general solution
of

ay” + by’ +¢cy=0
is

y=ce"™ + ce’?, ¢, , ¢, constants.

Example 1 Consider the equation 2y” — 3y’ + y = 0. (a) Find the general solution, and
(b) Find the particular solution satisfying y(0) = 1, y’(0) = 0.

Solution (a) The characteristic equation is 2r2—3r+ 1 =0, which factors:
(2r — 1)(r —1)=0. Thus r, = 1 and r, =  are the roots, and so
y=ce” + ce*/?
is the general solution.
(b) Substituting y(0) = 1 and y’(0) = 0 in the preceding formula for y gives
cte=1,
e +ic,=0.
Subtracting gives 1¢, = 1, so ¢, =2 and hence ¢, = — 1. Thus
y= 2%/ — ¥
is the particular solution sought. A
If the roots of the characteristic equation are distinct but complex, we can
convert the solution to sines and cosines using the relation e™ = cosx +
isin x, which was established in Section 12.6. Differentiating a complex valued
function is carried out by differentiating the real and imaginary parts sepa-
rately. One finds that (d/df)Ce”™ = Cre” for any complex numbers C and r

(see Exercise 110 in Section 12.6). Thus, the results in the above box still work
if ry, r5, C, and C, are complex.

Example 2 Find the general solution of y” +2y" +2y =0.

Solution The characteristic equation is 7> + 2r + 2 = 0, whose roots are

=——-—-_2i2“4_8 =—1=i

r
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Thus

y= Cle(~l+i)x+cze(—l—i)x

—-X,ix —Xx, ~ix

=ce e+ e e

= e‘x[cl(cosx + isinx) + cy(cosx — isinx)}

e *(Cicosx + Cysinx),

where C; = ¢, + ¢, and C, = i(c; — ¢,). If we desire a real (as opposed to
complex) solution, C; and C, should be real. (Although we used complex
numbers as a helpful tool in our computations, the final answer involves only
real numbers and can be verified directly.) A

For the spring equation y” + w?% =0, the characteristic equation is r? + o>
= 0, which has roots r = * iw, so the general solution is
—iwx

— iwx
y=ce" + e

= C coswx + C,sin wx,

where C; and C, are as in Example 2. Thus we recover the same general
solution that we found in Section 8.1.

If the roots of the characteristic equation are equal (r, = r,), then we have
so far only the solution y = c,;e™*, where ¢, is an arbitrary constant. We still
expect another solution, since the general solution of a second-order equation
should involve two arbitrary constants. To find the second solution, we may
use either of two methods.

Method 1. Reduction of Order. We seek another solution of the form
y=ve"*, 4

where v is now a function rather than a constant. To see what equation is

satisfied by v, we substitute equation (4) into equation (1). Noting that

rx

Yy =ve" + rive",

and
y'=0v"e"* +2r e + rive",
substitution into (1) gives
a(v” +2r0' + r%v)e"" + b(v' + rip)e"™ + cve™* = 0;

but e 5 0, ar{ + br, + ¢ =0, and 2ar, + b = 0 (since r, is a repeated root),
so this reduces to av” = 0. Hence v = ¢, + ¢,x, so equation (4) becomes
y={(c; + cx)e™. (5
This argument actually proves that equation (5) is the general solution to
equation (1) in the case of a repeated root. (The reason for the name
“reduction of order” is that for more general equations y” + b(x)y’ + c(x)y

=0, if one solution y,(x) is known, one can find another one of the form
v(x)y,(x), where v'(x) satisfies a first order equation—see Exercise 48.)

Method 2. Root Splitting. If ay” + by’ + ¢y = 0 has a repeated root r,, the
characteristic equation is ( — »,)(r — r,) = 0. Now consider the new equation
(r — r))(r — (ry + €)) = 0 which has distinct roots r, and r,=r, + ¢ if e 0.
The corresponding differential equation has solutions e”™ and e%"*e)". Hence
(1/e)(e"+9* — ¢"*) is also a solution. Letting e >0, we get the solution
(d/dr)e™|,_, = xe" for the given equation. (If you are suspicious of this
reasoning, you may verify directly that xe"* satisfies the given equation).
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Example 3

Solution

Figure 12.7.1. The physical
set up for damped
harmonic motion.

Chapter 12 Infinite Series

Second-Order Equations: Repeated Roots

If ar? + br + ¢ = 0 has a repeated root r; = r,, then the general solution
of

ay” + by’ +cy=0
is
y={(c;+ cyx)e’, 3)

where ¢, and ¢, are constants.

Find the solution of y” — 4y’ + 4y = 0 satisfying y'(0) = —1 and y(0) = 3.

The characteristic equation is 72 —4r +4=0, or (r —2)*=0,s0 r, =2 is a
repeated root. Thus the general solution is given by equation (5):

¥ =(c, + c;x)e*.

Thus y'(x) = 2¢c,e> + c,e™ + 2c,xe**. The data p(0) = 3, y'(0) = — 1 give
¢;=3 and 2¢,+c¢,=—1,

soc;=3and ¢c,= —7. Thus y = 3 — Tx)e*. A

Now we shall apply the preceding methods to study damped harmonic
motion. In Figure 12.7.1 we show a weight hanging from a spring; recall from

- spring constant &

>

air resistance
| proportional to velocity

x =0 is equilibrium ——
oscillations L

Section 8.1 that the equation of motion of the spring is m(d*x/dt*) = F,
where F is the total force acting on the weight. The force due to the spring is
— kx, just as in Section 8.1. (The force of gravity determines the equilibrium
position, which we have called x = 0; see Exercise 51.) We also suppose that

the force of air resistance is proportional to the velocity. Thus F = —kx —
y(dx / dt), so the equation of motion becomes
d* _ dx

where v > 0 is a constant. (Can you see why there is a minus sign before y?).
If we rewrite equation (6) as

d* dx 2

” B 7 wx =0, Q)
where 8 =y/m and w? = k/m, it has the form of equation (1) with a = 1,
b= B, and ¢ = > To solve it, we look at the characteristic equation

g at
el 2 LT

r’+ Br+w?*=0  which hasroots r
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Figure 12.7.2. Damped
harmonic motion.

Example 4

Solution

12.7 Second Order Linear Differential Equations 621

If B2 > 4w? (ie., B > 2w), then there are two real roots and so the solution is

x=cje" + cye’, where r and r, are the two roots {(— 8 =y 8% — 4w?).
Note that r; and r, are both negative, so the solution tends to zero as £ — co,
although it will cross the ¢ axis once if ¢, and ¢, have opposite signs; this case
is called the overdamped case. A possible solution is sketched in Fig. 12.7.2.

X

underdamped

overdamped

critically
damped

If B> =4w? there is a repeated root r, = —f/2, so the solution is
x =(c, + c,t)e "#/2 This case is called critically damped. Here the solution
also tends to zero as ¢ — oo, although it may cross the ¢ axis once if ¢, and c,
have opposite signs (this depends on the initial conditions). A possible
trajectory is given ifi Figure 12.7.2.

Finally, if 8% < 4w? then the roots are complex. If we let & =

1y4w? — B2 = wy/l — B?/4w? , then the solution is

x = e P/ (c,cosBt + c,sin &t)

which represents underdamped oscillations with frequency ®. (Air resistance
slows down the motion so the frequency @ is lower than w.) These solutions
may be graphed by utilizing the techniques of Section 8.1; write x =
AePcos(@t — §), where (4,0) are the polar coordinates of ¢, and c,. A
typical graph is shown in Fig. 12.7.2.Atr=0,0=x =¢,.

Consider a spring withf = 7 /4 and « = 7 /6.

(a) Is it over, under, or critically damped?
B (b) Find and sketch the solution with x(0) = 0 and x'(0) = 1, for ¢ > 0.
(c) Find and sketch the solution with the same initial conditions but with
B=a/2.
(a) Here B2 — 4w? = 72 /16 — 47> /36 = —T7*/36 < 0, so the spring is under-
damped.

(b) The effective frequency is & = wy1l — B%/4w? =(7/6)y1—9/16

= 7T /24, so the general solution is

% Tt o sinf T
x=e (c,cos( 5a | +esinl = | )

Att=0,0=x = ¢,. Thus,

mt/8. 7
X =cye ’/851n( %/74: t).
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622 Chapter 12 Infinite Series

Hence
x’=c2[(——%)e"”/8sm(ﬂz‘g) m/_ e~ ™/8¢o ( all )

Att=0,x'=1,s01= cz[qr\ﬁ /24], and hence ¢, = 24/ a7 . Thus the solu-
tion is
Lo 24 e_m/ssm( il )
w1

This is a sine wave multiplied by the decaying factor e it is sketched in
Fig. 12.7.3. The first maximum occurs when x’ = 0; i.e., When tan((my7 /24)1)

=87 /24, or 1 ~2.09, at which point x ~ 0.84.

—77'1/8

\ =24
\A/y_nﬁ e-Tit/8
\

\

underdamped (b)

overdamped (c)

[ NV R N 7 S - N T - I

Figure 12.7.3. Graph of the
solution to Example 4. 1 2

w -
~
w
o
~] -
oo
=]
S

(c) For 8 =7/2, we have B% — 4w*=7%/4 — 47%/36 = 57%/36 > 0, so the
spring is overdamped. The roots r; and r, are

y(-p=lp ) =3 (5= 0 ) -5 (1= %)

so the solution is of the form x = ¢,e(™/9(~1+5/Dt 4 o o(r/H(=1=5 /31 Ay

t=0,x=0,s0¢c;,+¢c,=00rc;= —¢,. Also, at t =0,
RNDN 7 DT 1 WS 3 D I N S
I—X—Clz( 1+ 3 )+c24( 1 3) T

s0 ¢;=6/m/5 and ¢, = —6/7/5 . Thus our solution is

x = cl(e”' _ el‘zt) — _6____6(71/4)(—-l+\/5—/3)t_ __6_6(7/4)(_1—\/5/3),

w5 o5
= (0_8541)(e—0.200t _ e—1.375:)

The derivative is x’ = ¢;(r,e™ — r,e’) = c,(r; — r,e!>""0")e"" which van-
ishes when
LAY 1+ /3 i o

" -1-yY5/3
at this point, x ~0.731. See Fig. 12.7.3. A

or t=~1.64;
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12.7 Second Order Linear Differential Equations 623

In the preceding discussion we have seen how to solve the equation (1):
ay” + by’ + ¢y = 0. Let us now study the problem of solving

ay” + by’ + ¢y = F(x), 8)

where F(x) is a given function of x. We call equation (1) the homogeneous
equation, while equation (8) is called the nonhomogeneous equation. Using what
we know about equation (1), we can find the general solution to equation (8)
provided we can find just one particular solution.

Nonhomogeneous Equations: Particular
and General Solutions

If y, = ¢, y, + ¢, », is the general solution to the homogeneous equation
(1) and if p, is a particular solution to the nonhomogeneous equation (8),
then

yEytayitayn=y+n )

is the general solution to the nonhomogeneous equation.

To see that equation (9) is a solution of equation (8), note that
a(yp T )"+ b(yp tIn) ¥ (D + o)

= (ay; + by[’, + cyp) + (ay; + by, + cpy)

= F(x) + 0= F(x).
To see that equation (9) is the general solution of equation (8), note that if j/ is
any solution to equation (9), then j — y, solves equation (1) by a calculation
similar to the one just given. Hence § — y, must equal y, for suitable ¢, and ¢,
since y, is the general solution to equation (1). Thus j has the form of
equation (9), so equation (9) is the general solution.

Sometimes equation (8) can be solved by inspection; for example, if
F(x) = F, is a constant and if ¢ # 0, then y = F,/c is a particular solution.

Example 5 (a) Solve 2y” — 3y’ + y = 10. (b) Solve 2x” — 3x’ + x = 8 cos(¢/2) (where x is
a function of #). (c) Solve 2y” —3y" + y =2e™ .

Solution (a) Here a particular solution is y = 10. From Example 1,

_ x x/2
Yp=C€ +cze/.

Thus the general solution, given by equation (9), is
y=ce*+ ce*’? + 10.

(b) When the right-hand side is a trigonometric function, we can try to find a
particular solution which is a combination of sines and cosines of the same
frequency, since they reproduce linear combinations of each other when
differentiated. In this case, 8 cos(¢/2) appears, so we try

xP=Acos(%)+Bsin(%),

where A and B are constants, called undetermined coefficients. Then
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Y Y § IN_ B (L
2xp 3xp+xp 2[ 4005(2) 4s1n(2)}

2 2 2 2 2
For this to equal 8 cos(z/2), we choose A and B such that

$14~3B=8, and 34+1B=0.

=(l —iB)cos(l)+(§A +lB)sin(

The second equation gives B = —34 which, upon substitution in the first,
gives 14 +3A4 =8 Thus 4 =% and B= —2%, so

5
xp=%[cos(%)—3sin(%”,

and the general solution is

x=ce' +ce’?+ % [cos(-‘%) - 3sin(—£-)}.
A good way to check your arithmetic is to substitute this solution into the
original differential equation.
(c) Here we try y, = de™" since ¢ ™~ reproduces itself, up to a factor, when
differentiated. Then

2))[;/ - 3),;7 +y,= 24e " +34e " + Ae™*.

For this to match 2e*, we require 64 =2 or 4 =4. Thus y,=4je " is a

particular solution, and so the general solution is

y=ce*+ce*+Le " A

The technique used in parts (b) and (c) of this example is called the method of
undetermined coefficients. This method works whenever the right-hand side of
equation (8) is a polynomial, an exponential, sums of sines and cosines (of the
same frequency), or products of these functions.

There is another method called variation of parameters or variation of
constants which always enables us to find a particular solution of equation (8)
in terms of integrals. This method proceeds as follows. We seek a solution of
the form

y=oy1+toy (10)
where y, and y, are solutions of the homogeneous equation (1) and v, and v,
are functions of x to be found. Note that equation (10) is obtained by
replacing the constants (or parameters) ¢, and c, in the general solution to the
homogeneous equation by functions. This is the reason for the name “variation
of parameters.” (Note that a similar procedure was used in the method of
reduction of order—see equation (4).) Differentiating v, y, using the product
rule gives

(o) =vi i+ o,
and

(o )" = vy + 201y o7,

and similarly for v, y,. Substituting these expressions into equation (8) gives
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al (07 ) + 2011 + 0, 1) + (03, + 2055 + 0297) |
+b[(v/|)’1 + o, y7) + (v, + Uz)’é)] +e(oy o) =F
Simplifying, using (1) for y; and y,, we get
a[v;’y, + 200y} + o)y, + 205 y5) | + B[ oy, + vy p,] = F. (11)
This is only one condition on the two functions v, and v,, so we are free to
impose a second condition; we shall do so to make things as simple as

possible. As our second condition, we require that the coefficient of b vanish
(identically, as a function of x):

viy + 0y, =0. (12)

This implies, on differentiation, that o]y, + v} y| + vy, + v3y5 =0, so equa-
tion (11) simplifies to

14 7 I3 v F
vt o= (13)

Equations (12) and (13) can now be solved algebraically for v} and v} and the
resulting expressions integrated to give o, and v,. (Even if the resulting
integrals cannot be evaluated, we have succeeded in expressing our solution in
terms of integrals; the problem is then generally regarded as ‘“‘solved”).

Variation of Parameters

A particular solution of the nonhomogeneous equation (8) is given by
=01t 0y,
where y, and y, are solutions of the homogeneous equation and where v,

and o, are found by solving equations (12) and (13) algebraically for v}
and ¢} and then integrating.

Combining the two preceding boxes, one has a recipe for finding the general
solution to the nonhomogeneous equation.

Example 6 (a) Find the general solution of 2y” — 3y’ + y = ¢ + e~ >* using variation of
parameters. (b) Find the general solution of 2y” — 3y’ + y=1/(1 + x%) (ex-
press your answer in terms of integrals).

Solution (a) Here y, =e* and y, = e*/? from Example 1. Thus, equations (12) and (13)
become

vie™ + vpe™/? =0,

’ 1 rx/2 ezx -+ ewzx
vie* + s et/ t=
! 22 2
respectively. Subtracting,

2x —2x
%vée"/2=—-(e +e )’

2
and so
v = __e—x/Z(eZX +e )= —o3%/2 _ p—5%/2.
Similarly,
vj= —e ¥/ ) =e* + e 3%,
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and so integrating, dropping the constants of integration,
v, = — %eSx/Z + %e-Sx/Z,

v =e" —le 3%,

Hence a particular solution is

—  p2% 1,7 2x __2,2% 42,7 2x _1,2x 4 1 ,2x
py=otoypyp=e 3€ se +se 3¢ t e T

and so the general solution is

— x x/2 [ ,2x 1 ,—2x
y=ce*+ et +ze e

The reader can check that the method of undetermined coefficients gives
the same answer.
(b) Here equations (12) and (13) become

vie* + vhe*/? =0,

x/2

N —
—

1
! L% ’
vie” + Zvye

respectively. Solving,

e—x/Z e—x/2
Wy = —— S0 D= —|——5dx
2 1+ x2’ 2 Jl + x?
and
e > e *
[ — 50 0y = | — dx.
N ! Jl + x*

Thus the general solution is

=c, e+ c,e”* + e* e dx — e¥? e dx. A
y=a 2 1+ x2 1+x2

Let us now apply the above method to the problem of forced oscillations.
Imagine that our weight on a spring is subject to a periodic external force
Fycos §2t; the spring equation (6) then becomes

m%= ——kx—-y% + Fycos {21, (14)

A periodic force can be directly applied to our bobbing weight by, for
example, an oscillating magnetic field. In many engineering situations, equa-
tion (14) is used to model the phenomenon of resonance; the response of a
ship to a periodic swell in the ocean and the response of a bridge to the
periodic steps of a marching army are examples of this phenomenon. When
the forcing frequency is close to the natural frequency, large oscillations can
set in—this is resonance.” We shall see this emerge in the subsequent develop-
ment.

Let us first study the case in which there is no damping: y = 0, so that
m(d*x/dt?) + kx = FycosQt. This is called a forced oscillator equation. A
particular solution can be found by trying x, = C cos{t and solving for C. We

find x, =[F,/ m(w? — Q)]cos 2z, where w =vk/m is the frequency of the
unforced oscillator. Thus the general solution is

° For further information on resonance and how it was involved in the Tacoma bridge disaster of
1940, see M. Braun, Differential Equations and their Applications, Second Edition, 1981, Springer-
Verlag, New York, Section 2.6.1.

Copyright 1985 Springer-Verlag. All rights reserved.



Example 7

Solution

Figure 12.74.
x(t) = —cos 3t + cos 2t
= 2sini¢sind¢.

12.7 Second Order Linear Differential Equations 627

Fy

x = A coswt + Bsinwt + > 5
m(w” — 2%

cos ¢,

(15)
where 4 and B are determined by the initial conditions.

Find the solution of d*c/dt* + 9x = 5cos2t with x(0)=0, x'(0) =0, and
sketch its graph.

We try a particular solution of the form x = Ccos2¢; substituting into the
equation gives —4Ccos2t+ 9Ccos2t = 5cos2t, so C must be 1. On the
other hand, the solution of the homogeneous equation d%x/dr* + 9x =0 is
A cos3t + Bsin3t, and therefore the general solution of the given equation is
x(f) = Acos3t + Bsin3t + cos2t. For this solution, x(0)= A4 + 1 and x'(0)
=3B, so if x(0) =0 and x’(0) = 0, we must have 4 = —1 and B = 0. Thus,
our solution is x(¢) = —cos3¢ + cos2t.
To graph this function, we will use the product formula

1[cos(R — S)t —cos(R + S)t].
To recover —cos3¢ + cos2t, we must have R+ S=3 and R— S =2, so
R =3 and § =4. Thus

x(t) = 2sin(3¢)sin( 3 7).

We may think of this as a rapid oscillation, sin3 ¢, with variable ampli-

tude 2sin}s, as illustrated in Fig. 12.7.4. The function is periodic with period

27, with a big peak coming at #, 37, 57, etc., when —cos3¢ and cos2¢ are
simultaneously equal to 1. A

sin Rtsin St =

x x= sm—t

AWAWAETA
[FAVAAVEVAVALVEN

.1
1 x=2sin 2 t
] ] 1 i ] /
T T T T 1 T
T 27 3n 4T t
X x=-—cos 3¢+ cos 2t

ARVRTRIE

If in equation (15), x(0)

x(f) =

= 0 and x’(0) = 0, then we find, as in Example 7, that

W (cos 2t — cos wt)

= m(wsz 92) {sin( (w—zﬂ)t )Hsm((ig—s—z—)—t”
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If w— & is small, then this is the product of a relatively rapidly oscillating
function [sin((w + 2)¢/2)] with a slowly oscillating one [sin((w — £)¢/2)]. The
slowly oscillating function “modulates™ the rapidly oscillating one as shown in
Fig. 12.7.5. The slow rise and fall in the amplitude of the fast oscillation is the
phenomenon of beats. It occurs, for example, when two musical instruments
are played slightly out of tune with one another.

x(0) 2F, o w-Q)1t
o) sin .

I

Figure 12.7.5. Beats.

The function (15) is the solution to equation (14) in the case where y =0
(no damping). The general case (y # 0) is solved similarly. The method of
undetermined coefficients yields a particular solution of the form x
= acost + BsinQ¢, which is then added to the general solution of the
homogeneous equation found by the method of Example 4. We state the result
of such a calculation in the following box and ask the reader to verify it in
Review Exercise 110.

Damped Forced Oscillations

The solution of

d> _ .. _dx
m o kx Y + Fycos §3t
is
4 4 FO
x()y=ce" + ce” + cos(2t — &), (16)

2
mZ(wZ . QZ) + ,Y2w2
where ¢, and ¢, are constants determined by the initial conditions,

w=vk/m, r, and r, are roots of the characteristic equation mr® + yr +
k=0 [if r, is a repeated root, replace c,e”" + c,e”™ by (¢; + c,0)e""],

and
6= ‘an"‘( L )
m(w” — Q%)
m(w? — Q?
cosd = ( ) , sind = 1Al
\/mz(wz _ 92)2 + 4202 \/mz(wz _ 92)2 + 202

In equation (16), as 1 — o0, the solution c,e” + c,e™ tends to zero (if y > 0)
as we have seen. This is called the transient part; the solution thus approaches
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the oscillatory part,
Fq
\/mz(wz . 92)2 + ngz
which oscillates with a modified amplitude at the forcing frequency & and

with the phase shift 8. If we vary w, the amplitude is largest when w = §; this is
the resonance phenomenon.

cos({dt — &),

Example 8 Consider the equation

dx+8@—+25x*2005t
dr? dt

(a) Write down the solution with x(0) =0, x'(0) =
(b) Discuss the behavior of the solution for large ¢.
Solution (a) The characteristic equation is
PE8r+25=0

which has roots r=(—8+y64 —100)/2= —4 +3i. Also, m=1, w=35,
Q=1, Fy=2,and y=28; so
F
> =2 -2 -1 007
\/mz(wz_ @) + 2 576 + 64 /640  4/10

and § = tan~ () = tan " '({) ~ 0.322. The general solution is given by equa-
tion (16); writing sines and cosines in place of the complex exponentials, we
get

_ . 1
x(t)=e ¥(Acos3t+ Bsin3r) +
(1) ( ) 2o

cos(t — 8).
At t =0 we get

0=x(0)= cosd

4/10

Lol 24
410 V640

3.

40 °

so A = — 3. Computing x'(¢) and substituting £ = 0 gives
1

4y10

=4+

sind

0=x'(0)= —44 + 3B +

—44+3B+ 1. 8

10 640

= —44+3B+ L =12 4354 L

40 40 40 -

Thus B = — —30 and our solution becomes

x(t)=— 120 (9coth + 135in37) + 0.079 cos(z — 0.322).

(b) As t— oo the transient part disappears and we get the oscillatory part
0.079 cos(z — 0.322). A
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630 Chapter 12 Infinite Series

Supplement to Section 12.7:
Wronskians

In this section we have shown how to find solutions to equation (1): ay” +
by’ + ¢y = 0; whether the roots of the characteristic equation ar? + br + ¢ =0
are real, complex, or coincident, we found two solutions y, and y,. We then
asserted that the linear combination ¢, y, + ¢, y, represents the general solu-
tion. In this supplement we shall prove this.

Suppose that y; and y, are solutions of equation (1); our goal is to show
that every solution y of equation (1) can be written as y = ¢, y; + ¢, y,. To do
so, we try to find ¢, and ¢, by matching initial conditions at x,:

Y(Xo) = 1 y1(*%0) + €202(X0),
Y'(%0) = €1 ¥1(X0) + 2.05(X0)-

We can solve these equations for ¢; by multiplying the first equation by
y5(xg), the second by y,(x,), and subtracting:

o = Y (Xo)ya(Xo) — ya X0}y’ (o)
' iFoa(xo) — ya(Xopi(xo)

Similarly,

(17a)

_ P(x0)yi(x0) = 71 (x0)¥{x0) (17b)
2= 7 ’ .
Y1(x0)y2(x0) — ¥2(x0)y1(x0)
These are valid as long as y,(xg)y3(xo) — y(x0)y1(xg) 7 0. The expression
W (x) = y1(x)y2(*) = y2X)i(%)- (18)
is called the Wronskian of y, and y, [named after the Polish mathematician
Count Hoéné Wronski.(1778-1853)]. (The expression (18) is a determinant—
see Exercise 43, Section 13.6).
Two solutions y, and y, are said to be a fundamental set if their

Wronskian does not vanish. It is an important fact that W(x) is either
everywhere zero or nowhere zero. To see this, we compute the derivative of W:

W(x) = Yixax) + yi(x)5(x) ] = [ pax)pix) + ya(x)pi (%) ]
= y1(X) ¥5 (%) = pa(x) ¥{(%)-

If y, and y, are solutions, we can substitute —(b/a)y; — (¢/a)y, for y{ and
similarly for yj to get

W)= 7i(3)] = 2 ) = 5 220 | = 10| = LA = 5 )]

= = 21y = om0
Thus
W(x) = — % W (x).

Therefore, from Section 8.2, W(x) = Ke ™®/®* for some constant K. We note
that W is nowhere zero unless K = 0, in which case it is identically zero.

If y, and y, are a fundamental set, then equation (17) makes sense, and so
we can find ¢, and ¢, such that ¢, y, + ¢, y, attains any given initial condi-
tions. Such a specification of initial conditions gives a unique solution and
determines y uniquely; therefore y = ¢, y, + ¢, y,. In fact, the proof of unique-
ness of a solution given its initial conditions also follows fairly easily from
what we have done; see Exercise 46 for a special case and Exercise 47 for the
general case. Thus, in summary, we have proved:
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If y, and y, are a fundamental set of solutions for ay” + by’ + cy = 0, then
y = ¢,y + ¢, p, is the general solution.
To complete the justification of the claims about general solutions made

earlier in this section, we

need only check that in each specific case, the

solutions form a fundamental set. For example, suppose that », and r, are

distinct roots of ar’ + br + ¢ = 0. We know that y, = ¢”* and y, = "

are

solutions. To check that they form a fundamental set, we compute
W(x) = y1(%)y2(%) = ya(X) yi(X)
= e"*. rzerzx — e . rler"‘

= — (ry+r)x
(r2 r,)e .

This is nonzero since r, 7 r, so we have a fundamental set. One can similarly
check the case of a repeated root (Exercise 45).

Exercises for Section 12.7

Find the general solution of the differential equations in
Exercises 1-4.

I. y" —4y"+ 3y =0.
3.3y"~4y'+y=0.

2. 2" —y=0.
4. y"~y =2y =0.

Find the particular solutions of the stated equations in
Exercises 5-8 satisfying the given conditions.

59" =4y +3y=0,y(0)=0,y(0) = 1.
6. 2" =y =0,y()=0,y()=1.
7.3y" =4y +y=0,y0) =1, y'(0) = L.
8.y —y —2y=0,p(1)=0,y(1)=2.

Find the general solution of the differential equations in
Exercises 9-12.

9. " —4y’ + 5y =0
1. y” — 6y’ + 13y = 0.

10. " +2y'+5y=0.
12. y” +2y" + 26y =0.

Find the solution of the equations in Exercises 13-16
satisfying the given conditions.

13. y” — 6y’ +9y =0, y(0) =0, y'(0) = 1.
14. y” — 8y’ + 16y =0, y(0) = =3, y'(0) = 0.
15. y" — 22y +2y=0,y()=0, y(1)= 1.
16. y" =23y +3y=0,p(0) =0, y'(0)= — 1.

In Exercises 17-20 consider a spring with 8, w, x(0),
and x'(0) as given. (a) Determine if the spring is over,
under, or critically damped. (b) Find and sketch the
solution.

17. B=n/16, 0 =7/2, x(0) =0, x'(0) = 1.
18. B=1, w= /8, x(0) = 1, x'(0) = 0.

19. B=1/3, 0= /6, x(0) =0, x'(0) = 1.
20. B =003, 0=7/2, x(0) =1, x'(0) = 1.

In Exercises 21-28, find the general solution to the
given equation (y is a function of x or x is a function of
t as appropriate).

21, y” — 4y’ + 3y = 6x + 10.

22, y" — 4y + 3y =2e™.

23. 3x” —4x'+ x = 2sint.

24, 3x" —4x' + x=e'+e "

25. y" — 4y + 5y = x + x*.

26, y" —4y' +5y=10+e" "

27. y" — 22y’ + 2y = cosx + sinx.
28, y" —2y2y' + 2y =cosx —e %

Copyright 1985 Springer-Verlag.

In Exercises 29-32 find the general solution to the given
equation using the method of variation of parameters.

29. " — 4y’ + 3y =6x+ 10.

30. " — 4y’ + 3y =2e”.

31. 3x" —4x’ + x = 2sint.

32.3x" —4x' + x=e¢' + e ".
In Exercises 33-36 find the general solution to the given
equation. Express your answer in terms of integrals if
necessary.

33. y" —4y' + 3y =tanx.

34,y — 4y + 3y =

x2+2
1
35. 9" -4y’ + S5y = ———— |
Y Yy 1 4 cos®x
36 y" —dy' 45y = —C
A A

In Exercises 37-40, find the solution of the given forced
oscillator equation satisfying the given initial conditions.

37. x” +4x =3 cost, x(0) = 0, x'(0) = 0.

38. x” +9x = 4sin4t, x(0) = 0, x’(0) = 0.

39. x” 4+ 25x =cost, x(0)=0, x'(0) = 1.

40. x" + 25x = cos 6¢, x(0) = 1, x'(0) = 0.
In Exercises 41-44, (a) write down the solution of the
given equation with the stated initial conditions and (b)
discuss the behavior of the solution for large 7.

41. % +4 ‘2_’; +25x =2cos21, x(0)=0, x'(0)=0.
4. ‘3‘72 +2 ‘;_’; +36x =4cos31, x(0)=0, x'(0)=0.
43, ‘;—;‘ + id)ti +4x = cost, x(0) = 1, x'(0) = 0.

44. ‘_:;_’2‘ +2 % +9x = cos 41, x(0) = 1, x(0) = 0.

45. If r, is a repeated root of the characteristic

equation, use the Supplement to this section to
show that y; = ¢"* and y, = xe”™* form a funda-
mental set and hence conclude that y = ¢, y; +
¢, y, is the general solution to equation (1).
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#46. Suppose that in (1), @ > 0 and b — 4ac < 0. If y *49. (a) Show that the basic facts about Wronskians,
satisfies equation (1), prove w(x) = e(®/ 20)%,(x) fundamental sets, and general solutions proved
satisfies w” + [(dac — b?)/4a’]w = 0, which is a in the Supplement also apply to the equation in
spring equation. Use this observation to do the Exercise 48(a).
following. (b) Show that the solutions of Euler’s equations
(a) Derive the general form of the solution to found in Exercises 48(b) and 48(c) form a funda-

equation (1) if the roots are complex. mental set. Write down the general solution in
(b) Use existence and uniqueness results for the each case.

spring equation proved in Section 8.1 to *50. (a) Generalize the method of variation of param-

prove corresponding results for equation (1) eters to the equation a(x)y” + b(x)y’ + c(x)y

if the roots are complex. = F(x).

*47. If we know that equation (1) admits a fundamen- (b) Find the general solution to the equation
tal set y;, y,, show uniqueness of solutions to x%” + 5xy’ + 3y = xe* (see Exercise 48; express
equation (1) with given values of y(xg) and y(xo) your answer in terms of integrals if necessary).
as follows. #51. In Fig. 12.7.1, consider the motion relative to an
(a) Demonstrate that it is enough to show that arbitrarily placed x axis pointing downward.

if y(xo) = 0 and y'(xo) = 0, then y(x) =0. (a) Taking all forces, including the constant force
(b) Use facts above the Wronskian proved in g of gravity into account, show that the equation
the Supplement in order to show that of motion is
y(x)p1(x) = y'(x)yi(x) = 0 and that & &
y(xpa(x) = y(x)yax) = 0. m—s=-k(y-y)tg—v4,
(c) Solve the equations in (b) to show that y(x) dt
= 0. where y, is the equilibrium position of the spring
%48. (a) Generalize the method of reduction of order in the absence of the mass.
so it applies to the differential equation (b) Make a change of variables x =y + ¢ to
a(x)y” + b(x)y’ + c(x)y =0, a(x)+#0. reduce this equation to equation (6).
Thus, given one solution, develop a method #52. Show that solutions of equation (15) exhibit
for finding a second one. beats, without assuming that x(0) = 0 and x'(0)
(b) Show that x” is a solution of Euler’s equa- = 0.
tion x3” + axy’ + By =0if r* + (a — )r + #53. Find the general solution of y”” 4+ y = 0.
B=0. *54. Find the general solution of y”” — y = 0.
(¢) Use (a) to show that if (a — 1)? =48, then *55. Find the general solution of y"’ + y = e,

(Inx)x!~*/2 is a second solution. #56. Find the general solution of y”” — y = cos x.

12.8 Series Solutions
of Differential Equations

Power series solutions of differential equations can often be found by the method
of undetermined coefficients.

Many differential equations cannot be solved by means of explicit formulas.
One way of attacking such equations is by the numerical methods discussed in
Section 8.5. In this section, we show how to use infinite series in a systematic
way for solving differential equations.

Many equations arising in engineering and mathematical physics can be
treated by this method. We shall concentrate on equations of the form
a(x)y” + b(x)y’ + c¢(x)y = f(x), which are similar to equation (1) in Section
12.7, except that a, b, and ¢ are now functions of x rather than constants. The
basic idea in the power series method is to consider the a’s in a sum
y =% a;x" as undetermined coefficients and to solve for them in successive
order.
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Solution
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Find a power series solution of y” + xy" + y = 0.

If a solution has a convergent series of the form y = g, + a;x + a,x* + - - -
= >% ,a;x‘, we may use the results of Section 12.4 to write

00
Y =a, +2ax+ 3axt+ - = 2 iax~! and
i=1
iad .
P =2a,+6ayx + 12ax6* + - = (i~ Dax'2.
i=2
Therefore

oo [e o] o0
Y xy +y =i — Dax' 7+ Diax'+ > ax'=0.
i=2 i=1 i=0
In performing manipulations with series, it is important to keep careful track

of the summation index; writing out the first few terms explicitly usually
helps. Thus,

y//+xy/+y
=(2a2+6a3x+12a4x2+ ~--)+(alx+2a2x2+ w0
+(ag+ ax +ax®+ ).

To write this in summation notation, we shift the summation index so all x’s
appear with the same exponent:

0 [e ] o0
Y xy =S (i +2)(i+ Dax'+ D igx’+ D ax'=0.
i=0 i=1 i=0
(Check the first few terms from the explicit expression.) Now we set the
coefficient of each x' equal to zero in an effort to determine the a;. The first
two conditions are

2a,+ a;=0 (constant term),
6a;+2a,=0 (coefficient of x).
Note that this determines a, and a, in terms of a, and a;: a,= — 1a,,
a;= —La,. For i > 1, equating the coefficient of x' to zero gives

(i +2)(i + D)ay,+ (i + 1)a, =0

or
a;, ,= — 1 a, .
1+2 (l+2)’
Thus,
1 1
az_"jao a3=_§al
1 1 1 1
a4——Za2=ma0 a5———5—a3=5—3a1
=1, __1 =1, - _-1
%= " W= T ga.3% HTTFBTTE53Y
Hence
(-1

Y= I an-2)-(2n—4)...4-27
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634 Chapter 12 Infinite Series

_ -y
2...2:n(n—1y...2-1 07 om0

and
(-1 (—1)"2"!
Gt T G 2n—D2n—3)...5-31" @n+ D)

a .
Thus, we get (using 0! = 1),
_ < i x* D, gy il xEH
Y= ao(igo( 1) 2ii! ) + al(igo( 1) (2i+ 1)! * (1)

What we have shown so far is that any convergent series solution must be of
the form of equation (1). To show that equation (1) really is a solution, we
must show that the given series converges; but this convergence follows from
the ratio test. A

The constants a, and @, found in Example 1 are arbitrary and play the same
role as the two arbitrary constants we found for the solutions of constant
coefficient equations in the preceding section.

Example 2 Find the first four nonzero terms in the power series solution of y” + x% =0
satisfying y(0) =0, y'(0) = L.

Solution Let y = ay+ a;x + a,x* + - - - . The initial conditions y(0) = 0 and y(0) =1
can be put in immediately if we set qy=0 and ¢, =1, so that y=x+
a,x*+ - - - . Then

Y =2a,+3-2a,x +4-3a,x*+5-dasx®+ - + (i+ Dig x4 -
and so
y=x +ax*+tax’+ - +a_ x4+

Setting y” + x% = 0 gives

a,=0 (constant term),

a;=0 (coefficient of x),

a; = (coefficient of x%),

as= — ?171_ (coefficient of x?),
ag=0=a,=ay (coefficients of x4,x5,x6),

1 - 1
9.8%79.8-5-4
Thus, the first four nonzero terms are

y=x—5¥4x5+

(coefficient of x), etc.

ag =

1 9 1 By, ..
9854 13.12.9.854° T -

[The recursion relation is

- _ 1
A1 = l(l + l) a; 3

and the general term is

1 4j+1

Y @ @y, 98 354"

The ratio test shows that this series converges.] A
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Example 3 (Legendre’s equation)'® Find the recursion relation and the first few terms
for the solution of (1 — x%)y” — 2xy’ + Ay = 0 as a power series.

Solution We write y = 3% oa;x" and get

y=agt+ax+ayxi+ - daxtt o,
y'=a,+2a2x+3a3x2+ e tiagx T 4

—2xy' = —2a;x —2-2a,x* —2-3ax> — - -+ —2igx'— - -,
24 1 2 3 i

Y =2a,+3 2ax +4-3ax>+ - (i = Dax TP+ -
—xY" = —2a,x*> —3-2a;x> — -+ - —i(i— Dax'— -
Thus, setting (1 — x%)y” — 2xy’ + Ay = 0 gives
2a, + Aay =0 (constant term),
3-2a,—2a,+Aa; =0 (coefficient of x),
4-3a,—2a,—4a,+Na,=0  (coefficient of x?),

5-4a,—3-2a;—2-3a;+Aa; =0  (coefficient of x?),

Solving,
az“_%am ‘13_231—2}\“1’
_6-=A _ _6—-AA
W= L3 MRT T g 2%
_12-N_ _12-A 2-=A
as 5.2 as 5.4 3'?‘a],etc.

Thus, the solution is

1_>\ 2 (6._>\) 4+...)

L 12-NE-N)
t 5132 x+"')'

The recursion relation comes from setting the coefficient of x' equal to zero:
(i +2)(i+ Dayy— i(i — Da; — 2ia; + Aa; = 0,
$0
i(i+1)—A

From the ratio test one sees that the series solution has a radius of conver-
gence of at least 1. It is exactly 1 unless there is a nonnegative integer n such
that A = n(n + 1), in which case the series can terminate: if » is even, set
a; =0; if n is odd, set a; = 0. Then the solution is a polynomial of degree n

called Legendre’s polynomial; it is denoted P,(x). The constant is fixed by
demanding P,(1)=1. A

10 This equation occurs in the study of wave phenomena and quantum mechanics using spherical
coordinates (see Section 14.5).
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Example 4 (Hermite’s equation)'' Find the recursion relation and the first few terms for
the solution of y” — 2xy” + Ay = 0 as a power series.
Solution Again write y = g+ a,x + a,x*+ -+ + agx'+ -+, 50
Ay =Agg+Aa;x +Aa,xt+ - - +Agx
—2xy' = —2a;x —4a,x* — 2 -3ayx* — -+ = 2igx'— -+,
and
Y =2ay,+3-2a;x +4-3a,x"+ - - +i(i— DaxT 4 -
Setting the coefficients of powers of x to zero in y” —2xy’ + y = 0, we get
2a, +Aay=0 (constant term),
3-2a;~2a,4+Aa; =0 (coefficient of x),
4-3a,—4a,+Aa, =0 (coefficient of x?),
and in general
(i +2)(i + V)a,,, — 2ia, + Aa, = 0.

Thus
a2=~%a0, a3=?§__-2>‘a,,
_ A4 —2X)
=4-A, "0
G=g3 " 4-3.2 %
and in general,
— 20— A
A TR YR N
Thus
6—A 6-M2-))
B=TTg BT 5! @
etc., and so
4 —A)A 8 —A)4— MDA
y__.ao(l__%xz_( 4') x4_( )6(' ) x6—-~)

+“’(" 3 51 7

This series converges for all x. If A is an even integer, one of the series,
depending on whether or not A is a multiple of 4, terminates, and so we get a
polynomial solution (called a Hermite polynomial). A

Sometimes the power series method runs into trouble—it may lead to only one
solution, or the solution may not converge (see below and Exercise 23 for
examples). To motivate the method that follows, which is due to Georg
Frobenius (1849-1917), we consider Euler’s equation:

xy” + axy’ + By =0.

Here we could try y = ag+ a,x + a,x* + - - - as before, but as we will now
show, this leads nowhere. To be specific, we choose a = 8 = 1. Write

! This equation arises in the quantum mechanics of a harmonic oscillator.
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y=a0‘+a‘x+a2x2+a3x3+ sk,
Xy =a;x +2a,x* +3a, x>+ - - -,
and
Xy =2a,x*+3 2a x>+ -+ - .
Setting x%” + xy’ + y =0, we get
as=0\  (constant term),

2a,=0 (coefficient of x),
5a,=0 (coefficient of x?),
10a;=0  (coefficient of x°), etc.,

and so all of the a,’s are zero and we get only a trivial solution.

The difficulty can be traced to the fact that the coefficient of y” vanishes
at the point x = 0 about which we are expanding our solution. One can,
however, try to find a solution of the form x”. Letting y = x’, where r need
not be an integer, we get

r—1

Yy =1rx so axy = arx’

and
y'=r(r- l)x’_2 SO xﬁz” =r(r—1)x".
Thus, Euler’s equation is satisfied if
r(r—=)+ar+ =0

which is a quadratic equation for r with, in general, two solutions. (See
Exercise 48 of Section 12.7 for the case when the roots are coincident.)

Frobenius’ idea is that, by analogy with the Euler equation, we should
look for solutions of the form y = x"3 % oa,x’ whenever the coefficient of y”
in a second-order equation vanishes at x = 0. Of course, r is generally not an
integer; otherwise we would be dealing with ordinary power series.

Example 5 Find the first few terms in the general solution of 4xy” — 2y’ + y = 0 using
the Frobenius method.

Solution We write
y=ayx " +ax"+ax 4
s0 —2y'= —2ragx” "' =2(r+ Dax" —2(r+2)a,x"*"'— ... and
dxy” =4r(r— Dagx"™ '+ 4(r + Drayx" + 4(r + 2)(r + Dayx™ '+ -+ -
Thus to make 4xy” — 2y’ + y = 0, we set
ag[4r(r—1)—2r] =0  (coefficient of x"~").

If a, is to be allowed to be nonzero (which we desire, to avoid the difficulty
encountered in our discussion of Euler’s equation), we set 4r(r — 1) — 2r = 0.
Thus r(4r — 6) =0, so r = 0 or r = 3. First, we take the case r = 0:

y=ag+ax+ax*+axd+ .-,
—2y'=—2a;,-2-2a,x —3-2a;x*— - - -,

4xy" =4-2a,x +4-6a, x> +4- Rax>+ - - -.
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Then 4xy” — 2y’ + y = 0 gives
ay—2a,=0 (constant term),
4-2a,—2-2a,+a, =0 (coefficient of x),
4-6a;—3-2a;+a,=0  (coefficient of x*);
soa, =1lay,a,=—%a;=—1lay,and a3 = — §a, =z a,.
Thus
y=ag(l+3x—1x>+ x> — ).
For the case r = 3, we have
y=agx*+ax*?+ ax"?+a3? 4 - - -,
2y = —3apx"/? = 5a,x*? = Tayx*/* = 9ax* — - - -,
and
4xy” =3apx'/2+ 530,32+ 750,57+ 9 Tayx >+ - - -
Equating coefficients of 4x” — 2y’ + y = 0 to zero gives
3a,—3ay,=0  (coefficient of x'/?),
5-3a,—5a,+a,=0  (coefficient of x*/?),
7-5a,—Ta,+a, =0  (coefficient of x*/?),

9-7a;—9a;+a,=0  (coefficient of x/?);

$0
R U N B
! 1070 "2 28 2807
and
. R N
3 54 280-547°°
Thus
= sa_ L ospy 1 a1 9/2 )
y= a5 = 5 g X = g ).
The general solution is a linear combination of the two we have found:
1
y=cl(l+%x—%x2+mx3— )
y2_ 1 sy 1y )
+c2(x 10x + 28Ox . A

The equation that determines r, obtained by setting the coefficient of the
lowest power of x in the equation to zero, is called the indicial equation.

The Frobenius method requires modification in two cases. First of all, if
the indicial equation has a repeated root r,, then there is one solution of the
form y,(x) = agx™ + a,x"*'+ ... and there is a second of the form y,(x)
= y,(xX)Inx + box" + b;x"*' + ... This second solution can also be found
by the method of reduction of order. (See Exercise 48, Section 12.7.) Second, if
the roots of the indicial equation differ by an integer, the method may again
lead to problems: one may or may not be able to find a genuinely new
solution. If , = r; + N, then the second series box" + b;x"2*' + - - - is of the
same form, agx” + a,x"*'+ - - -, with the first N coefficients set equal to
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zero. Thus it would require very special circumstances to obtain a second
solution this way. (If the method fails, one can use reduction of order, but this
may lead to a complicated computation).

We conclude with an example where the roots of the indicial equation
differ by an integer.

Example 6 Find the general solution of Bessel’s equation'? x%” + xy’ + (x* — k%)y =0
with k=1

Solution We try y = x" 372 ,a;x'. Then
o0
= 2 a_xi+r
1

x?y 1+r+2 Za

il
.MS

1=0
o)
y = Z(z+r)ax‘+’_1 Z (i+r+Dax™
i=0 i=—1
o0
xy' = > (i+r)ax™’

~

&\
I
Ms 2

i
1
[N

(i+r+D)(i+r+2)a.,,x™"
and
Xy =S (i+r=1)({i+nax™’
i=0

Setting the coefficient of x” in x%” + xy’ + (x* — k?)y = 0 equal to zero, we

get

0= (r— Dray+ ray— ;ao,
so the indicial equation is 0=(r—Dr+r—1 = r* — L, the roots of which
are r, = — 4 and r, = {, which differ by the integer 1.

r+1

Setting the coefficient of x"*' equal to zero gives

0=r(r+a, + (r+ a; — ;a4 =[(r+ 1)2—%101,
and the general recursion relation arising from the coefficient of x*r iz 2, is
O=r(r+i)a+(r+ia—4a+a_,=((r+ iy — ai+a_s

Let us work first with the root r, = — 1. Since — 1 and + } are both roots of
the indicial equation, the coefficients a, and a, are arbitrary. The recursion
relation is

42 ) q;

i—-2

(—1/2+ip—1/a  2—i i(i-1)
for i = 2. Thus

i

_ % __ % _ 4o
Q=T MT T3 i1
_ 4 G _ao(_l)k
WSTEET e T TRy

12 This equation was extensively studied by F. W. Bessel (1784-1846), who inaugurated modern
practical astronomy at Konigsberg Observatory.
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Similarly
LG L ® @ w = LD
BTT3n BTTE TS e Tk
Our general solution is then
2 4 6 3 5
—-1/2 X X X 4. X X L.
x ["0(1 nram Tt )“"(x 3T T ”

which we recognize to be ay(cosx)/vVx +a(sinx)/Vx .
Notice that in this case we have found the general solution from just one
root of the indicial equation. A

Exercises for Section 12.8

In Exercises 1-4, find solutions of the given equation in
the form of power series: y = 1% ga;x .

L. y" —xy' —y=0. 2. y"=2xy' =2y =0.

3.y"+2xy'=0. 4. y" + xy’'=0.

In Exercises 5-8, find the first three nonzero terms in
the power series solution satisfying the given equation
and initial conditions.

5. 9" +2xy =0, y(0)=0,y'(0)=1.

6. " +2xY =0, p(0) =1, y'(0) = 0.

7. 9" +2xy"+y=0, p(0)=0, y'(0) = 2.

8. y"—2xy'+y=0,y(0)=0,y'(0)=1.

9. Airy’s equation is y” = xy. Find the first few
terms and the recursion relation for a power
series solution.

10. Tchebycheff’s equation is (1 — x2)y" — xy' + o2y
= 0. Find the first few terms and the recursion
relation for a power series solution. What hap-
pens if @ = n is an integer?

In Exercises 11-14, use the Frobenius method to find
the first few terms in the general solution of the given
equation.

1. 3xy" —y'+ y=0.

12. 2xp”" + 2= x)y' — y=0.

13. 3x%” +2xy' + y = 0.

14. 2x51” —2xy'+y=0.

15. Consider Bessel’s equation of order k, namely,
xﬁ)” + xy’ + (x? - kz)y = (),

(a) Find the first few terms of a solution of the
form J,(x) = agx* + ax 1+ .. ..
(b) Find a second solution if & is not an integer.

Copyright 1985 Springer-Verlag.

16. Laguerre functions are solutions of the equation
xp” + (1= x)y +Ay=0.
(a) Find a power series solution by the Fro-
benius method.
(b) Show that there is a polynomial solution if A
is an integer.
17. Verify that the power series solutions of y” + w’y
= 0 are just y = 4 coswx + Bsinwx.

*18. Find the first few terms of the general solution
for Bessel’s equation of order 3.

#19. (a) Verify that the solution of Legendre’s equa-
tion does not converge for all x unless A=
n(n + 1) for some nonnegative integer n.

(b) Compute P(x), Py(x), and P4(x).

%20. Use Wronskians and Exercise 49 of Section 12.7
to show that the solution found in Example 1 is
the general solution.

*21. Use Wronskians and Exercise 49 of Section 12.7
to show that the solution found in Example 3 is
the general solution.

*22. Prove that the Legendre polynomials are given by
Rodrigues’ formula:

_ 1 d" , 2
P.(x)= 5ol 2 (x*-1.
*23. (2) Solve x% + (x — Dy—1=0, y(0)=1 as a

power series to obtain y = >n!x”", which con-
verges only at x = 0. (b) Show that the solution is

-1/x 1/x
_ e e
r= X f X dx

Hink: Show thek the &"Ls\\‘\'\\o.nd sude

- ?ei\:’z\ow&.n\, whhose cock§icrients
5&‘\:\3{3 ’“‘\é.
s P

same cecwEsion relation

All rights reserved.
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Review Exercises for Chapter 12

In Exercises 1-8, test the given series for convergence.
If it can be summed using a geometric series, do so.

1. _ 2. _
2:1 (12) 1;1 100(l+1)
sl 3i+l

3. : 4 38
i=1 57! 19

1 1 I

5. — + =+ =+

1+2+ 3 + 7 e
1 1 1

6. 100+§+¥+§§+
e 9 6

> 10+ 11§ 2 7+ 8i

i=1 i=1

In Exercises 9-24, test the given series for convergence.

0 o 4"

_ —n 0. > 4+
> 20 2 @D
(o] oc
n. s kL 12. 2n
k=1 3k n=1 n+3
2 (=1)'n © 2
13. 14.
ngl 3" n§=:l n+3
S 12n 0 —1 J;
i5. 3 ¢ ) 16. 2(2)/
n=1 7 j=0 j°+8
[oe] 2,,2 o0 i
17. = 18.
n§=:l n! 1§| P+8
o] oc
19. 3 ne™ 20. > e
n=l n=1 n2— sin’99n
< 1 < (1 1 )
21. 22. -
n§2 (Inn)™" ngl rn
& n 24 § n?
23. — .
E, (n+ D! = (n+ D

Sum the series in Exercises 25-32 to within 0.05.

25 1—L 44— +
2. 1243 —L45— -

© -1 s -1 n
z s & s 3 DT
i=12+3 ne1 6n%—1
20 3 1on 0. 30
‘ 3n 1
n=1 n=1
31 i cosn 32 § cosn
Zint i A

Tell whether each of the statements in Exercise 3346 is
true or false. Justify your answer.

33. If @, >0, then > a, converges

34. Every geometric series >.52 7' converges.

35. Convergence or divergence of any series may be

determined by the ratio test.
36. 2, 1/20=1.
37. ¥ =1+2x+ X2+ x*/3+ - - -.

38. If a series converges, it must also converge
absolutely.

39. The error made in approximating a convergent
series by a partial sum is no greater than the
first term omitted.

40. cosx = S°_o( — Dfx?k /(2K

41. If 372 ,a4; and T F_ob, are both convergent,
then 335214, + BX-obe = bo + Z721(4; + b).

42. ](— 1] 3 /(i + 2)] converges conditionally.

43. The convergence of 3'%°_,a, implies the conver-
gence of 7 (a, + a,41)-

44. The convergence of X7
the convergence of 370 ,a,.

45. The convergence of 3 %.,(|a,| + |b,|) implies
the convergence of 3 %.|a,|-

46. The convergence of 3%_,a, implies the conver-

gence of S%_,a2.

_(a, + a,,,) implies

47. If 0 < a, < ar”, r < 1, show that the error in
approximating 2,=,ai by 3Vi. 1« is less than or
equal to ar"*' /(1 = r).
48. Determine how many terms are needed to com-
pute the sum of 1+ r+ r*+ --- with error
less than 0.01 when (a) r = 0.5 and (b) r = 0.09.
Find the sums of the series in Exercises 49-52.

49. 3% ,1/9”

50. 7., m [Hint: Use partial fractions.]
51 3% (n—TZIT [Hint: Write the numerator as
n+1-1.]
1 + n . . .
52. D1 [Hint: Differentiate a certain

power serles.]
Find the radius of convergence of the series in Exercises
53-58.
x> x* x®
53. 1— 37 + AT +
54 1+ 3x+5x2+7x>+ - - -

S X" (x—1/2)"
> nZO (3’1)' > nZO (n+ l)'
z (=D .
57. P g ”_'

Find the Maclaurin series for the functions in Exercises
59-66.
59. f(x) = cos3x + e**

1
60. g(x) =
5() 1—x3

62. g(x)= 1

1-x

61. f(x)=In(1 + x*

4
63 = 4 (sinx—

.f(x)—a;(smx X)
-1
t

d? 2
64. g(k) = — (cosk
g(k) dkz( )

65. f(x)= fo x dt 66. g(y) = fo Ysin 2 dt

Copyright 1985 Springer-Verlag. All rights reserved.
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Find the Taylor expansion of each function in Exercises
67-70 about the indicated point, and find the radius of
convergence.
67. e* about x =2 68. 1/x about x =1
69. x*/% about x = 1 70. cos(wx) about x = 1
Find the limits in Exercises 71-74 using series methods.

71. lim 108X

x>0 x
: 3,2
72. lim[6 SIL7X _ 6m — mx ]
x—-)O[ x5 x4 ]
1+ x)s/2 -(1- x)3/2
73. lim .
x>0 x:Z

(x=m  (x-m'

2 24 b
In Exercises 75-78 find the real part, the imaginary
part, the complex conjugate, and the absolute value of
the given complex number.

74. Hm [l 4+ cosx —
X=>q

75. 3+ 7i 76. 2 — 10i
7. 2= 78. Q+1)/2 - i)

In Exercises 79-82, plot the given complex numbers,

indicating r and 8 on your diagram, and write them in

polar form z = re®.

79.1—i 80. 1
81. je™/? 82. (1 + i)e™/*
83. Solve for z: z2 — 2z + @i = 0.

84. Solve for z: z8 =5 + 3i.
Find the general solution of the differential equations in
Exercises 85-96.
85. y"+4y=0 86. y" —4y =0
87. y"+6y'+5r=0 88. y"—6y'—2y=0
89. y”" +3y' — 10y = e* + cosx

I+

90. y" -2y’ =3y = x2 +sinx
9l y" —6y' +9y = cos(i)

2
92. y” — 10y + 25 = cos(2x)
93. y" +4y = . (Express your answer in

Vx2+1
terms of integrals.)

sin x
. (Express your an-

94, y" — 3y — 3y =
\/cosix +1
swer in terms of integrals.)
95. y" +2y" +2y'=0
96. y"" —3y" +3y'—y=e*
In Exercises 97-100, identify the equation as a spring
equation and describe the limiting behavior as ¢ co.
97. x" +9x + x’ = cos2t.
98. x” + 9x + 0.001x’ = sin(507).
99. x” 4+ 25x + 6x' = cos(wt).
100. x” + 25x + 0.001x’ = cos(6077).
In Exercises 101-104, find the first few terms of the
general solution as a power series in x.
101. y" +2xy =0
102. y” — (4sinx)y =0
103, y” —2x%" +2y =0
104. y" +y' +xy=0

Copyright 1985 Springer-Verlag

Find the first few terms in an appropriate series for at
least one solution of the equations in Exercises 105-
108.

105. 5x%" + y' +y=0.

106. xy” + y' — 4y =0.

107. Bessel’s equation with k = 1.

108. Legendre’s equation with A = 3.

B109. The current I in the electric circuit shown in
Figure 12.R.1 satisfies

di dl , 1 _dE
L&~ it R
2 T REteT @

where E is the applied voltage and L, R, C are

constants.
L
~ UL
R -_==C
(7 F.lgur.e 12.R.1. An electric
o/ circuit.

(a) Find the values of m,k,y that make this
equation a damped spring equation.

(b) Find I(¢) if 1(0)=0, I'0) =0 and L =5,
C=0.1, R =100, and E = 2 cos(607?).

110. Verify formula (16) in Section 12.7.

111. Verify that 3% ox*1 + x%)~" is a convergent
geometric series for x = 0 with sum 1+ x2 It
also converges to 0 when x = 0. (This shows
that the sum of an infinite series of continuous
terms need not be continuous.)

112. A beam of length L feet supported at its ends
carries a concentrated load of P lbs at its cen-
ter. The maximum deflection D of the beam
from equilibrium is

p=2LP S [sin(nm /2)|
Elz* n=1 nt '

(@) Use the formula 3% (1/7% = 7*/90 to
show that

2 = (3:)(%)

[Hint: Factor out 274
(b) Show that

éo (2k11)4=(i_2)(g_;);

hence D = (1/48)(L°P/EI). [Hint: A se-
ries is the sum of its even and odd terms.]

(c) Use the first two nonzero terms in the
series for D to obtain a simpler formula for
D. Show that this result differs at most by
0.23% from the theoretical value.

. All rights reserved.



113.

114.

115.

B 116.

B117.

The deflection y(x,f) of a string from its
straight profile at time ¢, measured vertically at
location x along the string, 0 < x < L, is

el : X nact
y(x,0) = n§] A,,sm( I )cos( 5 )
where 4,,, L and ¢ are constants.
(a) Explain what this equation means in terms
of limits of partial sums for x, ¢ fixed.
(b) Initially (at #=0), the deflection of the
string is
[o o]
: nTX
’EI A,,sm( 5 )
Find the deflection value as an infinite
series at the midpoint x = L /2.
In the study of saturation of a two-phase motor
servo, an engineer starts with a transfer function
equation V(s)/ E(s) = K/(1 + s7), then goes to
the first-order approximation V(s)/E(s)=
K(1 — s7), from which he obtains an approxi-
mate equation for the saturation dividing line.
(a) Show that 1/(1 4+ s7)=3%_o(—s7)", by
appeal to the theory of geometric series.
Which values of st are allowed?
(b) Discuss the replacement of 1/(1+ s1) by
1 — s7; include an error estimate in terms
of the value of s.
Find the area bounded by the curves xp = sin x,
x=1, x=2, y=0. Make use of the Taylor
expansion of sin x.
A wire of length L inches and weight w
lbs/inch, clamped at its lower end at a small
angle tan™'P; to the vertical, deflects y(x) in-
ches due to bending. The displacement y(L) at
the upper end is given by

2Py [5u(az)dz
3LY3 u(al®?)

where a = 2yW/EI, and

— o0
az—\/3 2k, 2k

Y a“z
2 ;Zo( ) 2K T(k +2/3)

u(az) =

The values of the gamma function T may be
found in a mathematical table or on some cal-
culators as I'(x) = (x — 1)! [I'(3) = 1.3541, T'(3)
=0.9027, T(§) = 1.5046, T'(})=4.0122]. The
function u is the Bessel function of order — §.
(a) Find the smallest positive root of u(az) =0
by using the first four terms of the series.
(b) Evaluate y(L) approximately by using the
first four terms of the series.
(@) Use a power series for I+ x to calculate
\/3_/7 correct to 0.01. (b) Use the result of part

(a) to calculate 5. How accurate is your an-
swer?

118.

119.

120.

121.

*122.

*123,

Review Exercises for Chapter 12 643
In each of the following, evaluate the indicated
derivative:
(@) fU2(0), where f(x) = x/(1 + x?);
(b) fU9, where f(x) = x%**1.
Let
z 2, Bs 3
- =1+B,z+——'z+?z 4o
e’ — ! !
Determine the numbers B,, B,, and B;. (The B;
are known as the Bernoulli numbers.)
Show in the following two ways that 3\%_ na”
=a/(1 — a)*for ja| < 1.
(a) Consider

S,=a+2a*+3a*+ -+ + na",

B,
2

aS,=a’+2a*+ -+ +(n—Da" + na"*!
and subtract.

(b) Differentiate Y 5°_oa” = 1/(1 — a) with re-
spect to a, and then subtract your answer
from 3%_qa" =1/(1 — a).

In highway engineering, a transitional spiral is
defined to be a curve whose curvature varies
directly as the arc length. Assume this curve
starts at (0,0) as the continuation of a road
coincident with the negative x axis. Then the
parametric equations of the spiral are

k[Te0st g o [Peind g
b V8 b

(a) By means of infinite series methods, find
the ratio x/y for ¢ = w /4.

(b) Try to graph the transitional spiral for
k =1, using accurate graphs of (cos#)/yd,
(sinf)/y@ and the area interpretation of
the integral.

The free vibrations of an elastic circular mem-

brane can be described by infinite series, the

terms of which involve trigonometric functions
and Bessel functions. The series

fore) _ i

2 ( l) (x /2)n+2i

=0 iH(n+ i)

X =

is called the Bessel Function J,(x); n is an

integer > 0.

(a) Establish convergence by the ratio test.

(b) The frequencies of oscillation of the circu-
lar membrane are essentially solutions of
the equation J,(x) = 0, x > 0. Examine the
equation Jy(x) =0, and see if you can ex-
plain why J(2.404) = 0 is possible.

(c) Check that J, satisfies Bessel’s equation
(Example 6, Section 12.8).

Show that g defined by g(x) = e~/ if x£0

and g(0)=0 is infinitely differentiable and

g2(0) =0 for all i. [Hint: Use the definition of
the derivative and the following lemma prov-
able by ’'Hépital’s rule: if P(x) is any polyno-

mial, then lim, ,oP(x)g(x) = 0.]
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*124.

*125.

*126.

*127.

Chapter 12 Infinite Series

Let f(x) = (1 + x)*, where a is a real number.

Show by an induction argument that f)(x)

=a(a—1...(a—i+ 1D+ x)*"% and

hence show that (1 + x)“ is analytic for |x| < 1.

True or false: The convergence of > 5. ,a? and

S'%_,b2 implies absolute convergence of

z;l.o= lanbn .

(a) Show that if the radius of convergence of

>S%-1a,x” is R, then the radius of conver-

gence of 3%_,a,x*" is yR .

(b) Find the radius of convergence of the series

o o(m/4)'x".

Let f(x) = 3% oa;x’ and g(x) = f(x)/(1 — x).

(a) By multiplying the power series for f(x)
and 1/(1 — x), show that g(x) = 3% ob;x’,
where b; = a5+ - - - + q; is the ith partial
sum of the series > {2 ¢a;.

(b) Suppose that the radius of convergence of
f(x) is greater than 1 and that f(1)=0.
Show that lim;_, . b; exists and is not equal
to zero. What does this tell you about the

*128.

*129.

radius of convergence of g(x)?

(¢) Let e*/(1 —x)=3%ob;x'. What is
lim;_, .b;?

(a) Find the second-order approximation at
T =0 to the day-length function S (see the
supplement to Chapter 5) for latitude 38°
and your own latitude.

(b) How many minutes earlier (compared with
T = 0) does the sun set when T =1, 2, 10,
30?

(¢) Compare the results in part (b) with those
obtained from the exact formula and with
listings in your local newspaper.

(d) For how many days before and after June
21 is the second-order approximation cor-
rect to within 1 minute? Within 5 minutes?

Prove that e is irrational, as follows: if e = a/b

for some integers a and b, let kX > b and let

a=kl(e—2—4% —4 — -+ —4). Show that

a is an integer and that a < 1/k to derive a

contradiction.
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Chapter 7 Answers

7.1 Calculating Integrals

41.

43.
45,

47.
49.
51.
53.
55.

61.

63.

- Copyright 1985 Springer-Verlag.

XX 12x2+ C
e+ x2+ C
. —(cos2x)/2+3x%/2+ C

—e * 4+ 2sinx +5x*/3+ C

. 1

. 1084/9 11. 105/2
. 844/5 15. 1/12
.0 19. 6
. 3w/4 23, 7 /12
. (8= &%) /3+312°°-1/5
. In5 31. 4In2 +61/24
. 400 35. 116/15
.(b) e —e+3
. (a) 11
(b) —8
(c) Note that [ f(f)dt is negative
—2te" + sin 5¢*
3
(a) 0
(b)5/6
© —-Cosx if 0<x<2
cos(2) —2cosx if 2<x<aw
V4
1.584
0.416 - L

2 +tan~'2 - Lin5
16.4

(1/2)e* - 1)

16/3 — o

.7 /4
. (a) Differentiate the right-hand side.

(b) Integrate both sides of the identity.

©1/8

Use the fact that tan~'a and tan~'p lie in the
interval (—w/2,7/2)

16,000,014 meters

65. (a) Evaluate the integral.
(b) A = $45231.46

67. (2) R(7) = 2000e‘/? — 2000, C(f) = 1000z — ¢*
(b) $57,279.90

69. 1+ In(2) — In(1 + €) =~ 0.380

7.2 Integration by Substitution

L2+ 4+ C

. =148+ 4y - D+ C
. —1/2tan®¥ + C

. sin(x? +2x)/2+ C
.+ 12 24+ C

1. =33+ 1)~V22+ C
13. —cos*(r®)/4+ C

15. tan~'(x%/4+ C

17. —cos(8+4+ C

19. (x°+ x)"°' /101 + C

21, 2 +2t+3 +C

23. (2 + 1?3+ C

25. sinf —sin*9/3 + C

27. Injlnx|+ C

29. 2sin"'(x/2) + x4 — x* /24 C
31. In(1 +sinf)+ C

33. —cos(lnt)+ C

35. =33+ 1/x)*3/4+ C

37. (sin%)/2 + C

1N W e

\&

39. m a non-negative integer and » an odd positive
integer, or n a non-negative integer and m an odd

positive integer.

7.3 Changing Variables in the
Definite Integral

1233 —1)/3 C 3,55 - 1)/3
5. 2[(25)”* — (9Y/*1/9 7. 1/7
9. (e—-1/2 1. —1/3
13. 0 15. 1
17. In(y2 cos(w /8)) 19. 1/2
21. 4 —tan”'(3) + /4
23. (a) 7/2
(b) /4
© /8

25. The substitution is not helpful in evaluating the

integral.
27. (2 /2)[tan™ 242 — tan~'(y2 /2)]
29. (1/V3)Inf(4 +3y2)/(1 +y3)]
31. Letu=x—1t.
33. (52 —2/5)/10

35. (w/27)(145/145 = 10y10)
37. (a) 1/3
(b) Yes.
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7.4 Integration By Parts

Review Exercises for Chapter 7

1. (x + Dsinx + cosx + C L x?/2—cosx+ C
3. xsin5x/5+ cos5x/25+ C 3. x*/4 +sinx+ C
5. (x*—2)sinx + 2xcosx + C 5. e*— x*/3 —In|x| + sinx + C
7. (x+ De*+ C 7.4+ 6%/3+C 9. —cos(x*)/3+C
9. xIn(10x) — x + C 11. e /3+ C 13. x+2)°%6+C
1L (x*/9)3Inx - 1)+ C 15. ¥ /124 C 17. —4cos®2x + C
13. e¥ (95— 65 +2)/27+ C 19, x%tan"'x/2— x/2+tan"'x/2+ C
15. (x> = 4)'3(x* +12) /4 + C 21. sin~'(t/2) + /3 + C
17. ’sint? +cost? + C 23. xe* /4 — e* /16 + C
19. —(1/x)sin(1/x) — cos(1/x) + C 25. x%inx + 2xcosx — 2sinx + C
21. —[In(cosx)/2 + C 27. (e *sinx — e *cosx)/2 + C
23. xcos”'(2x) — 1 —4x? )2+ C 29. x’m3x/3 - x3/9+ C
25. p1/y—1 —tan"I/y—1 +C 31 (2/5)(x = D(x + 372 + C

33. xsin3x/3 + cos3x/9+ C

35. 3xsin2x/2 +3cos2x/4+ C

37. x%*/2— e /2+ C

39. x(Inx)?/2 — x((Inx)/2 + x2/4+ C

27. sin%x /2 + C
29. The integral becomes more complicated.
31 (16 +7)/5 33. 33In3-2)

35. 2 [(w /4 + 37 /4 -2]/2 — 1. 41, 2% (x — 1)+ C
37. 3/8—7/24 43. sinxIn|sinx] —sinx + C
39. ¢-2 45. xtan~'x = In(1 + x%)/2+ C
41, —(e¥"—e ™) /4 47. —1
43. (PP + 12 -2 4 49. 7/25
2[27/2 — (2273 + 1)) 2 4.025 51. sin(1) — sin(1/2)
45. (m— 4)/87 — 1/2 53. (w;@z +1 /2)tan\/:‘(7r/4) —a/8
55. (42 —2)/3+ (22 - 2a
1 (V2 /T -
47. fo V2 = x7 dx fo V2 — xZdx 5. 3.3/

59. 399/4
-fﬁ\ﬁ — xZdx is —1/8 the area of a circle of /
1

radius y2 corrected by the area of a triangle (draw
a graph).

49. (—2wcos2ma)/a + (sin27a)/a®. (This tends to
zero as a tends to oo. Neighboring oscillations
tend to cancel one another.)

51. (b) (5&37/10—3)/34

53. (a) Use integration by parts, writing cos’x =
cos" " lx X cos x.

55. 272

57. (a) Q = [EC(a*/w + w)e ™ “sin(wt) dt
(b) Q(t) = EC {1 — e*[cos(wr) + a sin(wt)/«w]}

59.

¥y =fx), x = g(y)

Ry + Ry = bf(b) —afta)

a b pd
61. (a) ay =2, all others are zero. V2 |
(b) ag=2m, b,= —2/n if n0, all others are 2

zZero.
(c) ap=87%/3,a,=4/n*if n=0,

by=0,b,= —4n/nif n+0.
(d) a4 = b, = b3 =1, all others are zero. 7
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65. In2

67.2/(n+1)
69. 18.225
71. (a) 90008.46 liters
{(b) 3000.28 liters/minute

73. 4(sin(wx /2)sin(zx)/ 7 + cos(wx /2)cos(nx)/2m)

+C

Chapter 8 Answers

8.1 Oscillations
1. cos(3t) = cos[B(t + %71 )]
3. cos(6¢) + sin(37)

= CO$ 6(t + %Z)] + sin[3(t + ~23£

5. cos3r — 2sin3¢/3

7. —1/3sin(2y3 9
9. 27/3,3,1/3

N
SN\

“7r/3 —v|

Copyright 1985 Springer-Verlag

Chapter 8 Answers A.45

75, sin"'x —y1 - x* +C

77. (@) (Inx)?/2+ C
(®) @/9(~3/3+1)

79. (x"lnx"+' — x"*h/(n+ 1+ C

81. (a) (100/26)(sin 5¢/5 + cos 5¢ + e
(b) Substitute ¢ = 1.01 in part (a).

83. (a) m®+ n? 4+ mn + 2m + 2n + 1 =0. (b) The dis-
criminant is negative. (c) Yes; for example x~1/2
and x(~35)/4

85. xe®[bsin(bx) + a cos(bx)]/(a* + b%) +
e [(b? — a*)cos(bx) — 2ab sin(bx)]/(a® + b2 + C

)

13. —cos2t

AW
VU

-1

15. 26 cos(5¢ — tan~'(1/5))

21
w

/,\

™! ()
5

<
)—;

ele
~|= —

Phase shift =2 =
W

Period = 2m_2n
w 5

17. cos2t + (3/2)sin 2t

. All'rights reserved.
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19. 2cosdx

y

(®)

1 o

23. The frequency decreases by a factor of 3.
25, (a) 27(d%x/dt) = —3x +2x°
(b) 27(d?x/dt*) = —3x

(c) 67
Xy + Xl3\/k2/kl
27. (a) xg= ———
1+ Yo/
(b) f'(x¢) >0

29. There is no restriction on b.
31. Multiply (9) by wsinwt and (10) by coswt and
add.
33. (a) V"(xq) >0, so the second derivative test ap-
plies.
(b) Compute dE/dt using the sum and chain
rules.
(c) Since E is constant, if it is initially small, the
sum of %m(%}tf)z and V(x) must remain

small, so both dx/dt and x — x( remain small.

8.2 Growth and Decay

1. dT/dt = —0.11(T — 20)

3. dQ/dt = —(0.00028)Q

5. 2e¥ 7. &

9, 288 11, 2872

13. 7.86 minutes 15. 2,476 years

17.
y
W,
f
1 t
19, eSH—]
f()
4 |
e::
L2
! H T T { i
- 3 t
21. Increasing 23. Decreasing
25. 33,000 years 27. 173,000 years
29. 1.5 x 10° years 31. 2,880 years
33. 49 minutes 35. 4.3 minutes

37. 18.5 years
39. The annual percentage rate is 100(e’/'% — 1)
=~ 18.53%.
41, (a) 300 ¢~ %
(b) 2000; 2000 books will eventually be sold.
©
S(r)4
20004————
i |

lOOO—f
T

0 10 20 t

43. K is the distance the water must rise to fill the
tank.

45, (a) Verify by differentiation.
®a@=te V' +1-e

47. 2m/8)In2

8.3 The Hyperbolic Functions

1. Divide (3) by cosh’.
3. Proceed as in Example 2.

d =L d oxyemry= Ligr— o
5. E(coshx) 3 dx(e +e7 %) 2(e e ™)
= sinh x.
7. Use the reciprocal rule and Exercise 5.
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9. 3x2+ 2x)cosh(x® + x2 +2) 11. —3sin3x/ycos?3x + 1
11. cosh x sinh 5x + 5 cosh 5x sinh x 13. 0.55
13. —8sin 8.x cosh(cos 8x) 15. 1.87
15. 4sinh x (;oshx 17. Let y = cosh™'x, so x = $(e” + ¢ ). Multiply by
17. ——3csc2h 3x 2e”, solve the resulting quadratic equation for e’
19. (2 sech“2x)exp(tanh 2x) and take logs
21. [si.nhx(l + tanhx) — Segh x]/(1 + tanh x)* 19. Let y = sech™'x so x =2/(e” + ¢™*). Invert and
23. (sinhx)(f[dx /(1 + tanh*X)]) + proceed as in Exercise 17.
cosh x /(1 + tanh%x) d ] 1 | 1
25. (sinh 3¢ 21. —tanh™ 'x = = =
5. (sinh 30)/3 dx 4 arh sechy 11— tanhy
27. 2coshy3 ¢ dy y
29. cosh 3¢ + (sinh 31)/3 1
31. 2cosh 6¢ = =2
33.
d -1 1 1
. = h = =
vh 23 dx 5 4 gech y — sech y tanh y
s dy
4 + = - 1 = _ 1
3 x\/17~ sechy  x/1—x°
T2 25. Differentiate the right hand side.
-2 1 27. Differentiate the right hand side.
—HH+———— 29. (1/4)ln|(1 +2x)/(1 - 2x)| + C
3ot 2 31. (1/2)In@x +&xZ+ 1)+ C
T2 33. In(sinx +ysin’x + 1)+ C
+-3 35. (1/2In|(1 + e%)/(1 — e¥)| + C
37. No
35. " =
» 4 8.5 Separable Differential
_______ N Equations
/ 1. y=sinx+1
} } | — 3. y=exp(x?*—2x+ 1)1
-2 —1 1 2 x 5, y= —2x
—r | — 7. ¢(y — )= (1/2)In(x*+ 1)
9. y=2x+1
11. y =exp(—sinx) + 1
37. (sinh3x)/3+ C 13.
39. In|sinh x|+ C
41. (sinh2x)/4—x/2+ C !
43. e /4~ x/2+C
45, cosh®x/3+ C 2.1
47. [y — cosh(x + y)}/[cosh(x + y) — x] Los
49. —3ysech®3xy /(cosh y + 3x sech?3xy) J
51. (a) xo =1 ] 1 ] I | 1
(b) d*/di*=2(x - 1) 1 -
53. Use the definitions of sinhx and coshx. (Don’t
expand the nth power!)
8.4 The Inverse Hyperbolic
Functions 15. (2) Q = EC(1 — exp(—t/RC))
(b) t = RCIn(100)
L 2x/yx* +4x* +3 17. Verify that the equations hold with dx/dt = 0 and
. dy/dt =0.
.- / V3x + 241 y
Z i hf‘:‘ *) 1( xz/(zcosx)z) 19. P = Pod exp(Pokt)/[1 + A exp(Pokt)]
»tanh o7 - D+ x 21. As T, increases, cosh( —”iT& ) — 1, so y—> h, which
7. [(1+ 1/yx* = T)(sinh~'x + x) — 0

&

(x + cosh™ x)(1 + 1/yx% + 1)]/(sinh~'x + x)?
. [exp(1 + sinh ™ 'x)]/yx? + 1

represents a straight cable.
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23. (a)y'=—y/x
by =x/y; y*=x"+C.

yi=x2+C

xy=k

y
1
i

i

i
7
]

1
i
! \
7 i
7/
- !

-

~J_ >
\
P /
[
I
/“./"l—ll
.

25. (a)

(b)y = 3ex?
©y = —1/3cx2;y =1/3ex+C
27. (a)

O 1}
\\\\‘\ | / /,///
~ \\\\ \\ ! ////// -

S \\\\\ / 2’ e

(b) y = kx?
29. y(1)~2.2469
31. y(1)=0.4683

33. xlil;rgoy(x)=3
Y4
45_: - - Z-cC

e e T T

—— = o~ NN\
W4+ — ~ ~ N\

35.

37.
39.

Jim =

yl
64+ 1t
(7= S A T T O
41 |
Tiisiihy
LS N NN NS N
N ettt
AY N NN M
T 1 | L T ¥ T )
S r b vy
I I I I
61

[rndy == [a/g(xnax

8.6 Linear First-Order Equations

o N W e

11,

13.
15.

17.
19.

21.

23.

25.

. y=2+ (=3I}l - x|+ CY1 - x)

. y=1+ Cexp(x*/4)

.y = —2+ 2exp(sin x)

s y=(e"=e)/x

. The equation is L-—t + RI = Eqcoswt + E; and

dl
d
has solution

E 1 R .
I=— ————— — sinwt — wcos wt
L (R/L+&* \L

—IR/L E
+ Ce™'R/L 4 3
I=EyC — EyCexp(—t/RC);
I-E,Cast- + 0.
Set y =.9 X 2.51 X 10° and verify the value of .
6.28 x 10° — (8.28 X 10%)exp(—2.67 x 10~ 7¢)
— (201 X 10%exp(— 1.07 X 10~%)

15 seconds; 951 meters.
Use separation of variables to get

v =ymg/y tanh(Jyg/m 1)

FM, ¢
- (MG + M}
wz o Mo i)

y=-2x+1)+ Ce*

¥
/44
7

|

!
|
l
/

{
N e
— — W g — - -
P . 4

P Y 4
— am wm e P e - - -
-

f
/
—7 1
/
/

_,4* \ -

If y, and y, are solutions, prove, using methods of
Section 8.2, uniqueness for y' = P(x)y and apply
it to y =y, — y,. (This is one of several possible
procedures.)
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27. (a) w =(1—-n)[Q + Pw]

® y=x1/(xfe— )

F g(My— rt)

- — y/r—1
29. (a) v =7 —r: + C(My — rt)
M
where C = Mol“"/’( &% _ _F ) and
Y= 2r y—r

where the air resistance force is yo.
F gM,

(b) At burnout, v = T—r y—2r

+CMY/L

Review Exercises for Chapter 8

1L y=e¢* 5 y=@e-1)/3
3. y=(1/B)inBt T y=4/4-1%
9. f(x)=e*

11. f(f) = cosh2¢ + sinh 2¢/2
13. x(¥) = cost — sint
15. x(#) = (sinh 37)/3
17. y=—In(l/e+1—¢€%)
19. x()=e"¥ 21 y=—t
23. g(f) =cos(y7/3 t —(2/y7/3 )sin(y7/3 t); ampli-
tude is y19/7 ; phase is —y3/7 tan™'(2y3/7)
gy b
1 1.648

25,

43 x
—~0.61+
Infw~ 4.4

Chapter 8 Answers

29, lim,, x()=3

3. x=¢'

33, y=x?/2-x—2e " +2
35. p(x)=sinh5x/sinh5

37. 6x cosh(3x?)

39, 2x//(x2+ 1) — 1
41. cosh3x/yxZ+ 1 + 3sinh3xsinh~'x

43, (—-3/\/9x2 — 1)exp(l — cosh™ 13 x)).
45, tan~'(sinhx) + C
47. (1/3)tanh~'(x/3) + Cif |x| <3
(1/3)coth™'(x/3) + Ciif |x]| >3
49. xcoshx —sinhx + C
51. x(f) = cos./2.1/5 ¢
53. (a) k=640
(b) —6400 newtons
55. (a) y" + (W= By =0
(©) x() = e~ '(cos(y3 1) + (1/3 sin3 1))

4 X

for,

- 2n Sq

P —_ —
,/ 3V3 3V3

57. 66.4 years
59. 54,150 years
61. 27 minutes
63. (a) 73 years
(b) S(¢) = ke™* where k = S(0)

Copyright 1985 Springer-Verlag. All rights reserved.
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65. 69. 15.2 minutes, no. [The “no” could be “yes” if you
I allow a faster addition of fresh water after drain-
ing.]
R _ 71. I =2(3sinat — wcoswt)/(9 + %)
+[1+27/(9 + 7%)le™
73. y=—4/3+ Ce>
)} y
° AN
I R L
! ORI S
67. (@) y*/9+ x>=k, k=2C/9 I T S
vy j“*"—*‘ﬁ
3 /S S S Y S/
///:::\ NNNYN TN NN
AN IR % A
AN AT B s N
[} ] ’
" ,’ ‘l \|\| ‘\ 75. 1
'I I' ', l| ‘l || ;’; y= e"li;(the exact so}llution; y(1) = e~2.71828.
. y=—1/(x—1) is the exact solution, it is not
T]:_ﬁ__r’_!—]—: defined at x = 1.
1 |‘ ,l ] 81. y= Ce.“’ — (‘b/a); the answers are all the same.
P14 i " i 83. (a) Verify using the chain rule
1R} |\ 1y / (b) Integrate the relation in (a)
\\ \\ \ /,’ /I / (c) Solve for T = ¢; the period is twice the time to
N TS go from § =0 to 8 = §,.
\:::’// 85. (a) y =cosh(x + a) or y =01.
-3 (b) Area under curve equals arc length.

(0) kx'? k = &€

Chapter 9 Answers
9.1 Volumes by the Slice Method

1. 37

3. Ah/3

5. 2125/54

7. 43 /3

9. x,=(1— 31/4)h, x, = (1 — ¥1/2)h,

xs=(1— 3374)h
il 0.022 m?
13. 1487.5 cm?
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19. 717 /105 5. 7(17+4/2 —6/3)/3
¥ ¥

N R V=N

21, 4ar®
¥

8-
9. 97 (See the Figure for Exercise 23, in the left-hand
6~ column.)
11. 97
44 ’ ¥
8__
—t—t—
2 4 6 X 44

25. 137 (See Exercise 11, Section 9.2 for the figure.)
27. 5 cm’® 2+
29. V=aR+r)(R~r?/4

31. For the two solids, A,(x)= A,(x). Now use the

[
f .
(=
-

slice method’
13. 47/5 (You get a cylinder when this volume is
9.2 Volumes by Shell Method added to that of Example 3, Section 9.1.)
y
1. 272 ’

15. 37/2
17. 2472
19. (a) V = dar?h + 77/13/3
(b) 47r2, it is the surface area of a sphere.
21. (a) 27%a%
(b) 2% (2ak + h?)
(c) 4n%ab ’
23. '7r3/4 — 427
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9.3 Average Values and the
Mean Value Theorem for

Integrals
1. 1/4 3. Iny5/2
5.2 7. 7/4
9. 7/2—1 1. —2/37
13. 9+43 15. 1/2
17. 55° F

19. (a) x?/3+3x/2+2
(b) The function approaches 2, which is the value
of f(x) at x =0.
21, Use the fundamental theorem of calculus and the
definition of average value.
23. The average of [ f(x) + k] is

k + [the averge of f(x)].
v
fl)+k
L f) +k
fx)
)
a b X

25. f(b)— f(a)= fbf’(x) dx = f'(¢)- (b - a), for
some ¢ such that a < ¢ < b.

27. exp{ [Pin fxyax /b - a)]

29. Write F(x)— F(xq) = f *f(s)ds. It | f(s)] < M on

[a,b] (extreme value theorem), |F(x)— F(xy)|
< M|x — x|, so given e > 0, let § = ¢/ M.

9.4 Center of Mass

MsyXy + Max
m1x1+(m2+m3)( 2_2_3_3_)

_ my + ms
L= my + (my + ms)
myx; + myx, + msx;
- my+ my+ my
3. Let My =m; + my+ m3 and M, = m,.
5.x=3
7. x =067
9.x=1py=4/3
11. x=29/23, 5 =21/23

13. (a)x=1/2,7=43/6
(b)x=3/8,5=y3/8

mMyXy -+ M3X3 + myux
15. myx + (my + my + my) 474

m2+m3+m4

my + (my + my + my)
mix, + MyXo + M3X3 -+ mMyXy

my+ my+ my+ my

Copyright 1985 Springer-Verlag

17. X =3(n3)/2, y = 26/27

19. x=4/(37), y=4/(37n)

21. x=4/3,5=2/3 mx) + maXy + M3x;

23. Since x; < b, X =

mb + myb + msb
my + my + my

Similarly a < X. The center of mass does not lie
outside the group of masses.

25. Differentiate X to get the velocity of the center of
mass and use the definitions of P and M.

27. x=-4/21, =0

m1+m2+m3
= b.

¥

29. % = (\/2n/4 — D/(/2 = 1), 5 = 1/[4(/2 = 1)]
31- X = (xl + Xy + X3)/3,)_7 = (y] +y2 +y3)/3

Supplement to 9.5:
Integrating Sunshine

1. The arctic circle receives 1.25 times as much en-

ergy as the equator.
364
3.(@ F= 3 { cos? — sin’D +
T=0

sinlsinDcos"(—tanltanD)}

(b) Expressing sin D in terms of T, the sum in (a)
yields

f 365 \/coszl — sin’x cos?(27T/365)
o

+ sin/sin a cos(27T/365)

| —tan/sina cos(27T/365)

X cos™ dT.

V1 - sina cos?(27T/365)

This is an “elliptic integral” which you cannot
evaluate.
5. msin/sin D
7. 0.294;it is consistent with the graph (T = 16.5;
about July 7).
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33. 120/ 7 joules

9.5 Energy, Power, and Work
35, pgr fo “x f(a) - f(x)]f'(x)dx; the region is that

1. 1,890,000 joules

3. 360 + 96/« watt-hours under the graph y = f(x), 0 < x < a, revolved
5.3/2 7. 0.232 about the y-axis.

9. 98 watts 11. (a) 18¢% joules 37. (a) The force on a slab of height f(x) and width

(b) 360 watts
15. (a) 45,000 joules

(b) 69.3 meters/second
19. 125,685,000 joules
23. 1.48 x 10® joules

dx is dx [ Ppgy dy = L pel f(x)P dx. Now in-
13. 1.5 joules fo &Y 4y = 5 Pg f
tegrate.

(b) If the graph of f is revolved about the x axis,
the total force is pg/2x times the volume of
the solid.

© —%pg x 105 = 6.53 x 10° Newtons.

17. 41,895,000 joules
21. 0.15 joules

Review Exercises for Chapter 9

1. (a) %2 3. (a) 37/2 |z ;o 2 1/2
(b)‘/_2752 (b) 2z(2In2 - 1) 39. (a) { 5 —a j§=:l {kj T 5 =4 iglki(ti - ti—l):! (45— tj—l)}
5. 64y2 /81 7. 72m/5
9, 5/4 11 1 1 & 1 4 e
13. 6 ® § - Z[[kj— - Zlk.}
i= i=

15. Apply the mean value theorem for integrals.
17. 1/3,4/45, 25 /15

19. 1, (2= 5)/4, ye* =5 /2
21. 3/2,1/4,1/2

2. (@) 7 [p(o)l )P dx

(c) Show that if the standard deviation is 0, k; — p.
= 0, which implies k; = p.

1 < 14 e
ORESIPEE z]
noj= =
(e) All numbers in the list are equal.

(b) (147 /45) grams 41. Let g(x) = f(ax) — c. Adjust « so g has zero inte-
25. x=5/3,5=40/9 gral. Apply the mean value theorem for integrals
27. x=1/42In2 - 1), 5=2(In2 - 1)>/Q2In2 - 1) to g. (There may be other solutions as well.)
29. x=27/35,y=—12/245 43. The average value of the logarithmic derivative is
31. (a) 7500 — 2100e ~® joules In[ f(B)/f(a)) /(b — a).
(6)1(125 — 35¢ %) watts
Chapter 10 Answers
10.1 Trigonometric Integrals
1. (cos®)/6 — (cos*x) /4 + C 29. 1,0,1/2,0,3/8,0,5/16.
3. 37/4 31 %= (5 —V2)/In((5 +2)/(Z + 1) -1
5. (in20/4 - x/2+ C 7= (tan='2 = 7/H/R21n((f5 +2)/(Z + )]
7. 1/4—7/16 3. 129
9. (sin2x)/4 — (sin6x)/12 + C :
11. 0 35. V3,92 /4
13. —1/@Bcos’x) + 1/(5cos’x) + C 37. (a) Differentiate [S(¢)]° and integrate the new ex-
15. The answers are both tan™'x + C ® gr(ession. ' 18— (1/32sindn)
- —fcost+smnt+1/8 — Sin 41
17. \/x* =4 —2c0s'Q2/x) + C (c) Zeros at t = nw, n a positive integer. Maxima
19. (1/2)sin ™ "u + w1 — u* )+ C occur when # is odd.
21. V4 + s +C
2. (—1/3A= T (2 +8)+ C 10.2 Partial Fractions
25. (1/2)sinh~Y(@8x + 1)/{15) + C 1. (1/125){41n[(x? + 1)/(x2 — 4x + 4)] +
- (37/2tan""x + (15x — 20)/2(1 + x2) —
1V _13 5/(x~ ) +C
7. (x+5) ~ 3% 3. 5/4—3m/8
5 5. (1/5){In(x — 2 + 3/2)In(x? + 2x + 2) —
] 6x+1 Gx+1)" tan~!(x + 1)} + C
———1In + +C
63 | V13 13

Copyright 1985 Springer-Verlag.
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7.

9.
11.

13.
15.
17.
19.

21.
23.

25.

27.

Chapter 10 Answers

24+ (1/3n3 + 2/y3)(tan"'(5/y3) —
tan™1(3,/3))

1/8)In((x*> — 1)/(x*+3)+ C

(1/2)In(5/2)

2yx —2tan"NYx +C

x4+ DM 4+ C

—2/(1 +tan(x/2))+ C

7 /16 — (1/$)nj(1 + tan(x/8))(1 + 2 tan(w /8) —

tan’(7 /8))| ~ —0.017

7 In(225/176)

3(14 x)*3/4+ (3/434)In| 3F (1 + x)*/ +

Q@ +2x)"3 + 1] = (1/2%/432 Ytan ™ '[(2(4 +4x)'/3

+ 32 /9108 1+ C

@ __l_lnlx—SO 4

_ 1
%0 -—kt+ﬁln§
80(1 — e~ 20kt)

4 — 20kt
3 — €

20
(b) x =

(c) 26.2 kg
(a) Using the substitution, we get

(q/m)fup+q—lxr-m+ldu.
(b) If r — m + 1 = mk, the integral in (a) becomes
(q/m) [ur*4='(u? = b)" du

which is an integral of a rational function of u.

10.3 Arc Length and

[

Surface Area

. 92/9
. 14/3

5, fb\/l F 22 dx
a

27.

29.

1 - -
. f Y1 + cos®x — 2x sin x cos x + x?sin’x dx
o

V5 +V2 +410
1.

13.
15.

17.
19.

21.

23.
25.

V5 +42 +17
(w/6)(13%/% — 53/%)
26541 /9

20(2 + In(1 +42))
7[(3*3 + 1/9)*/2 — (10/9)*/?
22 7

7642 + 4/5)
(1/27a®[(4 + 9a*(1 + b))*/2 — (4 + 9a%)*/?); the
answer is independent of c.

fz VI + 36x% dx ~ 19
-1

(a) L /2[5 + sec’x + 4sec’ dx

(b) 277[0'”/ 2(tan x + 2x)/5 + sec’x + 4sec’ dx

31.

33.

35.
37.

39.

41.

2 2
(a)fl V1+(1=1/x2) dx
(b) 27rf2(1/x +n1+ (1= 1/x2) dx
1

Dividing the curve into 1 mm segments and re-
volving these, we get about 16 cm?.

Use [siny3 x| < 1 to get L <f2”\/1 ¥3 dx = 4.
0

Estimate each integral numerically.

2%"[1/(1 +x2)]( 1+ 4x2/(1 + x2)°* )dx; the

integrand is <y5 /(1 + x?).

(@) m(a + bW + m2 (b — a)
(b) Use part (a).

10.4 Parametric Curves

1.

3

y=010/9x+9)

1=(x~ 1) +)?

L x=ty=+/1-22 0rx=cost/\/§,y=sint

Lx=1ty=1/4t
L x=ty=0+1
11.
13.
15.
17.

x =t, y = cos(2¢).
y=(/3)x+3/2)
y=1/2

a3, =7
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19. y =cosyx (x > 0), horizontal tangents at ¢ = nr, 37. (a) We estimated about 338 miles.
n a nonzero integer. The slope is —1/2 at t=0 (b) We estimated about 688 miles.
although the curve ends. (¢) It would probably be longer.
(d) The measurement would depend on the defini-
Y tion and scale of the map used.
1 (¢) From the World Almanac and Book of Facts
(1974), Newspaper Enterprise Assoc., New
) 772 York, 1973, p. 744, we have coastline: 228
—tF—— — b f } - miles, shoreline: 3,478 miles.
x? 3n? 4x? 5a° 6w 872 9n? 102 X
‘ 10.5 Length and Area in
Polar Coordinates
21. y*=(1 — x)/2, vertical tangents at ¢ = n7, n an 1. 24
integer 3, (4/3)(133/2 - 8)
g 5. 97 /4

23. (13%/2 - 8)/27
25. (1/2[/5 +(1/Dn2 +5)]
27. (a) Calculate the speed directly to show it equals
a|.
(b) Calculate directly to get |a|(#; — to)
29. (a) y=—x/2+7w/2~-1

7. 973/16

9. 337/2

(©) fOW\/S —3cos’? —2cosh df

31. 5
33. (a) x = k(coswt — wt sin wt);
y = k(sinwt + wt cos wi).
®) T+ 0%’
(©) 2mkw 11. 27r
35. (a) x =1+ (1 +4:5)7 1/
y=12+21(1+42)"1/2

) x==(1/21/(x2=y)—1 +{x*—y.

Copyright 1985 Springer-Verlag. All rights réserved.



A.56 Chapter 10 Answers

13. 5= f "/j Vsec®(8/2)/4 + tan®(8/2) do
—n/2
A=2—m/2

y

15. s = f 7/4 [sec?@ tan’f + sec?d + dsec O + 4 df
o
A=1/2+7/2+In(3+2/2)

y 3

4
/
4

r (-})=3.414

17. s =

J‘W/2\/(1 +cos® — @sin ) + 02(1 + 2cosd + cos) df
o

A=01/2[7*/16 + 72/2 — 4 — 7 /8]
19. s=f"/2J(5+4sin20)/(1 +2sin20) df
0
A=x/2
21. A=1/4)57/6—y3)
L=02+3)7/6

51
a7
b

25.
27.

‘/'2—(e2(n+l)w _ e2m1)
(2) Use x = acost, y = bsint, where T = 27.
(b) Substitute into the given formula.

Review Exercises for Chapter 10

U W

27.
29.
31.
33,

3s.

37.
39.
41.
43.
45.
47.
49.
51.
53.
55.
57.

.sin’x+ C
. (cos2x)/4 — (cos8x)/16 + C

(1-xP?2-1=x* +C

. 4(x/4—tan ' (x/A)) + C

. (T /Ttan~[@x + 1)/{T1+ C
11.
13.
15.
17.
19.
21.
23,

25.

Inj(x + 1)/x|-1/x+C

(1/Dln|x2 + 1]+ 1/(x*+ D]+ C

tan"'(x +2)+ C

—2/x cosyx + 2sinyx +C

—(1/2a)cot(ax/2) — (1/6a)cot* (ax/2) + C

Injsec x + tan x| — sinx + C

(tan~'x)*/2 + C

(1/3%9){In|x — 37| — Inyx2 + 30 x + 333
+y3tan—H(@2x/ 39 + 1)/3)] + C.

Wx e —e* +C

x—In(e*+ 1)+ C

(—1/49]2x* ~ /(x> = 11+ C

—(1/10)cos 5x — (1 /2)cosx + C

ln\/xi +1 +C

2e% +C

1n2

(x> +3)+C

x*Inx/4 - x*/16 + C

H(n 6 + 5)* — (In 3 + 5)* = 186.12
(1/4)sinh2 — 1/2

0

(73332 — 43/% /243
59/24

7(5/2 - 1)/6

~ 31103
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50, x=(y+ 1

61.

65.

67.
69.

71.

73.

75.
71.
79.
81.

. () (1/k)In[No(k N (2) — ky)/ N()(k\No — k3)]

8s.
87.

s

x=0,y>0 if n 5 —2. For n= —2, we have n[b*— a* +
y 21n(b/ a)].
(d) A, = 27L (from 89(b)) + A, (from 88(d))
A, = A, (from 8&(d))
Some answers from 88(d) needed here are:
88(d).
—- n=0;A4,=2a(b—a)
X
n=1A4,=27(b*—a%
n=24A4,= % [(1 +8x2)2xy1 + 4x? — ln(2x +y1 + 4x? )]
x=b
y=3x/4+5/4 n=3;Ax=§'”7(1+9x4)3/2
(1/8)(257 - 16 + In[y257 + 16)) x=a
L=(1/3)[(#*/4+ 4> 8] n=(2k+3)/Qk+1);k=0,1,2,3, ...
A=7"/320 k (=<
= 27 (l+m/(1-n) 2. 2n-2y3/2 (k) + nde2n—2y
L=J;"\/(5/4)+cos20+3sin220d0 Ae=37" (1 + %775 EO j) 2 +3 1+ n%™75
A=3xn/8 n=0;Ay=-77(b2—a2)
L=5/2

A =3152/256 + 9/4

b, =1, all others are zero.

a; = 1, all others are zero.

a, = 3, all others are zero.

ap=1, a, = —1/2, all others are zero.

(b) N(#) = k, No/[kiNo(1 — e*2') + kpe*?']

(c) The limit exists if k, > 0 and it equals k,/k;.
Use (cos ¢)dé = (sin ¢,,,)(cos 8)dp and substitute.
a~"/n2ax + b+ 2fa Jax? + bx + ¢ | + C,

a>0

(—a)~"%sin~"[(—2ax — b)/\b* — 4ac ]+ C,
a<0

nl/—n 2 2n—233/2 k k
B (1+ a2 ( )
j§0

n—1

Copyright 1985 Springer-Verlag.
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89.(a) b—a+ (" —a"™ N /(n+ 1) if n=—1. If

n= —1, we have b — a + In(b/ a).
(byn=0: L=b—a; n=1: L=2 (b— a);

n=2: see Example 3 of Section 10.3;

forn=Q2k+3)/2k+2),k=0,1,2,3,...

(-

2 +3

1+ n2x2n-2y
e /)

n=13:L=%[(4+95)%?%— (4 +9a)*/?].
(c) Around the x-axis, we have

2(b"+l —_ a"+]) + b2n+l _ a2n+l
2n+1

n+1
if ns= —1or —1/2. For n= —1 we have
'rr[b-—a+21n(b/a)—(a_1——b_‘)].
For n= ~1/2 we have
'rr[b~a+4\/l7—4x/z+ln(b/a)].
Around the y-axis we have

2(bn+2 . an+2)
n+2

'rr[b—a+

a| b — a® +

n=1;4,=yZ#(b* - a*

n=24,=T[(1+ -+ 4a2)3/2]

n=(k+2)/(k+1);k=0,123,...;
3/2

= 27 2/(-n 2,202
4, " (1+ n*x )

k k=j
k) (=1 2. 2n—2y/ b
x Y (1 + n*%x Y15
jgo(] 2j+3 ( |

91. (a) 27 f Brsin@yr? + (r)* df

(b) 2wf”

-

* cos20sin Oy1 + 3sin’28 df
/4

All rights reserved.
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93. (a)

m=1l,n=1 m=1l,n=2

M
(U

~1 4

(b) Each curve will consist of n loops for » odd or
even.

©

(@)

m=3,n=4 m=3,n=5
v

95. The last formula is the average of the first two.
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Chapter 11 Answers

11.1 Limits of Functions 51. 4/5 53. 2n+1
55, 16/17
1. Choose 8 less than 1 and &/(1 + 2ia]). 57. +o0
S, 5 .
3. Write x° +2x° — 45 = 50, — oo
3 2 .
p [(3x =343+ 2x - 3]7 _545 and expand. 61. y =0 is a horizontal asymptote; x = —1, x =1
. e .

are vertical asymptotes.

9. -4 11. 6 63. y = *+1 are horizontal asymptotes.
B.A=1/% 15. 4 = —Ine/3 O Ty ey = by + -+
17. -2 19. 2/3 show that a,/b, = 1. If [ = *+ o0, then
21, 3/5 23.1/2 lim,_, _, f(x) can be +lim,_, f(x).
25. 0. Consider yx?+ a® —x as the difference be- 67. (a) f'(x) = —1forx <0, f(x)=1"forx >0, f(0)
tween the hypotenuse and a leg of a right triangle. is not defined.
As x gets large, the difference becomes small. 760
27. y = —1lis a horizontal asymptote.
1
y ‘
X
4 -1
I —t—1 i —— -
-4 -2 2 4 x
———————— T (b) As x>0 —, the limit is — 1, while as x >0 +,
- we get 1.
(c) No.
29, + o0 31. + o0 69. (2)
33. + 35. —

37. -1 39. —1
41.  Vertical asymptotes at x = 2, 3. Horizontal
asymptote at y = 0.

Y4

(i) agood 8

43.  Vertical asymptotes at x = +1, horizontal
asymptote at y = 0.

Y

24
P4

(iya poor & (ify a good &

71. Ny, which means that the population in the distant
future will approach an equilibrium value Ny.

45. (a) Given ¢, the 4 for g is the same as for f (as 73. Use the laws of limits
long as | g(x)| < | f(x)] for x > 4). 75. Write af(x) + bg(x) — aL — bM =
(b) 0 alf(x) — L] + bl g(x) — M]
47. 7/9 49. 3/2
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71.

79.

81.

Chapter 11 Answers

Repeat the argument given, using |x — xo| < 6 in
place of xo < x < xo + 6.

Given B >0, let ¢e=1/B. Choose § so that
[1/f(x)] < & when |x — x| < 6; then |f(x)| > B
for |x — xq| < 8.
Hx>A4,y<dwhered=1/4,y=1/x.

11.2 L’Hépital’s Rule

1. 108 3.2
5. —-9/10 7. —4/3
9. 1. 0
13. 0 15. 0
17. 1 19. 0
21. 0 23. 0
25.0
27. does not exist (or is + o)
29. 0 31. 1/24
33. 0 35. 1/120
37.0
39. The slope of the chord joining (g(a), f(a)) to
(g(b), f(b)) equals the slope of the tangent line at
some intermediate point.
41.
f ! -
1/e 1 X
43. (a) 1/2
b1
(c) yes
11.3 Improper Integrals
1. 3 3.¢73/5
5. (In3)/2 7. 7/2
9. Use 1/x3 11. Use e~
13. Use 1/,/3x on[1,00) 15. Use 1/x
17. 3310 19. 2
21. Diverges 23. Converges
25. Converges 27. Converges
29. Converges 31. Diverges
33. Converges 35. Converges
37. Diverges 39. Diverges
41 k>lork=0 43. ~2.209
45. 63 hours 47, me=%/2
49. 1n(2/3)
51. Follow the method of Example 11.

53. (a) Change variables

(b) Use the comparison test. (Compare with e

x/2

forx < —land e *?for x > 1)

55. (a) =
® (p-Ig-DhH<o.

57. f(x)=f(0) + fo xf’(s) ds; the integral converges.

11.4 Limits of Sequences and
Newton’s Method

1. n must be at least 6.
3. lim,_, (a,)=2

5.0,-1,4-2y2,9-2/3,12
7. 1/7,1/14,1/21,1/28,1/35,1/42
9. The sequence is 1/2 for all n.

1. N > 3/¢ 13.
15. 3 17.
19. 4 21.
23. 0 25,
27. The limit is 1. 29,
31. 0 33.
35. (a) x =0.523148 is a root.

(b) x = —0.2475,7.7243
37. x = 1.118340 is a root.
39. One root is x = 4.493409,
41.

oa=2

o =

n>3/2

-3

0

The limit is 1.
0

0

o ==

A 1.1656
A 4.6042
As 7.7899

43. 1/e~0.36788
45. g, =2"""

1.3242
© 4.6407
7.8113

1.4320
4.6696
7.8284

47. Use the definition of limit and let £ be a.

49. 1,1/2,1/4,1/8,1/18,
limit is 0.

51. The limit does not exist.

53. 3/4

L 1em, ...

; the

55. (a) For any 4 > 0 there is an N such that a, > 4
ifn> N, (b)let N=164.
57. (a) Assume nli)rrolo b, < L and look at

lim b, — lim a,.
n n—)OOa"

n—oo

(b) Write b, — L = (b, —
(Cn - an) + (an - L)

an) + (an -0)<

59. (a) Below about a = 3.0, iterates converge to a
single point; at a~3.1, they oscillate be-
tween two points; as a increases towards 4,
the behavior gets more complicated.
(b),(c) See the references on p. 548.

11.5 Numerical Integration

1. 2.68; actual value is 8/3
5. =~0.3246

3. ~0.13488
7. ~1.464
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9. ~2.1824 21. 1/4 23.0
11. Evaluation gives a (x3 — x3)/3 + b(x3 — x})/2 + 25. 0 27. 5
¢(xy — x,). Since f*”(x) = 0, Simpson’s rule gives 29. —1/6 31. sec’(3)
the exact answer. The error for the trapezoidal rule 3.1 35. 0
depends on f”(x) and is nonzero. 37. 0 39. 1
13. 180, 9 41. &2 43. 0
15. 158 seconds 45, Converges to 1 47. Diverges
17. The first 2 digits are correct. 49. Converges to 2 51. Converges to 5/3
53. Converges to —1/4 55. 27 /3\3
Review Exercises for Chapter 11 g m/4 59, 32,768
- € . 0
1. Choose & to be min(1,e/4). 65. 1 23 tan3
3. Choose & to be min(l,¢/5); min(l,e/3) is also 69. Does not exist 7. -2/5
correct. 73. 1 75. 0
5. tan(—1) 7.1 77. —1.35530 (the only real root)
9. 0 11 79. 1.14619
13. 0 15. 0 81. 2.31992 83. 50.154
17. y = =« /2 are horizontal asymptotes. 85. Both 87. 1/{x
Va 89. (b)
tim ([ o+ 24) = 3f(o + ) + 3f(x0) = fxo = )1/ 1)
———————— —_— 91. 1

4 93. S, is the Riemann sum for f(x) = x + x2.
95. The exact amount is

/’_% v P(er + &364/365 4 ... 4 or/35)
AN 97. (a)

74
19. y =0 is a horizontal asymptote. y =f(x)

Y
(a,L)

% T t T T t o ’
_\1} /]( 2 3 x
(c) Choose 8§ = ¢/2m, (or h, whichever is smallest).

101. (a) Use the definition of N
(b) Use the quotient rule

(©) IN(x) — %| < (Mq/pD|x — x|

5
Chapter 12 Answers
12.1 The Sum of an 2. 7 25, Diverges
Infinite Series 2. Diverges 2, Diverges

31. Reduce to the sum of a convergent and a diver-

1. 1/2,5/6,13/12,77/60 R
: 3;2’ 307273827 130/7817 33. Letg;=1and ;= — 1.

9. $40,000 1. 1/12 35. (@) ajtay+ - ta,=(b,—b)+
13. 16/27 15. 81/2 (by=by) + « - + (byer = by) = basi — by
17. 3/2 19. 64/9 (see Section 4.1).

21. 31 diverges and 31/2' converges ®) 1
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37.

Chapter 12 Answers
12/27 r-12/13
by St = 1—/_“; and 3 f5,45= %

The sum is 1.

12.2 The Comparison Test and
Alternating Series
1. Use 8/3 3. Use 1/3
5. Use 1/3 7. Use 1/2
9. Usel/i 11. Use 4/3i
13. Converges 15. Converges
17. Diverges 19. Converges
21. Converges 23. Diverges
25. Converges 27. Diverges
29. Converges 31. Diverges
33. Converges 35. 0.29
37. 0.37 39. Diverges
41. Diverges
43. Converges absolutely
45, Diverges
47. Converges conditionally
49. Converges conditionally
51. -0.18
53. —-0.087
55. Converges
57. (@) a; =2, a,=V6, a3 =+/4 +6
(b) lim a,~2.5616
n—>o0
59. Increasing, bounded above. (Use induction.)
61. Increasing for n > 2, bounded above.
63. Show by induction that a,,a;, ... is decreasing
and bounded below, so converges. The limit /
. 1 B
satisfies / = 5 (+ 7 ).
65. lim a,=4
n—>oo
67. The limit exists by the decreasing sequence prop-
erty.
69. Compare with (3/4)".
12.3 The Integral and Ratio Tests
1. Diverges 3. Converges
5. Converges 7. Converges
9. 0.44 11. Use Figure 12.3.2.
13. Converges 15. Converges
17. 11.54 19. (a) = 1.708
(b) =~ 1.7167
(c) 8 or more terms.
21. Converges 23. Diverges
25, Converges 27. Diverges
29. Converges 31. Converges
33. Converges 35. Converges
37. Show that if |a,|'/" > 1, then |a,| > I.
39. p>1
41. p>1

n-—1

43. (a) S — % =S fi)+ % fn) +

i=1

5 [ fyd+ [ feods
<3 )+ 5 fn)+ 3 fom+ [ fx)ds

i=1
now use the hint.
(b) Sum the first 9 terms to get 1.0819. The first
method saves the work of adding 6 additional
terms.
45. (b)

S\ (r) mm——
52(") enm——

5,00 =1

=82
S(r) meem 5:(0) = 32=1.012

53(0) = 2221 = 1 014

12.4 Power Series

1. Converges for —1 < x < 1.

3. Converges for —1 < x < 1.

5. Converges for 0 < x < 2.

7. Converges for all x.

9. Converges for —4 < x < 4.
11. R= o0
13. R=2
15. R=
17. R =1, converges for x =1 and —1.
19. R=3
2. R=0
23. Note that f(0) = 0 and f'(0) = 1.
25. () R=1

() S x!

(©) f(x)=x2~ x)/(1 = x)* for |x| < 1
(d3

27. T3 ol(—1yx*"/n!]

29. tan~l(x) = S _J(— )"x>"*!1/(2n + 1)}, and
(djdx)(tan™'x) = ¥ 2 o(— 1)"x?".

31. 1/2 + 3x/4 + Tx%/8 + 15x3/16 + - --

33 x? — x*[3 + 2x5/45 + - - -

35. Set f(x) = 1/(1 — x) and g(x) = —x?/(1 — x).

37. (a) x + (1/3)x° + 2/15)x° + -+
®) 1T+ x2+@Q3)x*+-+-
©1—x2+1/Hx*~ - -

39. TR (= DA/Dx

41. Use the fact that {i -1 as i~ 0.

43. Write f(x) — f(xg) = (f(x) - § aixi)
i=0

N N N
+( Z ax’~ 2 aixé;) +( 2 a,xé—f(xo))
i=0 i=0 i=0
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45, Show that f(x) = f g (1) dt.
0

12.5 Taylor’s Formula

1. 3x — 9x3/2 + 81x%/40 — 243x7/560 + - -
3.2-2x+3x%/2—4x3/3+ 17x*/24 — 4x° /15 +
7x5/80 — 8x7/315+ - - -
5.1/3-2(x—1)/3+5(x=12/9+0-(x—1)}
7. e+ e(x— 1)+ e(x — 1)2/2 + e(x — 1)’ /6.
9. () 1—x>+ x5+ -+ (b) 720
1. Valid if —1 < x <1 (Integrate 1/(1+4 x)=
l—x+x2=x3+--+)
13. Let x — 1 = u and use the bionomial series.
15. (a) 1 —(1/2)x*+ (3/8)x* — (5/16)x5 +
(35/128)x8 — - - -
(b) (—1/2)(—1/2-1)...(-1/2-10+1)-
@on/(1oY)
7. fo(x) = filx) = 1, fo(x) = fa(x)=1-x?/2,
fa(x)=1-x2/2+ x*/24.
ra

2 4
. .
yEl—tm

19. ~0.095

21. ~09

23. ~ 0401

25. (a) The remainder is less than R*M;/12 where M
is the maximum value of | f/(x)| on the inter-
val [xq — R, xo+ R}

(b) 0.9580. Simpsons rule gives 0.879.

27. —4/3

29. 1/6

31 3% ox" for x| < 1

33. S2_2x2* for |x| < 1

35. S ox2" for |x| < 1

37. 1+ 2x% + x*

3. [Mnede = S((- 10~ DG = DD

xlnx =(x = 1)+ 22,{(= D (x = ))/[i; = DI}
Conclude f"lnzdt =xlnx —x + 1.
1

41. 1,0,1/2,0
43.0,-1,0,—1/2
45. 1/2— x*/al+x%/61— - - -
47. 1 —2x+2x> —2x3 = 2x* + 2x° + -+
49. (a) (x — 1) — (x — 1)?/2+ (x— 1)*/3 -
(x — 1)4/4
b) 1+ (x—e)/e—(x—e)/2e* +
(x — e)’/3e> — (x — e)*/4e*
© In2+(x —2)/2— (x —2?/8 +
(x —2)°/24 — (x — 2)*/64
51 In2+ x/2+ x2/8 — x*/192 + - - -
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53. sin 1 + (cos I)x + [(cos | — sin 1)/2]x? —
[sin1)/2]x3 + - - -
55. (a) 0.5869768
(b) It is within 1/1000 of sin 36°.
(c) 36° = « /5 radians, and she used the first two
terms of the Taylor expansion.
(d) Usethefactthat 10° = /18 radiansand tan x ~
x(1 + x%/3)
57. (a) 0, -1/3,0
) 1—x2/31+x*/51—x5/71+ - -
59. Follow the method of Example 3(d).

12.6 Complex Numbers

1. —i
3. —i
5.
¥
2 )
l
1
4 X
7.
y
3¢
X
9.
y
X
2
-3%
11.
y
0.2+ @
f
0.1 X
13. —14+8i 15. 3 +4i
17. (5+3i)/34 19. (41 + 3i)/65
21, +./3i 23. (1 +T7i)/6
25. (7+£y53)/2 27. £2(1+§)
29. £22(i—1) 31 —1
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33.
35.
37.

39.
41.
43.
45.

47.

49.

51.

53.

Chapter 12 Answers

-11/5
328/565
5-2i

V3 —i/2
—1/3+2i/3
(=7 + 11i)/20
3

lz|=V2,0="57/4

Sn/4

|z| =5/6,0 = —0.93
y

X

4
p— -1 —_
tan ( 3>

2| =74, 6 =219

=
e

I
wir

5/6

+7

T —tan"(z)
N\ 5

Y

57.

59.

61.
63.

65.

67.

71.
75.

79.

81.
83.
85.
87.

89.

lz] =¢1.93, 8 = 0.53
y
V193
0.7 //i tan"'(%)
] 12 *

Let z; = a + ib, z, = ¢ + id and calculate
|2122| and |z] - |z,

@ + 3i)*
Y4
1)
~~~
5‘\\\ ;
- i
4,-3)
3,-1) 2
—3+100 Y
a
! \\
} \
N\
| N\
| )
|
(~3,4)
X
25 6. %,
1/2+y3i/2 73. —ei
i 71. 3 - 4i)/25
(a) e - e * =(cosx + isinx)(cos x — isinx);

multiply out

(b) Show e? - e~ % =1 using (a).
Show €*/2 = — |,

Use (e?)' = e™¥,

‘/'Z'eivr/4

(ﬁ/s)ei(0.46)

J58 e —04)
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91. (37 /2)e’ =17

93, 25!

95, ei(vr/15+2'rrk/5)’ k= O, 1’ 2’ 3’4, (1‘08) ei(0422+277k/5),
k=0,1,2,3,4

y

=Y

y

97 12 14ei(0,155+2nk16) k
. s
12 1461(0.107+2nk/6), k

I
o

b
PP
W
H P
e Lh

M
(™

=

y
99, 7z is rotated by w/4 and its length multiplied by
1/{3.

101. Show that z* = 1 and then that 22 = 1.
103. Write e = cos8 + isin 6.

10s. %(ﬁﬁ_.__l wﬁ)
NG
X(‘/iz—— ...._.._1___.
Yz -1

107. (z+2i+ 2}z —2)

+i ﬁ—l)

Chapter 12 Answers A.65
113. (a) Factor z" — 1

(b) Use your factorization in (a).

() —1L,i,—i
115. The motion of the moon with the sun at the origin.
117. (a) (2»n + Dmi for any integer n.

(b) You could define In(— 1) = ix, although there

are other possibilities.

12.7 Second-Order Linear
Differential Equations

1€xp(3x) + crexp(x)

1€xp(x /3) + cyexp(x)

3exp(3x) — zexp(x)

eX

y = cexpl(2 + )x] + coexpl(2 — D)x]
= exp(2x)[a,cos x + a,sin x]

11. y = ¢;exp[(3 + 2i)x] + c,exp[(3 — 2i)x]
= exp(3x)[a;cos 2x + a,sin 2x]

13. y = xexp(3x)

15. y = (x — Dexp(—+2 +y2 x)

17. (a) Underdamped
(b) x = (1/@)(sin@t)exp(— =t /32), & = 7255 /32

~a/2.

c
c

Ly
3.y
5 y
7.y
9.

109.
111.

(a) tan i@ = i tanh § (b) tan if = (tanh @)e’"/?
z, = aiz,, a a real number

/\ A i PP
By, 21 Rt
e\ Lt e
’/” =T -
19. (a) Critically damped
(b) x = texp(—at/6)
x4
54
24
1+
| 1 1 ] i |
1 1 T 4 T T H
=3 -2 -1 ] 1 2 3 45 6 t
-2
+-3

21, y = ciexp(3x) + c exp(x) + 2x + 6.

23. x = c,exp(t/3) + c,exp(t) + (2 /5)cos t +
(—1/5)sin¢

25. y = e®*(c,co8x + cysinx) +
x2/5 + 13x/25 + 42 /125

27. y = (¢, + cox)exp(y2 x) +
[(1 + 2y2)/9]cos x + [(1 —2)/9]sin x
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A.66
29.

31.
33.

3s.

37.
39.
41.

43.

45,

47.

49.

51.

53.

55.

12.

1. y=a0[

Chapter 12 Answers

y = c,exp(3x) + c,exp(x)+ 2x + 6
x = ciexp(t/3) + cyexp(t) — sinz /5 — 2 cost /5
y = cexp(3x) + c,exp(x) +
[exp(3x/2)] f (tan x)exp(—3x) dx —
[exp(x)/2] f (tan x)exp(— x) dx
y = e*(Cicos2x + Cysin2x) +
[e**cos2x /2] -f{ez" [(1 — cot2x)(cos 2x) —
(I + cot2x)(sin2x)] - (1 + cos®x)} ~'dx +
- [e*sin2x/2] f {eZ*[(1 — tan 2x) - (cos 2x) +

(1 + tan 2x)(sin 2x)](1 + cos*)} ~ ' dx
x = —cos2t + cost = 2sin(3t/2)sin(t/2)
Ec ;= (—1/24)cos 5t + (1/5)sin 5¢ + (1/24)cos t
a
x(8) = e“"”[ —40
101421

2 cos[2t — tan~ ‘(
5

sin(V2T 1) — <= cos(2T t)]
8

ar)|

(b) Looks like (2/y/505 )cos(2¢ — tan™ (8 /21))

(@) x(1) = exp(—t/2)[(7/10)cos(Y15 ¢/2) +
(—=1/2/15) - sin({/T5 1/2)] +
(1/Y10 )cos(t — tan~1(1/3))

(b) Looks like (1/y10 )cos(¢ — tan~'(1/3)).

Show that the Wronskian of y; and y, does not

vanish.

(a) Subtract two solutions with the same initial

conditions.

(b) Show that they are zero when x = 0.

(c) Solve algebraically for y(x).

(a) Compute the derivative of the Wronskian

(b) If (a — 1)2%48 and r|,r, are roots, then y
= x" + cx"2; if (@ — 1) =4B and r is the
root, then y = c;x” + ¢,x' "9/ 2n x. (Assume
x > 0 in each case).

(a) Add all three forces

(b) Substitute and differentiate.

cret + ce™ + cpe M + cue”

where A = (1+i)/y2 or

e/ b,cos( _x_) + bzsin(
VZ

+

X

7)
+e_"/‘/5{b3cos( %) + b4sin( —\/;:)}

1e* + f(x), where f(x) is the solution to Exercise
53.

8 Series Solutions of
Differential Equations

x
2'n!

2"n!
2n+ D!

o0

>

I=0

>

n=0

a]]i x2n+l}

Copyright 1985 Springer-Verlag
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13.

15.

17.

19.

21.
23.

. y=a0+a,x+a,[

o0

>

n=1

(_ 1)”x2n+l

y=x—-x3/3+x%/10—- ...
L y=2x-xX+Tx°/20— - ..

3
. y=a0<1+—+

X6
180"

7
X
508 T

6

x4
+al(x+ﬁ+ ')

The recursion relation is

Q3= an/[(n + 3)(n + 2)]

2 3 4
=cfl+x-X 4+ X X ...
Y “‘( *TT T 1m0 T +
7/3 10/3 13/3
app_ X1 X190 xB5
02(" 7" T80 " sae0 t )
ex(1+1D/6 4 o (=11 /6

or xl/ﬁ[blcos( ___1116nx ) + bzsin( Itlnx 16nx )] (no

further terms).

(a) xk+ xk+2 xk+4 +
4k + 4 (4k + 4)(8k + 16)
k+2

+ — XY + .-

4ik+ 1)k +4) - - - (jk+ )

—k+2
—k X

® >+ g
N x—k+a N

(—4k + 4)(—8k + 16)

—k+2j

+ X ! 4.

A(—k+D(-2k+4)---(—jk+ D
Solve recursively for coefficients, then recognize

the series for sine and cosine.

(a) Use the ratio test

b)x,—4+3x} —3ix+3x°

Show that the Wronskian is non-zero

(a) Solve recursively

(b) Substitute the given function in the equation.
(To discover the solution, use the methods for
solving first order linear equations given in Section
8.6).

Review Exercises for Chapter 12

1.
3.
7.
11.
15.
19.

Converges to 1/11.

Converges to 45/2 5. Converges to 7/2
Diverges 9. Converges
Converges 13. Converges
Diverges 17. Diverges
Converges 21. Converges
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23.
25.
27.
29.
31
33.
35.
37.
39.
41.
43.
45.
47.
49.

Converges
0.78
—0.12
—-0.24
0.25

False
False
False
False
True
True
True

Use the comparison test.

1/8

51. 1

53.
55.
57.

59.

61.
63.
65.
67.

69.
71.

o x
]

0
©
2

2i
() = S0, x", where ay, = 2,
(_1)i32i+l + 2+l @n!
Qi+ !

(= 1 x4 /]

2= DX /2]

= \[x /iG]

® JeX(x —2)/il], R= o0
o 3(3-1)---(3—i+]
$ ) )

i!

By =

- 1)!’

i=0
72/2

73. 3

75.
77.

79.

81.

83.
85.

87.
89.

91. c,e’

3,7,3 — 7,58

+(1+53) 22146, T(—1+45V5)?~

70344, 2 F 1 ~ +1.46 = 03444, 45 ~1.50

z =2 exp(—mi/4)

v
1
.
7(‘ x
N
ERNERN
V2
z = exp(mi)
VA
& J AN -
1 ™ X
- 1

1 =y1 — i ~2.4658 — 1.0717i,
—0.4658 + 1.0717:

cic082x + co5in2x

y = c1exp(—5x) + c,exp(— X)

y=—e*/6—1lcosx/130 + 33sinx /130 +

c1exp(—5x) + c,exp(2x)
3y 140

+ ¢yxe 1369

OS( 2 ) 1§29

a3)

93.

95.

97.

99.

101.

103. a

105.

107.

109.

111,

113.

115.

117.

119.
121.

123.

125.
127.

129.

Chapter 12 Answers A.67

sin(2
~cos(2x) f ania s in(2x) dx

Vx2+1

2

+sin(2x)ff_c_‘_)f(_x_)

Vx2+1
¢, + e *(cc08 x + c38in x)
m=1, k=9, y=1, Fop=1, =2, w=3, 8

=tan"'({). As {—> o0, the solution approaches

ﬁcospt —tan" ()]

m=1, k=25 y=6, F=1, Q=a, w=5, 8
= tan" '[67/(25 — 7%)]. As t = o0, the solution ap-
proaches

1 COS[Wt -

tan"(——67’ )]
V625 — 134'”2—'774 . 25 — 72
ao(1—5—+~-~)+a,<x—i‘6—+ )
5
( x2+ _x_5_+>

6
+a1(x—%—+%4 %;—+)
2 3
1_x_*_zci__llgc
x+ﬁ83- +1—x95§+~--
1/C,y=R

@m=L, k=
(b) 0.01998¢ 1920t — 0.02020e ~ 1003

+ 0.002099 sin(6071)
+ 0.0002227 cos(607t)

Factor out x2.

(a) The partial sums converge to y(x, 1) for each
(x, ).

(b) SF-o(—D*aprs

~0.659178

(a) =~ 1.12

(b) =2.24. It is accurate to within 0.02.

—-1/2,1/6,0

(a) ~3.68

(b)

1
T
1 2

X

Show by induction that g{™(x) is a polynomial
times g(x).
True

(a) Collect terms

(b) The radius of convergence is at most 1.

() e

Show that a < 1/k by using a Maclaurin series
with remainder.
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Index

Includes Volumes | and lI

Note: Pages 1-336 refer to Volume I; pages 337-644 refer to Volume II.

Abel, Nils Hendrik 172
absolute value 22
function 42, 72
properties of 23
absolutely convergent 574
accelerating 160
acceleration 102, 131
gravitational 446
Achilles and tortoise 568
addition formulas, 259
air resistance 136
Airy’s equation 640
algebraic operations on power series 591
algebraic rules 16
alternating series test 573
amplitude 372
analytic 600
angular
frequency 373
momentum 506
annual percentage rate 382
antiderivative 128
of b* 323, 342
of constant mutiple 130, 338
of exponential 342
of hyperbolic functions 389
of inverse trigonometric function 341
of 1/x 323, 342
of polynomial 130
of power 130, 338
rules 337, 338
of sum 130, 338
of trigonometric function 340

of trigonometric functions 269
Apostol, Tom M. 582
applications of the integral, 240
approaches 58
approximation, first-order (see linear

approximation)
approximation, linear (see linear
approximation)
arc length 477

in polar coordinates 500
Archimedes 3,5,6
area 4, 251

between graphs 211, 241

between intersecting graphs 242

in polar coordinates 502

of a sector 252

signed 215

of a surface 482

of a surface of revolution 483

under graph 208, 212, 229

under graph of step function 210
argument 40
arithmetic mean 188
arithmetic—geometric mean inequality 436
astroid 198
astronomy 9
asymptote 165

horizontal 165, 513, 535

vertical 164, 518, 531
asymptotic 164
average 3

power 464, 465
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1.2

Index

average (cont.)
rate of change 100
value 434
velocity 50
weighted 437
axes 29
axial symmetry 423
axis of symmetry 440

B-3 definition of limit 516
ball 421
Bascom, Willard 306(fn)
base of logarithm 313
beats 628
Beckman, P. 251, fn
Berkeley, Bishop George 6(fn)
Bernoulli, J. 252(fn), 521
equation 414
numbers 643
Bessel, F.W. 639
equation 639
functions 643
binomial series 600
bisection, method of 142, 145
blows up 399
bouncing ball 549
bounded above 575
Boyce, William 401
Boyer, C. 7(fn), 252(fn)
Braun, Martin 380, 401, 414, 426
Burton, Robert 8
bus, motion of 49, 202, 207, 225

Calculator discussion 49, 112, 166, 255,
257, 265, 277, 309, 327, 330, 541
calculator symbol 29
calculus
differential 1
fundamental theorem of 4, 225, 237
integral 1,3
Calculus Unlimited iii, 7(fn)
capacitor equation 406

carbon-14 383

Cardano, Girolamo 172
cardioid 298
cartesian coordinates 255
catastrophe
cusp 176
theory 176
catenary 402
Cauchy, Augustin-Louis 6, 521
mean value theorem 526
Cavalieri, Bonaventura 8, 425
center of mass 437
in the plane 439
of region under graph 441

of triangular region 445
chain rule 112
physical model 116
change
average rate of 100
instantaneous rate of 10
linear or proportional 100
proportional 95
rate of 2, 100, 101, 247
of sign 146
total 244
chaos, in Newton’s method 547
characteristic equation 617
chemical reaction rates 407
circle 34, 44, 120, 251, 421
equations of 37
parametric equations of 490
circuit, electric 413
circular functions 385
circumference 251

city
Fat 116
Thin 115

climate 180
closed interval 21
test 181
College, George 383
common sense 61, 193
comparison test 570
for improper integrals 530
for limits 518
for sequences 543
completing the square 16, 17, 463
complex number 607, 609
argument of 611
conjugate of 611
imaginary part of 611
length or absolute value of 611
polar representation of 614
properties of 612
real part of 611
composition of functions 112, 113
derivative of 113
concave
downward 158
upward 158
concavity, second derivative test for 159
conditionally convergent 574
conoid 486
conservation of energy 372
consolidation principle 438
constant function 41, 192
derivative of 54
rule for limits 62, 511
constant multiple rule
for antiderivatives 130
for derivatives 77
for limits 62

Copyright 1985 Springer-Verlag. All rights reserved.



for series 566
consumer’s surplus 248
continuity 63, 72

of rational functions 140
continuous 139
continuous function 63

integrability of 219
continuously compounded interest 331,

382, 416
convergence, absolute 574

conditional 574

of series 562

of Taylor series 597

radius of 587
convergent integral 529
convex function 199
cooling, Newton’s law of 378
coordinates 29

cartesian 255

polar 253, 255
coriolis force 499
cosecant 256

inverse 285
cosine 254

derivative of 266

hyperbolic 385

inverse 283

series for 600
cosines, law of 258
cost, marginal 106
cotangent 256

inverse 285
Creese, T.M. 401
critical points 151
critically damped 621
cubic function 168

general, roots and graphing 172
curve 31(fn)

parametric 124, 298, 489
cusp 170

catastrophe 176
cycloid 497

dam 454
damped force oscillations 628
damping 377
in simple harmonic motion 415
Davis, Phillip 550
day
length of 30, 302
shortening of 303
decay 378
decimal approximations 538
declerating 160
decrease, rate of 101
decreasing function 146
definite integral 232

index 1.3

by substitution 355
constant multiple rule for 339
endpoint additivity rule for 339
inequality rule 339
power rule 339
properties of 234, 339
sum rule 339
wrong-way 339
degree
as angular measure 252
of polynomial and rational functions 97
delicatessen, Cavalieri’s 425
delta 50(fn)
demand curve 248
Demoivre, Abraham 614
formula 614
density 440
uniform 440
depreciation 109
derivative 3, 53, 70
of b* 318
of composition of functions 113
of constant multiple 77
of cosine 266
formal definition of 70
of hyperbolic functions 388
of implicitly defined function 122
of integer power 87
of integral with respect to endpoint 236
of integral whose endpoint is a given
function 236
of inverse hyperbolic functions 396
of inverse function 278
of inverse trigonometric functions 285
Leibniz notation for 73
as a limit 69
of linear function 54
logarithmic 117, 322, 329
of logarithmic function 321
of 1/x 71
of polynomial 75, 79
of power 75, 119
of power of a function 110, 119
of product 82
of quadratic function 54
of quotient 85
of rational power 119
of rational power of a function 119
of reciprocal 85
of sum 78
second 99, 104, 157
summary of rules 88
of Vx 71
Dido 182
difference quotient 53
differentiable 70
differential
algebra 356
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1.4 index

differential (cont.) differential (see also differential
calculus 1 equation)
equation 369 parametric 124, 298
Airy’s 369 simultaneous, 37
Bessel’s 639 spring 376
first order 369 of straight line 32
harmonic oscillator 370 of tangent line 90
Hermite’s 636 error function 558
Legendre’s 635 Eudoxus 4
linear first order 369 Euler, Leonhard 251(fn), 252(fn), 369
numerical methods for 405 method 404
of growth and decay 379 equation 636
of motion 369 formula 608
second order linear 617 evaluating 40
separable 398, 399 even function 164, 175
series solutions 632 exhaustion method of 5, 7
solution of 39 existence theorem 180, 219
spring 370 exponent, zero 23
Tchebycheff’s, 640 exponential
differential notation 351, 359, 374, 398 function 307
differentiation 3, 53, 122, 201 derivative of 320
implicit 120, 398 graphing problems 326
logarithmic 117, 322, 329 limiting behavior 328
of power series 590 growth 332
diminishing returns, law of 106 series 600
Diprima, Richard 390, 401 spiral 310, 333
direction field 403 exponentiation 23
discriminant 17 exponents
disk 421 integer 23
method 423 laws of 25
displacement 230 negative 26
distance formula, in the plane 30 rational 27, 118
on the line 23 real, 308
divergent integral 529 extended product rule for limits 62
domain 41 extended sum rule for limits 62, 69
double-angle formulas 259 extensive quantity 445
drag 136 extreme value theorem 180

resistance 414
dummy index, 203
factoring 16
falling object 412, 414

e, 319, 325 Feigenbaum, Mitchell J. 548
as a limit, 330 Ferguson, Helaman 602
e-A definition of limit 513 Fermat, Pierre de 8
£-8 definition of limit 509 Fine, H.B. 468
ear popping 116 first derivative test 153
earth’s axis, inclination of 301 first-order aproximation (see linear
economics 105 approximation)
electric circuit 399, 413 flying saucer 430
element 21 focusing property of parabolas 36, 95, 97
elliptic integral 417, 506, 507 football 453
endpoints 181 force 448
of integration 17 on a dam 454
energy 201, 445 forced oscillations 415, 626
conservation of 372 Fourier coefficients 506
potential 446 fractals 499
equation fractional (see rational)
of circle and parabola 37 frequency 259
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friction 377

Frobenius, George 636

frustum 485

function 1, 39
absolute value 42, 72, 73
average value of 434
composition of 112, 113
constant 41, 192
continuous 63
convex 199
cubic 168
definition of 41
differentiation of 268
even 164, 175
exponential 307
graph of 41, 44
greatest integer 224
hyperbolic 384, 385
identity 40, 277, 384, 385
inverse 272, 274
inverse hyperbolic 392
inverse trigonometric 281, 285
linear 192
odd 164, 175
piecewise linear 480
power 307
rational 63
squaring 41
step 140, 209, 210
trigonometric, antiderivative of 269
trigonometric, graph of 260
zero 41

fundamental integration method 226
set 630

fundamental theorem of calculus 4, 225,

237
alternative version 236

Galileo §
gamma function 643
Gauss, Carl Friedrich 205, 615
Gear, Charles W. 405
Gelbaum, Bernard R. 576, 600
general solution 618, 623
geometric mean 188, 436
series 564, 600
global 141, 177
Goldstein Larry 172
Gould, S.H. 6(fn)
graphing in polar coordinates 296
graphing problems
exponential and logarithmic
functions 326
trigonometric functions 292
graphing procedure 163
graphs 41, 163
area between 241

Index

area under 212, 229

of functions 41, 44
gravitational acceleration 446
greatest integer function 224
growth 378

and decay equation, solution 379

exponential 332

half-life 381, 383
hanging cable 401
Haralick, R.M. 401
Hardin, Garrett 416
harmonic series 567
Hermite polynomial 636
Hermite’s equation 636
herring 156
Hipparchus 256(fn)
Hofstadter, Douglas 548
Holder condition 559
homogenous equation 623
Hooke’s Law 99, 295
horizontal asymptote 165, 513, 535
horizontal tangent 193
horsepower 446
horserace theorem 193
hyperbolic cosine 385
hyperbolic functions 384, 385
derivatives 388
antiderivatives 389
inverse 392
hyperbolic sine 385
inverse 393

I method 361
identity function 40, 277

rule for limits 60
identity, trigonometric 257
illumination 183
imaginary axis 609
imaginary numbers 18
implicit differentiation 120, 122, 398
improper integrals 528, 529

comparison test for 530
inclination of the earth’s axis 301
increase, rate of 101
increasing function 146

test 148

theorem 195

sequence property 575
increasing on an interval 149
indefinite integral (see antiderivative)
indefinite integral test 233
independent variable 40
indeterminate form 521
index

dummy 203
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1.6

Index

index (cont.)
substitution of 205
indicial equation 638
induction, principle of 69
inequality 18
arithmetic—geometric mean 188, 436
Minkowski’s 365
properties of 19
infinite limit 66
infinite series 561
infinite sum 561
infinitesimals 73
method of 6, 8
infinity 21
inflection point 159
test for 160
initial conditions 371, 398
instantaneous quantity 445
instantaneous velocity 50, 51
integer power rule for derivatives 87
integers 15
sum of the first n 204
integrability of continuous function 219
integrable 217
integral 217
calculated “by hand” 212
calculus 1
convergent 529
definite 232
definition of 217
divergent 529
elliptic 417
of hyperbolic function
indefinite 129 (see also antiderivative)
improper 528, 529
of inverse function 362
Leibniz notation for 132
mean value theorem 239
mean value theorem 435
of rational functions 469
of rational expression in sin x and cos
x 475
Riemann 220
sign 129, 132, 217
tables 356
trigonometric 457, 458
of unbounded functions 531
wrong way 235
integrand 129
integration 33, 129, 201
applications of 420
by parts 358
by substitution 347, 348, 352
endpoint of 217
limit of 217
method, fundamental 226
methods of 337
numerical 550

of power series 590
intensity of sunshine 451
interest, compound 244, 331
intermediate value theorem 141, 142
intersecting graphs, area between 242
intersection points 39
interval 21
closed 21
open 19
inverse
cosecant 285
cosine 283
cotangent 285
function 272, 274
integral of 362
rule 278
test 276
hyperbolic functions 392
integrals 396
derivatives 396
hyperbolic sine 393
secant 285
sine 281
tangent 283
trigonometric functions 281, 285
invertibility, test for 275, 276
irrational numbers 16
ith term test 567

joule 445

Kadanoff, Leo 548
Keisler, H. Jerome 7(fn), 73(fn)
Kelvin, Lord 594
Kendrew, W.G. 180
Kepler, Johannes 8
second law 506
Kilowatt-hour 446
kinetic energy 446
Kline, Morris 182

PHopital, Guillaume 521
rule 522, 523, 525
labor 106
ladder 190
Lagrange’s interpolation polynomial 556
Laguerre functions 640
Lambert, Johann Heinrich 251(fn)
latitude 300
law of mass action 476
law of reflection 290
Legendre, Adrien Marie 251(fn)
equation 635
polynomial 635
Leibniz, Gottfried 3, 73, 193(fn), 594
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notation 73, 104, 132, 217
for derivative 73
for integral 132
lemniscate 136
length
of curves 477
of days 300, 302
of parametric curve 495
librations 506
limagon 298
limit 6, 57, 59
at infinity 65, 512
comparison test 518
of (cos x — 1)/x 265
derivative as a 69
derived properties of 62
¢-0 definition of 509
of function 509
infinite 66
of integration 217
method 6
one-sided 65, 517
of powers 542
product rule 511
properties of 60, 511
reciprocal rule 511
of sequence 537, 540
properties 563
of (sin x)/x 265
line 31(fn)
equation of 32
perpendicular 33
point—point form 32
point-slope form 32
real number 18
secant 51, 191
slope of 52
slope—intercept form 32
straight 31(fn), 125
tangent 2, 191

linear approximation 90, 91, 92, 158, 159,

601
linear function 192
derivative of 54

linear or proportional change 100

linearized oscillations 375
Lipshitz condition 559
Lissajous figure 507
local 141, 151, 177
maximum point 151, 157
minimum point 151, 157
logarithm 313
base of 313
defined as integral 326
function, derivative of 321
laws of 314
limiting behavior 328
natural 319
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properties of 314
series for 600
word problems for 326

Index

L7

logarithmic differentiation 117, 322, 329

logarithmic spiral 534, 535
logistic equation 506
logistic law 407

logistic model for population
Lotka—Voltera model 400
love bugs 535

lower sum 210

Lucan 8(fn)

Maclaurin, Colin 594
polynomial for sin x 602
series 594, 596

MACSYMA 465

majorize 199

Mandelbrot, Benoit 499

marginal
cost, 106
productivity 106
profit 106
revenue 106

Marsden, Jerrold 582, 615

Matsuoka, Y. 582

maxima and minima, tests for 153, 157,

181

maximum
global 177
point 151
value 177

335

maximum-minimum problems 177

mean value theorem 191
Cauchy’s 526
consequences of 192
for integrals 239, 435, 455

Meech, L.W. 9

midnight sun 301(fn)

minimum
points 177
value 177

Minkowski’s inequality 365

mixing problem 413, 414

modulates 628

motion, simple harmonic 373
with damping 415

natural
growth or decay 380
logarithms 319
numbers 15

Newton, Isaac, 3(fn), 8(fn), 193(fn),

253(fn), 594
iteration 559
law of cooling 378
method 537, 546
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L8 index

Newton, Isaac (cont.) partial fractions 465, 469, 591
accuracy of 559 partial integration (see integration by parts)
and chaos 547 particular solution 371, 623
second law of motion 369 partition 209
nonhomogenous equation 623 parts, integration by 358, 359
noon 301(fn) pendulum 376, 391, 417
northern hemisphere 301 period 259
notation periodic 259
differential 351, 359, 374, 398 perpendicular lines 33
Leibniz 73, 104, 132, 217 Perverse, Arthur 367
summation 203, 204 pharaohs 416
nowhere differentiable continuous phase shift 372, 629
function 578 Picard’s method 559
number plotting 29, 43, 163
complex 607, 609 point
imaginary 18 critical 151
irrational 16 inflection 159
natural 15 intersection 39
rational 15 local maximum 151, 157
real 15, 16

local minimum 151, 157
point-point form 32
polar coordinates 253, 255

arc length in 500

area in 502

graphing in 296

tangents in 299
polar representation of complex

pumbers 611

numerical integration 550

odd function 164, 175

Olmsted, John M. H. 578, 600
one-sided limit 65, 517

open interval 21

optical focusing property of parabolas 36,

95, 97 Polya, George 182
order 18 .
orientati . 13 polynomial
rientation quizzes antiderivative of 130
origin 29

derivative of 75, 79
pond, 74
population 117, 175, 189, 195, 335, 344,
382, 400, 407, 416

orthogonal trajectories 402
oscillations 294, 369
damped forced 628

forced 415 .

harmonic 373 position 131

linearized 375 Poston, Tim 176

overdamped 621 potential energy 446
power 445

underdamped 621

oscillator, forced 626 function 307

oscillatory part 629 integer 23
Osgood, W. 521 negative 26
overdamped case 621 of function rule for derivatives 110
rational 18, 27, 169
pH 317 real 308
Pappus’ theorem 454 rule
parabola 34 for antiderivatives 130
equations of 37 for derivatives 76, 119
focusing property of 36, 95, 97 for limits, 62
vertex of 55 series 586
parameter 489 algebraic operations on 591
parametric curve 124, 287, 489 differentiation and integration of 590
length of 495 root test 589
tangent line to 491, 492 predator—prey equations 400
parametric equations producer’s surplus 248
of circle 490 product rule
of line 490 for derivatives 82
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product rule (cont.)

for limits 60

&-0 proof 520

productivity

of labor 106

marginal 106
profit 329

marginal 106
program 40
projectile 295
proportional change 95
Ptolemy 256(fn)
pursuit curve 499
Pythagoras, theorem of 30

quadratic
formula 16, 17
function
derivative of 54
general, graphing of 176
quizzes, orientation 13
quotient
derivative of 85
difference 53
rule, for limits 62

radian 252
radius 34
of convergence 587
rate of change 2, 101, 247
decrease 101
increase 101
relative 329
rates, related 124

ratio comparison test for series 571

ratio test
for power series 587
for series 582
rational
exponents 118
expressions 475
function, continuity of 63, 140
numbers 15
power rule, for derivatives of a
function 119
powers 118, 119
rationalizing 28
substitution 474
real axis 609
real
exponents 308
number line 18
numbers 15, 16
powers 308
reciprocal rule
for derivatives 86

Index

for limits 60

test for infinite limit 517
recursively 541
reduction formula 365
reduction of order 619
reflection, law of 290
region between graphs 240
related rates 124

word problems 125
relative rate of change 329
relativity 80(fn)
repeated roots 620
replacement rule, for limits 60
resisting medium 412
resonance 415, 626, 629
revenue, marginal 106
revolution, surface of 482
Riccati equation 414
Richter scale 317
Riemann, Bernhard 220, fn

integral 220

sums 220, 221, 551
Rivlin’s equation 199
Robinson, Abraham 7, 73(fn)
rocket propulsion 412
Rodrigues’ formula 640
Rolle, Michel 193(fn)

theorem 193
root splitting 619
root test

for power series 589

for series 584
rose 297
Ruelle, David 548
Ruffini, Paolo 172

Saari, Donald G. 548
scaling rule, for integral 350
Schelin, Charles W. 257 (fn)
school year 303
secant, 256

inverse 285

line 52, 191
second derivative 99, 104, 157

test for maxima and minima 157

test for concavity, 159
second-order approximation 601
second-order linear differential

equations 617
sector, area of 252

separable differential equations 398, 399

sequence 537
comparison test 543
limit of 537, 540
properties 563

series
alternating 572

Copyright 1985 Springer-Verlag. ‘All rights reserved.

L9



.10 Index

series (cont.)
comparison test for 570
constant multiple rule for 566
convergence of 562
divergent 562
geometric 564
harmonic 567
infinite 561
integral test 580
p 581
power (see power series)
ratio comparison test for 571
ratio test for 582
root test for 584
solutions 632
sum of 562
sum rule for 566
set 21
shell method 429
shifting rule
for derivatives 115
for integral 350
sigma 203
sign, change of 146
signed area 215
similar triangles 254
Simmons, George F. 401
simple harmonic motion 373
damped 415
Simpson’s rule 554
simultaneous equations 37
sine 254
derivative of 266
hyperbolic 385
inverse 281
series 600
sines, law of 263
slice method 420
slope 2, 31
of tangent line 52
slope—intercept form 32
Smith, D.E. 193(fn)
Snell’s law 305
solar energy 8, 107, 179, 180, 221, 449
solids of revolution 423, 429
Spearman—Brown formula 520
speed 103, 497
speedometer 95
sphere 421
bands on 483
spiral
exponential 310, 333
logarithmic 534, 535
Spivak, Mike 251(fn)
spring
constant 370
equation 370, 376
square, completing the 16, 17, 463

square root function, continuity of 64
squaring function 41
stable equilibrium 376
standard deviation 453
steady-state current 520
step function 5, 140, 209, 210
area under graph 210
straight line 31(fn), 125 (see also line)
stretching rule, for derivatives 117
strict local minimum 151
Stuart, Ian 176
substitution
definite integral by 355
integration by 347, 348, 352
of index 205
rationalizing 474
trigonometric 461
sum rule
e-0 proof 520
for derivatives 78
for limits 60
physical model for 80
sum 203
collapsing 206
infinite 561
lower 210
of the first n integers 204
Riemann 220, 221, 551
rule for antiderivatives 130
telescoping 206
upper 210
summation
notation 201, 203, 204
properties of 204, 208
sun 300
sunshine intensity 451
superposition 371
supply curve 248
surface of revolution 482
area of 483
suspension bridge 407
symmetries 163, 296
symmetry
axis of 440
principle 440

tables of integrals 356, endpapers
Tacoma bridge disaster 626
tangent
hyperbolic 386
inverse 284
line 2, 191, 491
horizontal 193
slope of 52
to parametric curve 492
vertical 169
tangent function 256
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Tartaglia, Niccolo 172
Taylor series 594
test 59
convergence of 597
Taylor, Brook 594
Tchebycheff’s equation 640
telescoping sum 206
terminal speed 412
third derivative test 160
Thompson, D’Arcy 423
time
of day 301
of year 301
torus 431
total change 244
tractrix 499
train 55, 80, 291
transcontinental railroad 569
transient 411, 628
transitional spiral 643
trapezoidal rule 552
triangles, similar 254
trigonometric functions
antiderivatives of 269
derivatives of 264, 268
graphing problems 282
inverse 281, 285
word problems 289
trigonometric identity 257
trigonometric integrals 457, 458
trigonometric substitution 461
trisecting angles 172

unbounded region 528
underdamped oscillations 621
undetermined coefficients 623
unicellular organisms 423

uniform density 440

uniform growth or decay 381
unstable equilibrium 376, 390, 406
upper sum 210

Urenko, John B. 548

value
absolute (see absolute value)
maximum 177
minimum 177
variable
changing 354

Index .11

independent 40
variance 453
variation of constants (or parameters) 378,
624
velocity 102, 131, 230
average 50
field 404
instantaneous 50, 51
positive 149
vertex 55
vertical asymptote 164, 518, 531
vertical tangent 169
Viete, Frangois 251(fn)
Volterra, Vito 401
volume
of bologna 426
disk method for 423
shell method for 429
slice method for 419
of a solid region 419
washer method for 424

washer method 424
water 178, 247
flowing 131, 144, 343
in tank 126
watt 446
wavelength 263
waves, water 306
Weber-Fechner law 33
Weierstrass, Karl 6, 578
weighted average 437
window seat 291
word problems
integration 247
logarithmic and exponential
functions 326
maximum-minimum 177
related rates 125
trigonometric functions 289
wrong-way integrals 235
Wronskians 630

yogurt 279

zero
exponent 23
function 41
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A Brief Table of Integrals, continued.

_ xi_ _ 1, coshx+1
29. fcschxdx~1n‘tanh2| 2ln—-—-—————coshx_1
0. | sinh’x dx = 1 sinh 2x — 2 x
31. fcoshzxdx= lsinh2x+ %x
32. j sech®x dx = tanh x
33. fsinh~‘§dx=xsinh-‘§ ~VxE+a®  (a>0)
“1X _ 22 i X y
“ fcosh—lidx= x cosh - Vx*—a [cosh (a)>0,a>0J
a xcosh“§+\/x2—a2 [cosh_‘(§)<0,a>0]
“1X g = =1 X 4 An1a2 — x2
35. ftanh " dx = x tanh ot 21n|a x?
36.[7:7 dx=ln(x+\/a2+x2)=sinh_'§ (a>0)
1 1 1 X
37'fa2+x2 de=—ton” ' X (a>0)
2
38.f\/a2—x2 de=2%Ja?=xZ + Lsin~ 12 (a>0)
2 2 a
2 2 g. X2 o [TT , 3at . _ix
39.f(a K2 = 2507 = 2PWa? = 7 + ZsinT 2 (@>0)
40.f_..‘—dx=sin—‘£ (a>0)
1 - 1l ja+x
41.fa — dx = 2aln|a—xl
1 X
42. dx =
f(az_xz)i’/z e = 2
2
43. f\/xzt a* dx = %\/xziaz * %In|x +yx? £ a?|
44.f_._,__le_a2 dx=lnjx +yx?—a¥ | =cosh™' X (@>0)
1 1 X
45, | —————dx = —~In| ———
fx(a+bx) x anla-i—bx\
2(3bx — 2a)(a + bx)*/?
46. | xya + bx dx =
f 1552
+
47.[——-——Vabxdx=2\/a+bx +af———1—dx
X xya + bx
48-[ x dy = 2(bx — 2a)ya + bx
Ya + bx 3b?
49. (_l__dx=L1n Ya+bx —ya (a>0)
Y xya+ bx Ja |Ja+bx +ya
=2 jap-tqfetbx (a<0)
—a V —a
[T 2 T2
50. fa_x__x_dx=,/a2_x2 —aln| &PV X
51. er\/az —x*dx=— %(az— x*P?
4
52. fxz\/az—xz dx = %(2x2—a2) a*— x* + %sin“% (a>0)
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A Brief Table of Integrals, continued.

a++a*— x?
- L|arve =X
a

X

53, f___l— dx =
x\/az - x2

54, [ —X __dx= —\/ai— x?
| ==

; 2
55'}‘ X dx=—2 7 —x2 + %L gn ' X (a>0)
T2 2 2
s P R)
56]"——‘”:—(1 dx = /xi+a7 —aln u
7
57‘J‘L__ff_ dx =\x*— a? —acos™ ' %
X [x]
=Jx%— 42 —asec“(%) (a>0)

58. fx\/xi +a dx= %(x2 + g?)/?

dx=lln X

[—=—
o aE e

a+yx?+ a?

1 1 -1 Qa
60. | ————— dx = —cos (a >0)
fx [ a i [)c|2
+
61f 1 dx=5Y =%
x2x? x a? a’x

—Jp2 —
6. [ — ! dy= L 20 boyb e |\ g
ax”+bx+c Vb? —4dac | 2ax + b +b% — 4dac
= 2 tan=!_2ax+b (b* < 4ac)
Vdac — b? Vdac — b?
1 b 1
64. [ —F adx=—In|ax?+bx+c|— = | ——dx
fax2+bx+c 2a | | 2aftzx2+bx+c

1
65, | ——————
f Yax* + bx + ¢

=1 sin—l__za’_‘._‘_b (a < 0)
v—a Vb?* — 4ac

dx=~‘/—1:ln|2ax+b+2\/E\/ax2+'bx+c| (a>0)
a

dx

66. f\/ax2+ bx +c dx= 2a);:b ax? + bx + ¢ +

Vax? + bx + ¢
67.f__3f_____dx=w
\/ax2+bx+c a

4ac — b? f 1
8a Vax* + b+ c

Vax? + bx + ¢
68.f 1 dx=:—lln 2yc Jax* + bx + ¢ +bx + 2c
x\/ax2+bx+c Ve X
1 sin—! bx + 2¢ (c <0)

V—c |x|y6? — 4ac
69. fx3\/x2 + a? dx =(%x2 - —%—a") (a*+ xZ)3

2 2 1\/ xziaz3
70. x“*ta dx = ( )
J

3a%x®
in(a — b in(a + b
71. fsinax sin bx dx = 51;18_ b;x - 51r21§:11+ b;x (a? == b?)

e
a ax’+ bx + ¢

(c>0)

Continued on inside back cover.
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ief Table of Integrals, continued.

cos(a — b)x

cos(a + b)x

72. | si bxdx = — - 2% b2
fsmaxcos x dx 2a = D) 2+ D) (a® s b%)
sin{fa — b)x  sin(a + b)x
73. = 2 2
3 fcosaxcosbxdx TR e <) (a5 b?)
74. fsecxtanxdx = SeCc X
75. fcscxcotxdx = —(SCX
m—1 sant1 -
76. f cos™x sin"x dx = S8 xsin"" x| m— 1 fcos’"’zx sinx dx
m-+n m-+n

71. fx"sinax dx =

1 . n s
78. fx”cosaxdx =~ x"sinax — —fx" Ysin ax dx
a a

n

san—1

sSin X COS X

nm+1

n

m+n

s -1 f cos™x sin
m+n

1 n _
— =~ x"cosax + fo" 'cos ax dx
a

ax

79. fx"e‘”‘dx = 1‘2— - Efx"—leaxczx

80. fx"lnaxdx=xn+1l Inax _

n m = X
81. fx (Inax)"dx -
82. fe“"sinbxdx_—_

83. fe‘”‘cosbx dx =

84. fsech x tanh x dx'= —sech x
85. fcsch xcothxdx = —cschx

alpha
beta
gamma
delta
epsilon
zeta
eta
theta

DI e Dy R

a

n+1

n+

+ 1

e®(asinbx — b cos bx)

1

(n+ 1)2

! m__ M n m—1
(In ax) 1 f x"(lnax)"™ ' dx

|

n

a’+ b?

e (bsinbx + acosbx)

a* + b?

Greek Alphabet

S omyw o >5 -

iota
kappa
lambda
mu

nu

xi
omicron
pi

€ &X S eI AT

rho
sigma
tau
upsilon
phi

chi

psi
omega

n—2

x dx
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This book, the second of a three-volume work, is the outgrowth
of the authors’ experience teaching calculus at Berkeley. It covers
techniques and applications of integration, infinite series, and dif-
ferential equations. Throughout the book, the authors motivate the
study of calculus using its applications. Many solved problems are
included, and extensive exercises are given at the end of each
section. In addition, a separate student guide has been prepared.
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